
����������	
������
���

���������

������	����� �������

���

��������	�� 
���	
 ��� ���
��������	


���

��	����	��� ������

����������

���	�	���	�����	�����

���� �������

��	 ����



���������	
�������

� ����������	 
���
���� �� �������
���� ��
����� �

��� �������	�
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� �
��������
 ����
�
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� ������
����
����
� ��
������ ��
� ���������������
�
 � � � � � � � � � � � � � �

�����  ��!������
 �"
��
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

����� ��
������
 	�# ��
���
�
�������
 �"
��
 � � � � � � � � � � � � � � � � � � $

�����  ��!�����
�
�����
 �"
��
 � � � � � � � � � � � � � � � � � � � � � � � � � � $

����% &�#
�
 ���������
"
��
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��% '����(��������
�(��
���
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �)

��* &	���	 #
� &��
�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �+

� 
�������
��� ��
��������� ��� 
���
���������
������� ������������ ��
���� ��

��� ����
��	�
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� ,�
 -	��( 	�# #�
 -	��( �

�.��#( �
���	�
 � � � � � � � � � � � � � � � � � � � �*

����� /��
��
� 0
�����
 	�# -	��('���
� � � � � � � � � � � � � � � � � � � � � � �*

����� -	��( �

�.��#( �
���	�
 � � � � � � � � � � � � � � � � � � � � � � � � � � �)

��� ,�
 ��
�����
����	��	� 	�

��#�
�
� ����
�
 � � � � � � � � � � � � � � � � � � � � �+

����� ,����
�	����������
���
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � �+

����� /

�
�	�
���
���
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��% -	��( �

�.��# /
������
�
�� 	�

��#�
�
� ����
�
 � � � � � � � � � � � � � � � � ��

��%�� ��
�������
 /
������
�
�� 	�

��#�
�
� ��
��(1��#��
(����
�
 � � � � � � � ��

��%�� ��
�������
 /
������
�
�� 	�

��#�
�
� �	2�(���(����
�
 � � � � � � � � � �*

� ��� ��
������� ��� ����� ��������� �������� !"

��� ,���	����� 
��3
��
� �
��
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � %*

����� 4
��

	�
 !�� σ ���� #
� ��
�
�
 � � � � � � � � � � � � � � � � � � � � � � � %*

����� ���3
���
��
�� σ0 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � %�

����� ,
� �
��3
���
��
�� σ1 � � � � � � � � � � � � � � � � � � � � � � � � � � � � %�

����% ,�� 1�����	��(4��
�(5��

��� χ � � � � � � � � � � � � � � � � � � � � � � � � %)

����* ,
� �������
����� J � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � %$

���



�! ���������	
�������

����� ,
� 6
��
7��
����� ω � � � � � � � � � � � � � � � � � � � � � � � � � � � � � %+

��� ���
	
�89
� �
� �����
7
� ��
�
�
� � � � � � � � � � � � � � � � � � � � � � � � � � *:

����� ;
��
�!
���� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � *�

����� ����
�!
�����
�	�

�< ���
	������	#
 	�# �(�����7 � � � � � � � � � � � � *�

����� ;
��
��	������
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � *�

����% �������
����� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � *�

����* ���
	���#��
����� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � *�

����� 5��	����(=�
�����
� D 	�# 6
��
7��
����� ω � � � � � � � � � � � � � � � � *�

����) �(0�	� ���	��	���������
� G0(k) 	�# ���
	��
����� τ(k) � � � � � � � � *%

����$  �

����
 '	������ >5��
�����
��? � � � � � � � � � � � � � � � � � � � � � � **

��� ,
� �������
����� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � *�

����� @�����
����!�������
� �������
����� � � � � � � � � � � � � � � � � � � � � � � *�

����� 0
����!�������
� �������
����� � � � � � � � � � � � � � � � � � � � � � � � � ��

����� A����
����!�������
 '���	��
�	�
 #
� �������
������ � � � � � � � � � � � � �$

��% ����
���
��
��

	�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � )�

��* �	��������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � )�

! ���#���
��� $����%���#��� �����������
���� ��
���� &'

%�� ����
��	�
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $+

%�� /

�
�	�
�����
� B	C�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $+

%���� �	���������
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � $+

%���� &��

�
��
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � +:

%���� 0
�	����
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � +:

%�� /

�
�	�
�����
�
 B	C�#< &
C�# 	�# &	C�# � � � � � � � � � � � � � � � � � � � +�

%���� �	��������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � +�

%���� &��

�
��
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � +�

%���� 0
�	����
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � +�

%�% /

�
�	�
�����
� &	C�#D ,�	�������
�
�
�� !�� ρ � � � � � � � � � � � � � � � � � +*

%�%�� �	��������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � +*

%�%�� &��

�
��
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � +*

%�%�� 0
�	����
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � +*

" ��� ���������#���
��� ����� �����������
���� ��
���� ���

*�� ����
��	�
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

*�� /

�
�	�
�����
�
 &
C�# 	�# &	C�# � � � � � � � � � � � � � � � � � � � � � � � � ��%

*���� �	��������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��%

*���� &��

�
��
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��%

*���� 0
�	����
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��%



���������	
������� !

( �������� ���)����������
��� �*�#�� �� ������������
���� $���������� �!�

��� ����
��	�
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �%�

��� /

�
�	�
�����
�
 '
C@� 	�# B�C@� � � � � � � � � � � � � � � � � � � � � � � � � � �%�

����� �	���������
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �%�

����� &��

�
��
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �%�

����� 0
��.�#
�����# � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �%�

����% &���������
 #
� 0
��.�#
�����#
� >��&? � � � � � � � � � � � � � � � � � � �%�

����* A���.�#
�����# � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �%%

����� �����	������ #
� ����(1���(;
���
�.���	�
 � � � � � � � � � � � � � � � � �%*

����) 4.
��������#
�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �%�

����$ 1�������
 ��
������	������
� � � � � � � � � � � � � � � � � � � � � � � � � � �%$

��� /

�
�	�
�����
�
 B�C�# 	�# B�C�� � � � � � � � � � � � � � � � � � � � � � � � � �%+

����� �	��������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �%+

����� &��

�
��
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �%+

����� 0
��.�#
�����# � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �%+

����% &���������
 #
� 0
��.�#
�����#
� >��&? � � � � � � � � � � � � � � � � � � �%+

����* 4.
��������#
�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �*:

+ ����������� ��
 ����� ���������,������
��
 ��� �������
�
���� �&�

)�� ����
��	�
 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �$�

)�� -	��( �

�.��#( �
���	�
 ��� �����������
�
 � � � � � � � � � � � � � � � � � � � �$�

)���� �	��������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �$�

)���� A
��
��	�
 #
� -	��( �

�.��#( �
���	�
 � � � � � � � � � � � � � � � � � �$�

& ��
#�

��� ��� �������

� ��� ����� ��������� �������� �'+

' -�
�������

��� �.�

������ /����#������� �.�

$��������)��0������
 �."

���������
)��0������
 ��"


�������)��0������
 ��(



������� �


���������� �	�����	� �� ������������

��������

��� �������	�


,�
 ���������
�

�������
� �
��������
� ����
�
 ���

� �� 
��E�#����
� ;
��
 !�� ���
� ���	�(

�	�
��
� &	���	 ��� ���	��	�
��
 ���F���
 �� �����
� ����
�
� ���# �
����
��.
��
 �	�����	����
��


�#
� ���
������
��
 6
�	��
���
	�

�< /

���
��
�< 6
��
�3	�

� �#
� -���
�
�3
�< �� /

�
�	�

�

���# 
� ���F���
 #
� &�������#�	�
 �� -�������
���
� >

��#�
�< ���

��#�
� �#
� 	�

��#�
�?

G0��� $)H� 5� ��
�
�����
� ����
�
� ���
�� �	�� #�
 &	������	�
 #
� ��
�
�����
� ���
��
 
��


0���
< .�� 3	 
��
� &���������
 
���

� ���������
�89
� ����
� ���� GI�� *)H� 5� ��
�
�����
�

�����������
�
� ���� #�
 ;
���
�.���	�
 3.����
� ��
�
����	� 	�# ��������� #���������


1
#
	�	�
 ���
��
�< .�� �� #
� �
�3�
� I���
� 3	� &	����.	�
 #
� �
	
� '�����	�
�

��
�
�

#
� ��
�
�����
� 6�
����������������
�
 

����� ��� G/
!� +*<  �� +*H� 5� #�
�
� A������� !
�(

����
� ���� ���������
�89
� ��#
�� ���  �
���

.��������
�!���
� .�
 3�1� #�
 ��
3�E���
 ;���


�#
� #�
 ��
�
�����
 �	�3
����������< .� #
� ���F	9 #
� ���	��	�
��
� 1


�
��
��
� �
� .
��
�

����� �� ����� �	�

���
� ����

4.
� 1
����
�
 ����
� #�
�
� 6
�����
� ���	����
�
�� ��� !�
�3���
��
�< ���������
� 1
����
� ��� #
�


�
�������
 ;�#
�����# !�� /

�
�	�

�< #�
 #	��� ;���
�
���#�	�
 �� !
�����
#
�
 =�#�	�
�(

3	����#
 

������ .	�#
�� &��� ��� 3
�
� #
� 
�
�������
� ;�#
�����# #
� /

�
�	�
�����
��

&	CB	 �� &����
�
�
�� !�� �
��
� 4	����
��
�3	�
 GI��� �)H� ���
 �
9�
��
 .	�#
 �� ���(

�
� #	���

�����< #�
 �
� 
��
� �
��
���	� ��
����� #
� =�#�	�
�(J���#�	�
�(��
�
��

��

�����

 


���� .	�#
�< ��� ���� #�
 	�

��#�
�
  �
���

.���������
 
����
���
� ,��� .	�#
�

#�
 ����
� ��

����
��� 	�# ����� #
� =�#�	�
�3	����# 
��

����
�� ,�
�
 �
��������
�< 	�(



��#�
�
� /

�
�	�

� .
��
� 
��
� ;�#
�����#�!
���	� �	�< #
� ��� /

�
�	�

� ������� ���<

#�
 �	� ���
�
���������
� -�����
��
� �
��
�
�< #�
 ��

�����
 ���������	�
� G��� *$H� ;
�(

���� ��������	
���������	�
������ ����� ��� ���� 
�� ��� ���◦� � ��� ����3 
�� ���◦� ����  !"�

�



� 
� �	�����	� �� ������������ ��������

�

������ ���# $��%�����&�� '���(��������� ��� )������������&� ��*�� 
�� +�◦� �,�&� +-"� �.��� /01
���# 2��

3 �◦� �
����&���%�� 4��
�� 5����������6� ����&������� /01
���# 
�� +��◦� ����17���� 4��
�� 5��������6�

#
� #�
 ����
� K
#��� �
� �::◦B 

�
��
��< �� ����� #�� ��� /

�
�	�

� �	� #
� 1
�
��� #
�

4	����#�#��
����
�< �� #
� 

��#�
�
 ����
� 
7����
�
�< 3	 
��
� #��������
� ;�#
�����#���(

����
� ,
����



� .���
� ���� #�
�
 =�#�	�
�!��
��

 �	�  �
���

.��������
�!���
 .�
 #�



�
���������
 ��
3�E���
 ;���
 ��	� �	�D 

��#�
�
� &	B	3 ��� 
��
� ���
��
� -�
23�
��
�

#
� ��
3�E���
� ;���
 �
� %�� - !�� :��+ �IL>-2·���?< #�
 	�

��#�
�
 ����
 .
��� 
��
�
;
�� !�� :��� �	� G0�� *)H� '�� ��#
�
 /

�
�	�
�����
�
 
��� #�
�
� 6
�����
� �����
 >3�1�

G1�� $+�< 1�� +��H?�

��� 3.
��
� 1
����
� �
���"� #�
 !�� 
���

� I���
� 
��#
���
� �
���#
�
� ���������
�

�������
�

���
�������� ��������������� ,	��� ���
�	�������
����7�
 .��# 
��
 &����

 �
����
��.
��
 !��

���
��������
� �
�

��
���< #�
 !��
����#
� #	��� �������
�
�����
 4.����
��������
� �
����
��(

.
��
 �	� B���� 

��
��� ���#�� ,
� 
�
�������
 ;�#
�����# 
��
� �����
� �����������
�� .��#

�� 
��������
� '���
 ������
� 3	� �������
�
�
 

�
��
��� ��� ���� #	��� 
�� �	9
�
� ��
�
��
�#

�	� #�
 ��
�
����
�	�
������	�
 #
� ���
��������
� �

��F	��
�� '���� #�
 ������������
�
� ����(

��
 

.���� ���#< ����
� ���� ��
�
����
�	�
�3	����#
 
����
��
�< �
� #
�
� K
.
��� �
��������


���
��������
� 
��
 
��



�

�
�3�
 ��
�
����
�	�
������	�
 �	�.
��
� >�����
�����
�
�����


=��
���
�	�
? 	�# �����
< �
� #
�
� #�
 ���
��������
� ���
 �� #
� 
�
���
� 0����	�
 ��
�
����
��

���# >�
�����
�
�����
 &	������	�
?� ��� ��
��� �	� �
��< #�9 #�
 ��
�
�����
 -��E
	������

���� /�&��&��� ���� �07���&��(���� 8�(���� ������ 9�������� ���%�
����� ��� ��� :�������	��	7���� 5�;46:	<��=��������




�� ����������� ������� �

�

������ ��+# >��������� ����� ?�	�� /�&��&��0���1� 
�� ��+ < �� �;4	@��1����� �� �
&A����%��� 2�1 �B������

9��������� �� ��� >��������� ��� ���1�������� ��� ������ >��� 
�� �C�� ��� �� 
�� 3� �����1��������&�� $����	

��&��&��� ���� 8�(���� � �1 ���%� (A&���� ��� ���%� ��� ��	/�&��&��� 2�� ��� 
�� ��! �1 2������� (���� ������
��

��� ���& ��� 1��������&� <��=��������� ��� D� ��1 
��
��&����� >����������2��&����� ��&�� 5���& �E�� !!"6�


��
� �
�� �	�

���
�
� ���F	9 �	� #
� 
�
�������
� ;�#
�����# ��� G1�� $$< 1�� $+< /
!� +*H�

&��� ��� 3
�
� #�
�
� ;�#
�����# �� &����
�
�
�� !�� ��

�

�
� ��
�
��
�# 	�# ��#�
� #
�

�7��
�� #
� ;�#
�����#
 #�
 
�����
��
�#
 ��
�
�����
 -��E
	������ 3	 G1�� $$H� ,
� �"
��

.��# ��� ���
� ���
����������
�� ����� �
3
����
��

&	�� #�
�
� 3.
��
 1
����
� 3
�
�< #�9 #
� 
�
���������
 ��������� 
��E�#���� �	� #�
 ,
����� #
�

�������������
� -��E
	������ 	�# #���� #
� 
�
���������
� ���	��	� �
�
�
��� &�

�
�
� !��

#
� �
������
����
� 0
�
!��3 �����
� �"
��
 ��
�
� ���� ��
� #
� '
���8��
�������
� 3����
���


�8
�����
��
�< �
�� ��
� #�
 ���	��	� #
� ���#
���
��
� ���
��
 3	 
�����
��

��� �
��������
 ����
�


6�� #
� ��� �:: ��
�����
� ��
�
��
�< #�
 �� #
� @��	� !������
� �#
� �� �
�

� �
�

��
���

.
�#
� �8��
�< #�
 
��
 &�����
 ���
� '
���8��
�
�

�������
� 3	��9�< ���# 
�.� )* �
����
�

�
����
 ���# 	��
� ��#
�
� 

�
��3
����
� #	��� ���

�#
 ������������
� ��

�������
�D

• ���
 
�
�������
 /
������
�
��

• ���
 ;���
�
������
�
��



% 
� �	�����	� �� ������������ ��������

• ���
 �������
 &��������� 	�# ���
 0
F
���!���� �� �������
� ��
������
�
��� >M�
�����(

���
�  ���3M?

• ,	��������

,
�  �	�# ��� #�
�
 ��

�������
� ��

� �� #
� &�� #
� ��
�����
� 1��#	�
 �� -������� �

���#
�<

#
� �����������
 ��
�	
� � @
�
� #
� �
��
� �
��������
� ��
�
��
� .
��
� �	�� /

�
�	�

�

3.
�
� �#
� �
��
�
� �
����
 #�
�
� ��

�����������E� �	�� 5� 

.���
� ��9
 
��� #�
� �	�� ���

/

�
�	�

� 3.����
� �
����
� 	�# @�����
����
�< ���
�� #
� ������
��������
 &��
�� ����� 3	


��9 ���� ��� 



�
�
� �
���� �#
� 
��
 /

�
�	�
 ���� �� !
�����
#
�
� ���������
��������
�

��#�E������
� !������
� �#
� �� A������� �	� #�
 6
��
��	�
 #
� &���
 �	� #�
  ���
�����3


!����
�� .
�#
�� ,�
�
 6������
� ���
� 
��
� 
��9
� ���F	9 �	� #�
 ������������
� ��

�������
�<

����
���#
�
 �	� #�
 ���������
�

�������
�< ��#
�� ��
� ������ �� �
��������
� B������
� #
�

����
��� ��� #
� �
���#
� #
� �����7�
 �8��
� �����
7
 ���	��	�
� �	� !
�����
#
�
� �
(

����
� �#
� /

�
�	�

� �	�

��	� .
�#
�< #�
 
�
������ �����
7
 ��

�������
� ���
�< K
#���

���
� ���� 3	 #
� �
����
� 

�
���
� .
�#
� �8��
�� J� #
� 6�
����� #
� �8
����
� ���"


��� �
��������
� ��

�������
� 0
���	�
 3	 ���

�< .	�#
 #
� 1

��" ������������� �������



���
��

5� &��� ��� ���# J��
����
�#	�
��
�����
 !�� �
��������
� ����
�
� �	�

�����< 	� #�
 �� #
�

!����


�#
� &��
�� �
���#
��
� 	�

��#�
�
� 1	��( 	�# �����������
�
 �
��
� �� #�� 
�89
�


J��
�# #
� �
��������
� ����
�
 
����#�
� 3	 �8��
��

�

������ ���# ����������� ��� 
������&�������1��%1���� ��� D�� �&���%����������� 1��������&�� /0���1� ���

�&��� $������&����� 2��(����� (����� %F����� ��� ��&��������� ?����� ��
�� ��� �� ��� 2����������� ��
��� 
�	

���%���&������ 9��%1��� ���

,�
 �
���
� ���"
 ����
� �� #
� #�
� &

�

��3	����#
� M�
��M< MF����
M 	�# M
���8���
M !���

�� ���
�
���
�
� ��
� �	������
9���� #�
 �
��
� ����
�
� ,�
�
 �8��
� 
��.
#
� �� '��� �������(




�� ����������� ������� *

���
� ���
��
 �#
� ��� ������
 �	�����3 >M ���M? !����


�� ��� �
��
��
� -������� ����� ��

#
� 0
������ �� 
	� .�
 ��
 !��� 6�
��
�� �
��
�� 
�� '
���8��
� �	� -���������
�< ���� �����
�

����������
� 1
�
���
�< #�
 !��
����#
� #	��� -���
�
�3
�< 6
��
�3	�

� 
��� 

��
��� ���#� &	(

9
�#
� .
��� K
#
� -8��
� 
��
 =�
�F���
 �	�� 5� 1
�
��� #
�  ���
��
��
� ��� #
�  ���
��	���	

����� 

��8�� 	�# �� ���
�

� ����
 ����� �
�� ��� ���������� 3	 �
3
����
�� 5� �
�������(

�
��
�����
�
� ��� �	9
�#
� �	�
�	�# #
� 	��
�����
#����
� &�����#�
� #
� -�����
��
� #��

-�������
���
� !
�3
����  ���
����.��
	�

� ���

� 3	#
� ��� 
��
 3
������ F	��	�
�
�#
 6
�3
�(

�	�
 #
�  ���
�����
���
� 5� #
� !����


�#
� ��
��
�����
� &��
�� .��# ��
�� !�� �
��
��
�<

	�
�#���� �	�

#
���
� -�������
� �	�


��

��

��� .
��
�
� J��
����
�#	�
��
����� ��� #�
 -�����
��
�3���� '�� �
��
 ��
�
��
 ��� �N�<

��� �����
 ����
�
 �N�� �
�������
 ����
�
 
������
� ���
� 6
�	��
���
	�

�� ��� �������
�

4.
����"����
� ��� #���� �� ;��������
�� 
�� ����
� ��� !�
� �8�
�
� -�����
��
�3���� &	��

/

���
��
� ���# ���
�


����
� 
��
 -�����
��
 	�# �

��F	��
� �
� �	��
���
�#
� -��3
�(

������� #	����	� #�
 ������������
� ��

�������
�� 5� #
� !����


�#
� &��
�� .��# K
#��� !��

�
��
��
� �����
� /

�
�	�

� �	�


��

��

'
���8��
� �8��
� !
�����
#
�
 '���
� #
� ��
�
����	� �	�.
��
�� A�
� .��# �
#�
���� 3.����
�

���
������ >#��� 
� 
7����
�� 
�� �
����
��
� ��
�
�����
� ���
��? 	�# 	
���
������ >#��� #
�

'
���8��
� ��� ����( �#
� #����
�
�����? 	��
�����
#
��

,�
 
��3
��
� &���
 �	� #
� -�������
���
�����3
� �8��
� �	� �	� !
�����
#
�
 ;
��
 ��

��#�
�

�
��� �� ���# 4	����#
 #
� �
��
��
� ���
���
	
� �8
����< 
�
��� #��  


��
��< !8���

 �
����


	
� � 5� 
���
� '��� ���# 3.
� �#
� �
�� ���� #	���#���

�#
 J��
�
���
� K
.
��� �	� ��� 
��
�

-�����
��
 �
�
�3��< �� 3.
��
� '��� ��� #�
 1
�
�3	�
�.������
�������
�� K
#
�  ���
�����3
�

!�� #
� #
� ��#
�
�  ���
�����3
 !8���
 	������
�
�� ���
� 4.����
�3	����# ��
��� #�
 �������


	
� #��D ��
� ��� #�
 1
�
�3	�
 
��
�  ���
�����3
� ����
��
�� ��� #
� 1
�
�3	�
 #
�  ���
�����3


#
� ��� 	�

�
�#
� �����
�< .��
� #�
 -���
������ ��� #
� &�����# ����� �������� �����
9����

���# ���� ��������� ���
	
���	�� 
�� �8
����� 1
����
��.
��
 ���� #
� -������� �	� 
��
� �
(



����
� &����

 !�� 	�
�#���� �	�

#
���
�< 3.
�#��
�������
� �������
� �
��
�
�< !�� #
�
�

K
#
 �	� �	� 
��
� -�����
��
 �	�

��	� ���� ,�
�
 �����������
�
 .
��
� ���� �� #
� 0���(

�	�
 �
���
��� 3	� �������
�
�
 J���#�	�
< �� #
� �
�#
� 0����	�

� ������
� 3	� �������
�
�


K
#��� =�#�	�
 �	��

�����
9���� ���� ��� ���� ���� 
��
� �
����� #
� 1��#���	��	� ������E3�
�
�D 
��� 
� �� #
�

1��#���	��	� �
��
 1��#����
< �� ���#
�� 
� ���� 	� 
�� �
��������
� ����
� �� ���������
�

����
< ��� 
��
 1��#����
 �� #
� =�#�	�
 ��
��
� � 
6 !�����#
�< ������� ��� !�� !��"������
<

�������
� ���#
�� 
� ���� 	� #��������
�

;�
 �	� #
� �������
�	�

� �� &��� ��� 
���������� ���< ���#
�� #�
 !����


�#
 &��
�� �	������
9(

���� !�� �
��
�� ����������
�< �
��������
� '
���8��
�� �	� 3.
� /

�
�	�
�������
��
�< .��
�

���� <������������A��� ��� ���� ���G
���� ���1� ���� ���� ����������& 2�������� ��� <������������A��� ��� ��&� %����



� 
� �	�����	� �� ������������ ��������

#
� =�#�	�
�3	����# 
��.
#
� #
� 
��
� 	�

��#�
�
� �#
� 
��
� �����������
�� 

������
�

=�#�	�
 ����

��� ������
����
����
� ��
������ ��
� ���������������
�


J��
� ��������� �� '
���8��
�� !
���
�� ��� #�
 ��	�����
 &	���
��	�
 �
����
��.
��
 !�� /�(

#	�
< ;���
 �#
� ������.
��
� 	��
� #
� ���F	9 ��
��
�#
� -����
� �����
 -����
 �8��
�


�
�������
 �#
� ��
�
�����
 '
�#
�< �
��
���	�
��#�
��
� �#
� �� '
���8��
� ��
�
��
�#
 �
(

��������
 -����
 �
���

,
� ��������� �� �
��
� �
��������
� ����
�
� .��# ��
� #�� ����
� #
� ��
�����
� �#
� #��

#
� ������
� �#
� #	��� �
�#
 !
�����
��� ,�
 5��
������
< �
��
�
�# �	� &����
�� 	�# ��
�(

����
� �	� ���
�
� �����
�< ���# �� #
� 0


� 8������ 

�	�#
� 	�# ��
�
� ����� #��
�� ��� #
�

��������� 3	� 6
���
	�
��

,�
 �� ��	E
��
� 	��
��	���
� ���������������
�
 .
�#
� !�� 
�
�������
� 	�# ��
�
�����
�

'
�#
�� ��.�
 !�� �
��
���	�
��#�
��
� !
�	������� ,�
 ��
�
�����
� '
�#
� �8��
� ��
��
�


��.
#
� 
7�
��
� J����	�
� �
�� �#
� �� �
�����
�
�����
 ����
�
� !�� #
� �������
� ��
�
(

����
�	�
 �
�����
�� ��� 	��
����
�#
� �"
��
< #�
 !�� 
��
�< 3.
� �#
� #�
� ��
��
�#
� -����
�

�
�!��

�	�
� .
�#
�� ���
��
 ��� 
��� 
��
 ��
�������

4��� #
� '
�#
� '
�#
� �"
��
>
?
�E ���)���
��

� �B >�
�� ���������?
�∇T ��
������
�EO �B ���)����������
��

� �EO�∇T ���������#���
��
�BO�∇T ��
�����
�
�����

� �EO �BO�∇T >���
 @��
�?

H�
���� ���# �
�����&� �
�� ��� 2����&������� <��������� 2�� H����7����.�%��� �� 1��������&�� /0���1�� �����

��1 $��I�G ���%�����&�� ��� 1��������&�� ?����� ��(�� 2�� H�17����������������� ��� �� ��� 2����������� ��
���

��������&��� $.�%�� ���� &��2����&�
���

����� �������	
�� 
�����

/

� ��� �� 
�� �
���� 
�� 
�
�������
� '
�# ��< �� .
�#
� #�
 /
��	�
�
�
�����
� �� '
�#����(

�	�
 �
����
	��
�� ,�
�
� 1
����
	��
	�
����3
9 .���
� 6��
��

 
��



�< #�
 #�� �	� #
�

 �
���

.���� �	�

�
���
 ��
�����
�����
� .�
#
� �� 0����	�
  �
���

.���� ����

�� �� ��
���

���� #
����� �
�� ����
�� 
�� ���������
� ����� 
��< �
� #
� #�
 �
����
	��

�#
� -����
 #
�

�$��� �����&1� ��� D�E� ��� $��%���1��������




�� �����������������	 ���	����� )


7�
��
� '
�#
� !�� #�
�
� 0�����
��!��
��

� ����
���
�� .
�#
�� ,�
�
� ���������
 4	����#�



�� ���� &�������
� #
� 
7�
��
� '
�#
� �
�� ����
�� �� #�� ��
���#��������
  �
���

.����

��
�< �� #
� �
�� ����� F�
9��

5� !�
�
� ����
�
� ��� #
� ���������
 ����� ���
�� ��� #
� 
�
�������
� '
�#�����
 !
�������D 
�


��� #�� ������
����
����
 ���$���� ������D

�j = σ �E �#
� �E = ρ�j, >���?

.��
� σ #
� %���& ����������
��� < ρ #
� '�������
����
��� ���� ,�
 ���	��	� #
� �
����� ���

#��
� !�� #
� ����
���
 #
� -�������� �����
�
�� =�� 	��
��	��� ��� ��������������
 ���
�����
�<

�� #
�
� -���������
 ����������� ���
���
�� ���#< .
�.


� #
� �
���� �	� 
��
� 
��3�

� ������

�
#	3�
�� .
�#
� �����

�j = σ �E �#
� �E = ρ�j, >���?

5� 
��
� �#
��
�< ��������������!������
� -�������
���
� �8��
� ���� ��
�����
� ���
 ;�#
�����#

�
.


�� ,�
� ���
� �	� #
� .
��
��
��������
� 1
������	�
�.
��
D #�
 ��
�����
�.
��
� .
�(

#
� �� -�������
���
� 

�
	
� 	�# #����� �� ������	���!
� 5��
��
�
�3 .�
#
� 3	� 	������
����
�

;
��
 3	����
�

�
�3�� �����# #�
 ��������������!�����3 

��8�� .��#< ��� #�
 5��
��
�
�3 �
��(

.
��
 #
���	���! 	�# #
� ��
�����
���������� �� '
�#�����	�
 .��# �
���#
��� ��8�	�

� #
�

��������������!�����3 �8��
� �� 3.
� -��

���
� 	��
��
��� .
�#
�D

• ��������� ��(�	
��
 �	�
�	�# 
��
� ���	��	�
��
� ,
�
��
� �� -�������
���
� >'�
�#����
<

/

���
��
�< !
�����
#
�
 5�����
< 6
��
�3	�

�< -���
�
�3
�< =�
�F���
�< ���
� 
���?

• ��
������� ��(�	
��
 �	�
�	�# #
� ��
������
� &��

	�
 #
� -�������
���
��D 3	 K
#
� �
(

��
��

� 4
���	��� ��� #�� -�������
���
� !
�3
���� 5� �
����
����# �
����
��� ��� #�
 #	���

#�
�
� �
�������	� �
�!��

�	�
�
 #
���	���!
 5��
��
�
�3 #	��� ���
	���3
��
 3.����
�

��
�����
� 	�# ������
��

,�
 ����������
������ ��
� �	�< #�9 ��� #
� 

����
� ;�#
�����# ���
�	�
�.
��
 ��� �	��


!�� 1
����

� #�
�
� �
�#
� -��

���
� ����
��
� ���� G,	
 ))< ���� )$< 0��� $)HD

ρ���(T ) = ρ��	�
��� + ρ
��	�
���(T ) >���?

5� #
� !����


�#
� &��
�� .
�#
� �	������
9���� ��������
 ��8�	�

� �
������
�< #�
 !�� #
� 	�(



��#�
�
� &���!
��
��	�
 
��
� �����
� /

�
�	�
 �
�����
�� ���F���
 #
� '
����#�	�
 �#
�

@����#�	�
 G �� *�< 0��� )�< 1��	 )*< 0��� $)< ��
 $$<  
 +%H .
�#
� 
���  


�����# 3	����(

��

� &��
��
� �
���

����& ��� �0��1���&�� @����&��(��&� ���� ?���G�����&��(��&� 
�D���&���
����&� /���� ���



$ 
� �	�����	� �� ������������ ��������

����� ������	
�� ��� �������������	
�� 
�����

/�

� �� 
��
� �
���� 
�� �
��
���	�
��#�
�� ��< �� F�
9� 
�� ;���
������ ,�
 ������
��(

��
����
 ���������
�
���	�
 ��� #�� ��	����$���� ������ 	�# �
����
��� �����
 3	� =��P���
�

 
�
�3 
��
� ���
��
� 4	����
����
 3.����
� ;���
����� �jq 	�# �
��
���	�
��#�
�� �∇T D

�jq = κ(−�∇T ) �#
� (−�∇T ) = ρq
�jq. >��%?

A�
� ��� κ #
� ' �������& ����������
��� < �
�� 5�!
��
� ρq #
� ;���
.�#
�����#��
����� 5� ��(

������������
� �#
� �������
� ����
�
� ���# #�
�
  �89
� ������
�

5�  


����3 3	� 
�
�������
� /
��	�
 
��� 
� ��� #�
 ;���
�
��	�
 3.
� �
�������
�D #�


 ���
��
��	�
 ��
� ������
�� 	�# #�
 ��
�����
��
��	�
< .��
� #�
 ��
�����
��
��	�
 �� 
	�
�

/
��
�� ��
�.�

��

��
�������
 	�# ��
������
 /
������
�
�� ���# 	��
� �
������
� J�����#
� #	��� #�� '�����

��

����
�$���� ������ !
�������D

κ

σT
= L = ������ >��*?

5� #
� �� #
� !����


�#
� &��
�� �
������
�
� '��� #
� �����
� ���
		�
 �� 	�

��#�
�
� ��(

��
�
� �
� �N: ��� κ = 0< .
����� #�
 &�.
�#	�
 #
� ;�
#
����('���3P���
�  
�
�3
� �
��
�

���� ����

/�

� 3	���3���� 3	� �
��
���	�
��#�
��
� ���� 
�� 
�
�������
� '
�# �� �
��������
� /
��
�

��< �� ��
�
� #�
 �����������������
 )*���� �	�� ,�
 ������
����
����
� ���������
�
���	�

�

��	�
� �� #�
�
� '���
D

�E = ρ�j + S �∇T >���?

�jq = Π�j − κ �∇T.

A�
� ��� S #
� �
���� #
� �����������������
 +��&� 	�#Π #
� ,���������-���
� � ���
 .
��
�

�
�(

#
 &�����
 ��
�
�� 1
3�
�	�

� 3.����
� #
� ��
���
�
�������
�  �89
�< #�
 #
�
� 1
�
���	�


�	� #
� 
�
�������
� /
������
�
�� 
���	�
��	 G/	� �)< 1�� )�< &�� $�H�

����� ��������������	
�� 
�����

/�%����������
��� ��
���������

5� 
��
� �������
� 
�
�������
� /
��
�< #
� 
��
� ��
�
��
�# �B �� 3(0����	�
 �	�

�
�3� ���<

���# #�
 
�
�������
 �����#����
 	�# #�� 
�
�������
 '
�# #	��� ���

�#
  �
���	�

� !
�������

GI�� *)< B�� $�HD

�j =

⎛⎜⎜⎝
σ⊥ σ
 0

−σ
 σ⊥ 0

0 0 σ‖

⎞⎟⎟⎠ �E >��)?

������ ��� �� ;��������� ��� ���D��� 9��&����1��
�����&� <�7����  




�� �����������������	 ���	����� +

	�#D

�E =

⎛⎜⎜⎝
ρ⊥ −ρ
 0

ρ
 ρ⊥ 0

0 0 ρ‖

⎞⎟⎟⎠�j >��$?

,�
  �89
� ρ⊥ 	�# ρ‖ ���# #
� ���
�
������ 	�# #
� ��
���	��
��� ����������� '�������
� < ρ


#
� !���.�������
� � '�� #�
 
�
�������
 /
������
�
�� σ 

��
� 
�����
��
�#
 1
3
����	�

�� ,�


 �89
� ���

� ���
 !�� ��

�

�
� ��
�
��
�# ��� ,
� 4	����
����
 3.����
� /
������
�
��
�

	�# ;�#
�����# 
�
��� ���� #	��� 5�!
����� #
� �����3
� �� ��) 	�# ��$ 	�# ��	�
�D

σ⊥ =
ρ⊥

ρ⊥2 + ρ

2
, σ‖ =

1
ρ‖

, σ
 =
ρ


ρ

2 + ρ⊥2

>��+?

	�#

ρ⊥ =
σ⊥

σ⊥2 + σ

2
, ρ‖ =

1
σ‖

, ρ
 =
σ


σ

2 + σ⊥2

. >���:?

ρ⊥ 	�# ρ‖ .
�#
� ��� �	� #
� 
�
�������
� ;�#
�����# ρ0 �� ��
�
��
�#��
�
� 	�# 	���
�
��(

��
��
� /
��
� �
3�

�D(
∆ρ

ρ0

)
⊥

=
ρ⊥ − ρ0

ρ0(
∆ρ

ρ0

)
‖

=
ρ‖ − ρ0

ρ0
>����?

	�# .
�#
� #��� ��� ���
�
������� ���
���.�������
� 	�# ��
���	��
���� ���
���.�������
�

�
3
����
�� ,�
  �89


∆ρ

ρ
=

ρ‖ − ρ⊥
2
3ρ⊥ + 1

3ρ‖
>����?

.��# ��� /
������0��
��� ��
�� #
� ��
�
��.�#
�����#
� >��&��? �
3
����
�� /
�#
� .
�#
� ��

#
� /��
���	� ��� #
� &����3	�
 ∆ρ/ρ ��.��� #
� ��
�
��.�#
�����# > �� ����? ��� �	�� #�


&���������
 > �� ����? �
3
����
��

,
� 4	����
����
 3.����
� ρ
 	�# #
� ������
� A�����
23�
��
� RH ���D RH = ρ
/B� �����

#
� A���.�#
�����#
� .��# ��� �	�� #
� !���.�
��� φH = ρH/ρ⊥ !
�.
�#
��
,�
 �� #
� /��
���	� #��

��
���
� &��
��
� ����
� ���� !�� ���
� 4�
������	�
 �
� �� ����  �	��
�

	��
��
��
�< #�
 !
�����
#
�
 �"
��
 3	�  


�����# ���
�D

• �"
��
 �
� !
����.��#
�#
� �	9
�
� ��
�
��
�# >�������
� ��
�
��.�#
�����# �#
�

A���
"
��? G���� *�< �� )*H

• �"
��
 #	��� Q�#
�	�
 #
� ��
�
��
�#�����
 >
�

������
� ��
�
��.�#
�����# �#
� A���(

"
��? GI�� *)H

���7��������� 1���������������� ��������70



�: 
� �	�����	� �� ������������ ��������

• �"
��
 #	��� �
��
���	���#
�	�
 G!�� *+< 1
� $$H

• �"
�� #	��� Q�#
�	�
 #
� 0����	�
 #
� ��
�
��
�#
� �
����! 3	 #
� -�����������
� ��
�����������
� �#
� ���������
� ����
�
� GI�� *)< A	� )�H

• �"
��
 �
�� ��
�
��
 3	 �
�� #���
� �������
� >'���
? G�� $%H

,�
 !����


�#
 &��
�� 

�8�� 3	� 
���
�  �	��
< #� �	������
9���� ���	��	�
��
 �"
��
 >����

�N:? �� !�������#�
 ��
�
����
��
� 1	��('
�����
�
�
� �
����������
� .
�#
�� 5� ���

�#
�

.��# 
�� ��
������ ��
� #�� J��
�# #�
�
� -����
 !�� �"
��
� 



�
��

/����������� ,�
 �
���
� /
��
� 3
�

� #
� 
������
 ���
���.�������
� D ��.��� ρ⊥ ���
�	�� ρ‖ �
��
� ��� #
� ��
�
��
�#�����
 3	 	�# 
� 
��� �
��� ρ⊥ > ρ‖� '�� ���.���
 ��
�
�(
�
�#
� 
��� ���� ρ ∝ B2< ��� �����
 '
�#
� ���� ρ ∝ B2< ρ ∝ B 	�# ��
�� ρ →������ �
������
�
.
�#
� G0��� $)< &�� $$H� ����

 ����
�
 3
�

� #
� �
������
 ���
���.�������
� D ρ �����

��� 1 ��� 1
����
�
 ���# #�
 /

�
�	�
�����
�
 &	C�� 	�# &
C�� GI�� *)H�

,
� A���.�#
�����# ��� .�
 #
� ��
�
��.�#
�����# !�� #
� ��
�
��
�#�����
 �����
�
< .��
�

��� #�� 6
�����
� !�� ρ
 ��� #
� #
� ��
�
��.�#
�����#
� �� 4	����
����
 ����

� ����

GI�� *)H�

,������������ 5� 
��
� �
�����
�
�����
� ���
���� �	9 

��	
� 3.����
� #
� ��
�
��(

���
� '
�# �H 	�# #
� ��
�
�����
� 5�#	����� �B 	��
� 1
����������
	�
 #
� ��
�
����
�	�
 �M

	��
�����
#
� .
�#
�D

�B = µ0
�H + �M. >����?

1
� ���
� 
��!�����
�
�����
� �"
��
� �� '
�����
�
�
� .��# 3.����
� #
� �
�� 	��
�����
#
�<

#
� #	��� #�
 ��
�
����
�	�
 	�# #
�< #
� #	��� #�� �	9
�
< ��
�
����
�
�#
 '
�# !
�	������

.��#� 5� &�.
�
��
�� 
��
� �	9
�
� '
�#
� ������� ��� !�� �0�
��
�
 ���
���.�������
� �#
�

!�� �0�
��
�
 !����*��� � 5� &�.
�
��
�� �	9
�
� '
�#
� ��� #�
�
� �"
��
� #
� 
������ ���

�
���.�������
� �3.� #
� 
������ !����*��� ��
���

���

��
�
��.�#
�����# ,
� ����3���
��
 6
���	� #
� �����!
����
� 	�# ���
��	#����
� ;�#
�����#�(

������
��
� ρ⊥ 	�# ρ‖ �� &����
�
�
�� !�� ��
�
����
�
�#
� '
�# ��� 
��
 �����
���� 
��3����
	���
�
����
��
 ����
 ��� �� &��� ��% 

3
�
� GI�� *)< �� )*H� '�� ��
��
 ��
�
��
�#
� ��
�
�

ρ‖ ��< .����



� ρ⊥ �������� 5�� #�
 �����
	�
���
�
����
�	�
 
��
����< �� ����
� �
�#
  �89
�

�.� ���
�� ��< .��
� ρ‖ 
�� ��7��	� #	�����	��� ,	��� 0���
7����������� �	� BN: 
����� ���
#�
 �����
	�
�.
��
 ρ�

‖ 	�# ρ�
⊥� ��� ���� ���� ����
��
�D

ρ⊥(B) = ρs
⊥ + ρn

⊥(B)

ρ‖(B) = ρs
‖ + ρn

‖ (B), >���%?




�� �����������������	 ���	����� ��

�

������ ���# �����������	
� ��
 �	����������
�	���
 �� ����� ������	������ ��� �	
�������	�
� 	

������

��� ����
������ ���	�����
������ �

�	��
�

�	�� ��	� ��� �� ��!"

.��
� #
� 5�#
7 M�M #�
 ������
� ��
�
��.�#
�����#
 �
3
����
�� ,
� &����� !�� ρ‖ 	�# ρ⊥
��� �����
 '
�#
��� ��� !�� ���
� �
� ��
�
� �
��
���	�
� 	�# �� �
��
� �
����
� !�� ������
�

������
�
�����
� &����

 ��
���

��� '�� '
 	�# @� ��� #�
�
� &����

 #��� #�����
�
�# 	�# #��

�
�����
�
�����
 6
�����
� ���� �	� #	��� 1
������	�
 #
� �
��
���	������
�
�
�� 
7�����
��

.
�#
�� 5� #
� !����


�#
� &��
�� .
�#
� �	������
9���� #�
 �������
� ;�#
�����#
 ρ�
‖ 	�# ρ�

⊥
	��
��	���� ,�
 -
��3
���	�
 M�M .��# �� ���

�#
� #
����� .



����
��

���
� ���
�
�����
� 6
���	� 3
�
� #�� �	� ρ‖ 	�# ρ⊥ �
�
���
�
 >�������
? &���������
!
��������
#
� ��
�
��.�#
�����#
� ∆ρ/ρ ��� '
C@� 	�# B�C@� /

�
�	�

� G���� *�HD ��� �
������
� ��

#
� &	����
	�
 #
� &����������
!
���������
 



� #�
 -��3
�������� 
�� ��7��	� �
� '
15@�85

�#
� B�25@�75 ��� ��7����.
��
� ��� ∆ρ/ρ !�� 
�.� �:(�:R >�
� �:-?� ���� ��	
 ∆ρ/ρ ���

#�
 �
�#
� ����
�
 ��.�
 ��� B	C@� 



� #�� �����
�
 ��
�
�����
 ���
�� ��� &��� �	� 	�#

��
���
 �
��< #�9 #�
 ;
��
 �	� 
��
� -	�!
 ��


�< #�
 
�� ��7��	� �
� 
�.� 
��
� 1������
�

��
�
��� ��� G���� *�H� ���
 ������	�
 ��� #�
 /�

 #
� ��7��	�� .	�#
 ����� 



�
�� 6��

���� G!�� *+H 3
�
�
< #�9 #�
 &���������
.
��
 !�� @�C4� 	�# B	C'
C@� 
�
������ �	� #�
�
� -	�!


��


�< K
#��� ����� #�
 ;
��
 
��
� 0
��
 !�� .
��
�
� @���
��

�
�	�

� >��� B�< ��< ;< 6<

	���?� &	�� �

���!
 ;
��
 !�� ∆ρ/ρ .	�#
� 

�	�#
��

,�� &���������
!
�������� ��� ����� �
��
���	������
�
 .�
 �� &��� ��* 3	 �
�
� ��� G!�� *+<

1
� $$H� ,�
�
 &����
�
�
�� 

�� �� .
�
������
� �	� ρ0 3	����� ρ‖ − ρ⊥ 3
�
� #�



� �	� 
��

���.���
 �
��
���	������
�
�
�� G���� *�H� '�� �
�������
 &�.
�#	�

� �
� 0�	��
��
���	�

3�1� ��� ��
�
�����
 /
�
�8��
< #�
 �
��� �	� '
C@�('���
� �	�

��	� ���#< �
#
	�
� #�
�< #�9

����� #
� ���
 ��
��
��
���	�.
�� ��� #�
 &���������
 ∆ρ/ρ !�� �	�# �:R ���#
�� �	� 
��

��
�� 4���1������� (��� ������ J��&����� ��� ����1�� 
�D���&���� 
�� ?����1������� ��� �� ���1���



�� 
� �	�����	� �� ������������ ��������

.
�
������ ��
��
�
� ;
�� !�� ��� �R G1�3 %�H �	�

�	�3� .
�#
� �����

�

������ �� # #�����	�
�	�������$��� ��
 
����	��� ���
����������������

�
 ��� ��24%�76 ��&� �'!"

5� �����������
� ��� #
� ��
�
��.�#
�����# .�
 �� ������
�
�
� ����� ���������� �Q�#
�� ����

#�
 �
����!
 =��
���
�	�
 #
� �	9
�
� '
�#
� �3.� #
� �������
� ��
�
����
�	�
 �
����! 3	 #
�

-�����������
�< �� ��#
�� ���� �	�� #�
 ��
�
��.�#
�����#
 	�# #�
 &���������
!
���������


G���� �%< ���� �*H�

5� ���
��
 ��� ���# �	� #
� /��
���	� �
�����
 ;
��
 ��� #�
 �������
 &���������
 #
� ��
�
��.�(

#
�����#
� ��� /

�
�	�

� !�� @���
� 	�# ���
� ��� #
� �#(��
�
��
��
����
� .�
#
�



�
��

A���.�#
�����# ,
� 6
���	� #
� A���.�#
�����#
� ��� '	������ #
� ��
�
�����
� '
�#
� ��� ��

&��� ��� 

3
�
�� '�� #�
 �����
���� 	���
�
����
��
 ����
 ��
�
� ρH(B) 3	������ ��
�� ��< 	�

���� ���
���
� #
� �����
	�
���
�
����
�	�
 �� 
��
 F���
�
  
��#
 ��
�3	

�
�� ,
�
� ��
�(


	�
 
��������� #
� ������
� A�����
23�
��
� RH � �7�������
�� ��� ρH(B) ���� B = 0< ��


����� ��� ��� &���
���������� #
� �0�
��
�
 !���.�������
��� ρs
H � �� 
��� #���� G���� **HD

ρH(B) = ρs
H + RHB = Rs

HM + RHB >���*?

ρs
H ���� ��.��� ������! ��� �	�� �

���! �
��� '�� #�
 �� #
� !����


�#
� &��
�� 	��
��	���
�

/

�
�	�

� '
C@� 	�# B�C@� .��# 
�� 6��3
���
�.
���
� #
� �������
� A���.�#
�����#
� ���

#�
 4	����
��
�3	�

� �
������
�< ��� #�
 #�
 �������
 &���������
 #
� ��
�
��.�#
�����#
�

��7���� ��� G�� )*H� ���
 ������	�
 ��� #�
�
 -���3�#
�3 ��
�� ���� �	��

1��������)� ��#�%���� ��� ������������ /�%������

2�����������
���� &	�
��
��	��� ��� #�� 6
�����#��� #
� ���
���.�������
��� �
�����(


�
�����
� ��
�
��
��
����(/

�
�	�

� ��� #�� 1.������������� G���� *�< ��� *$H� @��� #�
(
�����& ��� ����1���� ����(��������� 
�D���&���




�� �����������������	 ���	����� ��

2����3������

'
 @�

�� #���D �R >%��-? #���D :�*R >%��-?

G,�� )�H G,�� )�H

6 �R6D �:R >%��-? ��*R6D :��R >�%-?

G�	
 )�< I
� +��H G!�� *%< !�� *+H

B� #���D *��R >%��-? ���RB�D (:��% >�%-?

G,�� )�< 1��
 +�H G!�� *%< !�� *+H

�� #���D $R >%��-? ���R��D +�+R >�%-?

G,�� )�H G!�� *%< !�� *+H

'
 S �*R'
D �$R >%��-?

G1�3 %�< ���� *�< !�� *%< !�� *+< B�� )%< �� )*H

B� #���D :�%R >%��-? �:RB�D ���)R >�:-?

G,�� )�H G���� *�< !�� *%< !�� *+H

@� #���D ���R >%��-? S

G,�� )�H

B	 ��+RB	D ��$R >%��-?

G���� *�< !�� *%< !�� *+< -�	 ))H

4� #���D ���R >%��-? �:R4�D ��*R >�%-?

G,�� )�H G!�� *%< !�� *+H

H�
���� ��+# E��A�� )���������� 2�� ?� ��� K� 1�� $��1����� ��� ��� @��77� ��� ��	�
�������1������� ��� ����

�7������ ��������7�� ∆ρ/ρ ��� 9������(����������� D������ ������
�� ��� 8�(���� ��� &F�&���� �� ��� )��������

��������� >��� ��� ∆ρ/ρ 1�� ����
� ��� <��D��������� ��� ��� 9�G��17�������

�
� ��#
�� .��# #
� 
�
�������
 ����� �
����
��.
��
 �� @���
� !�� 3.
� 	������
�

� �
�����8(

�
� 

���

�< #
� ����� �� ��K�������( >����↑? 	�# #
� ����� �� �������������# >����↓?�
,�
 ���8�
 ���# 	������
�
 !��
����#
� 	�# #
� �����������
� #
� ��
�����
� ��
��� �
� #
�

���
		�
 
�����
�� ��� ���� #��
� K
#
� �
�����# 
��
� ;�#
�����# ρ↑ �#
� ρ↓ 3	��#�
��

-������
�� ��� #�� 4.
��������#
�� ��� 
��
� �#(4.
����#��#
��< �� ��� ��� 
�� ��#
��<

��� #
� ��� �#('
�����
�
�
� �#�T	�� �
����
��
� ����� ,
� 
�
�������
 /�#	�
����������



�� ���� #�
�
� ��#
�� ��	���������� �	� #�
 �( 	�# �	� �� 
��
� !�
� 

���

�
� ��9 �	� #�


#(��
�����
� 3	����� ,
� ;�#
�����# K
#
� 
��3
��
� �������#
� ���� �� 
��
� 1
����
 ρss< #
�

���
		�
 3.����
� �(4	����#
� �
����
���
��< 	�# ρsd< #
� ���
		�
 !�� �( ���� #(4	����#
�

�
����������
�< 3
��

� .
�#
�< #�
 #��� �� 0
��
�������	�
 ��

��#�
� ���#� ,�
 -����������

!�� 4.
������( 	�# 4.
����#��#
�� ����� 3	 #
� �� &��� ��) 

3
�
�
� �����3���������#�

5� ������
�
�����
� 4	����# ���# #�
 �
�#
� 4.
�

 
�
��� 	�#< #� �� ��
�
��
��
����
� #�


#(4	����#�#����
 �
�� ���� ���< #�����
�� ρsd #
� ;�#
�����#� J��
� #
� ���F	9 
��
� ��(



�% 
� �	�����	� �� ������������ ��������

�

������ ��3# �����������	
� ��
 (	�������
�	���
 �� ����� ������	������ ��� ������ #�����	�
��� 	

������

��� ����
������ ���	�����
������ �

�	��
�

�	�� �)�� �*!"


�
��
�#
� �����
� ���� #�
 ��
�����
����#
� �� #�� ����(↑( 	�# ����(↓(1��# �	� >&��� ��)? 	�#
#�
 #(4	����#�#����
 ��� #�� ��K����������# �� #
� '
�������
 .��# ����� �
#	3�
��� &�� '��(



 #�!�� .��# ρsd,↑ ��
��
� 	�# #
� 

����
 ;�#
�����# ������ 5�� #�� #↑(1��# 
��3 	��
� #�

'
�������
 

�	�����< �� ����� #�
�
� ���
	����� 
��3 �	� 	�# #
�  
����.�#
�����# .��# #	���

ρss,↑ �
������� U	�������! ���� #���� #�
 &�����
 !�� ρ �
� ��
�

�#
� A >&��� ��%? 
������

.
�#
��

4	� ������	�
 #
� &���������
 #
� ��
�
��.�#
�����#
� �
���
� #�
�
 ��
��

	�

� ���� �����

�	�� ����� ���� .	�#
 #�
 ����(1���(;
���
�.���	�
 ��� �
�������	� ��� #�
 &���������
 #
�

��
�
��.�#
�����#
� !��

�����

� G���� *�< 1
� �%H� ,�
 ����T	���
�3��� sz ��� �� &�.
�
��
��

#
� ����(1���(;
���
�.���	�
 ����� ���

� 
��
 
	�
 U	���
�3���< .�� ���� #	��� ����('���(

��
�
��

 3.����
� #
� �
�#
� -����
� ��� ����↑( 	�# ����↓(��
�����
� �	�#������ �� �8��
�
�
����
��.
��
 �↓(��
�����
� �� #�
 #↑(1��#
� 

���
	� .
�#
��
���� �����
 #	��� &�����
 
������
� 
�
�
� ;
��
� ��� #�
 �(4	����#
 	�# !�� &����������
�

��� #�
 �#(4	����#
 3
�

�< #�9 #
� #	��� #�
 ����(1���(;
���
�.���	�
 ��#	3�
��
 3	���3����


���
	�
�������	� ��� #�
K
��

� �(��
�����
� 
"
���!
� ���< #�
 ���� �� 3(0����	�
 ������
� 3	�

��
�
��
�# �
.


�< 	�# .
��

� 
"
���! ��� �����
< #�
 ���� �� #
� >7�?(��
�
 �
.


�� ,��

��� 3	� '��

< #�9 ρ‖ > ρ⊥ 
��� 	�# #���� #�
 &���������
 ∆ρ/ρ ������! .��#�

���� �
��
�
 �	� �
��
� ��#
�� ���

�#
 1
#��
	�

� ��< #�
 
��
� 
��9
� &���������
������

�

�����

�D

�� ,�
 ���
		�
 .��# ��	���������� #	��� �����
��
 &���
 
��
� 3.
��
� �
�����
�
�����
�

��
�
��� >3�1� '
 �� @�? �
�!��

�	�
��




�� �����������������	 ���	����� �*

�

������ ��-# )��%�# 
����	��
���
 &�
	��
��	������ ��
 +���
�����������
 �,� ���� ������	�����
���

-����	��
���	��./�����
��" �����
0 
����	��
��� �.+

�	��
������� n↑ 
�� n↓ �,� ��� 
������	��
�����
 -���.

�	��
���	�� 1��
��������0 
.)23� �
����������0 �.)234"

�� #
� &��
�� ��
������
� ���
		�
 ��� ��
��

�� #
� &��
�� !�� ���
		�
 ��  ���
�#
�
��
�< 6
�3
��	�

� ���� �� #
�  
�������
		�
 ���

��
��

J��
� �������
� 1
#��
	�

� �����3� ���� 
��
 ��7���� 
��
������
 &���������
 !�� �:R ��<

.�� ���� �
�� 
	� ��� #
� 
7�
���
��
��
� 1
�	�# ��� '
C@� 	�# B�C@� >�:R(�:R? 	�# �	��

��� #�
 !�� 
���

� I���
� 
��#
���
� ������
� '
�����
�
�
� ��� �
�� 
��9
� ��&G'�
 +:�<

'�
 +:�H >3�1� JC�� ��� ��� 3	 ��R? #
����

,�
 �
������
�
 �����
 &�����
 !�� ∆ρ/ρ ��� 3	�
��
�#
 '
( �#
� B�(-��3
�������� �� @�


������ ���� �	� 1
#��
	�
 �< #�
 &�����
 ��� ��
�

�#
� �
��
���	� >��
�
 &��� ��*? ���

1
#��
	�
 � 	�# #
� 

���

�
 ;
�� !�� ∆ρ/ρ ��� !
������
< ����� 


����
 ����
� �	� 1
(

#��
	�
 �� &��
�#��
� �	9 #���	� ���

.�
�
� .
�#
�< #�9 #�
 ��
��

	�

� ����� 
��
� �
���

T	�������!
� B������
� ���
� 	�# �
��
�.

� 3.��

�# ���#�

,�� 4.
��������#
�� .	�#
 !�� 
��
� &�3��� !�� &	���
� 3	 1
�
���	�

� 	�# 5��
���
��(

����
� !�� �
��	�

� !
�.
�#
� 	�# ����� �
��.
��
 3	 �
��� 
	�
� ��

�����
� >3�1� G���� *�<

B�� �)< B�� ):�< �� )*< ��� $*< ��� $�H?� ��� 3
�����
� 0
�	���� ��� #�
 B����
��('
��(

I��	�('���
� ��� #�
 &���������
< #�
 #�
�
  �89
 ��� '	������ #
� �������#(0
�����!����
�

ρ↑ 	�# ρ↓ #����
��� GB�� ):�HD

∆ρ

ρ
= γ

(
ρ↓

ρ↑
− 1

)
, >����?

.��
� γ 
��
 -�������
 ���< #�
 #�
 �����
 #
� ����(1���(;
���
�.���	�
 �	�#������ '�� @���
�(

�

�
�	�

� ��� 6
�	��
���
	�

� !
�����
#
�
� ��
�
��
 �����
 

3
�
� .
�#
�< #�9 #�
 B'I(

'���
� 
	� 
������ ���� ,
� �����
�
� γ ���� 
7�
���
��
�� �
������ .
�#
��



�� 
� �	�����	� �� ������������ ��������

���
 ���.���
 ��� #�
�
� 0
���	�

� ��� #�
 �������
< #�9 #�
 1��#���	��	� #
� /

�
�	�
 �	�

�� �8���� !
�
�������
� '��� �
����������
� .��#� &����3
< 0
���	�

� �	� �
���������
�
 1��#(

���	��	�
� 3	 
���#
� >3�1� G��� )%H?< .��
� �	� �
��.
��
 
����
�
��� 	�# �����
� 3	 �����
7
�

��

�����
�< #�
 #�
 �"
����������
 ��������
�� #
� 
7�
���
��
��
� 1
�	�#
� ����� .�#
����
(



��� �� 
�� K
#��� ��� �
	�
 �
��
� &����3 
��
� 1
�
���	�
 !�� �������
� ��
�
��.�#
�����(

#
� !�� ���3
����
��
� /

�
�	�

�< #
� !�� 
��
� ���
�

� 1
���#�	�
 #
� ��
�����
����	��	�

�	�

��� ���� #�
 �� #
� !����


�#
� &��
�� ����
���
��
 -���������� !�� ��
����
� 
�
����(

�
����	��	���
��
�����
� �
���#
� ��� 
��
� 
7���
� �����������
���
 ��� #�3	 

�����< #�9


��!�����
�
�����
 �"
��
 ���
 4	����
����
 
������
� ��#
��
 �
�
���
� .
�#
� �8��
��

4����*�#� ,�
 
��������
 ��
���
 #
� !����)*����� 

�� !�� ��#
�� #
� ��
�
� ��
�����
�

�	�� ,�
 ��
�����
� .
�#
� #	��� #�
 /��
��3����� ��

�
��� 	�# !
�	�����
� �� #
� ������
�

A���
"
��� ����
�� 
"
���!
� ����
� ���# ������!
 	�# �

���!
 ;
��
 !�� ρ
 3	 
�����
�� ���


��
� 4.
����#��#
�� ���� ��
�� 
��
 '
�#�����
�
�
�� #���	��
�� .
�#
�� '�� �
�����
�
��(

���
 /

�
�	�

� �
���� ���
�#��
� 
�� 4.
����#��#
�� ����� �
�� 3	� ������	�
 #
� 
7�
���
�(

�
��
� 1
�	�#
� �	�� ��
������ ���.�
��
 3	 
�����
� ���# ���	�
����
 /

�
�	�
�
��F���
 	�#

=�#�	�
�(J���#�	�
�(���F���
 �	� ρ
� �7���
�
 ��#
��
 ��� #
� A���.�#
�����# 
����#
�� 5�(

�

���
 ��
� #�
 '
���F���
 �#
� ��
�� ��
� ���
 4	����#
 #
� /
��	�
����#
� 	�# �
�3
� #��
�


��
 -
������ #
� 1��#���	��	� !���	��

,
� �������
 A���
"
�� ���� ����� !�� /��
��3�����
� �
�����
�< #� 
� #
E�������

��9 ��

�
�#��
�
� 4	����# �	������� ,
� �"
�� �
�	�� !�
��
�� �	� #
� ����(1���(;
���
�.���	�
< #�



��
 &����
���
 #
� ���
		�
 #
� ��
�����
� �� #
� ��
�
�����
� ���
��
� #
� ���
	3
���
�

�
.���� G'
� )�H� ,�
�
� �"
�� 
��������� #
� �����
������
� ����(���
		�
 �� #
� &���������

G��� �+H� 5� '
�����
�
�
� ���# #�
 ���
��
 �	�

�����
�< �� #�9 ��
�����
� �
!��3	
� ��


��
 0����	�
 

���
	� .
�#
� 	�# �� #
� �����!
����
� A�������� �
.���
�� �� 
��� 
��
 
��3


0
��
 !�� ��
��
�����
 &����3
� 3	� ������	�
 	�# 1
�
���	�
 #�
�
� �"
��
� G���� **< 1
� ):<

'
� )�< /�� )�< -�� )*�< 6
# )*< 1
� $�< '
� $�H�

����� ������ ����	����������

1
�� 
�
���3
���

� &	���
�
� 
��
� �
��
���	�
��#�
��
� 	�# 
��
� ��
�
�����
� '
�#
� ��
(

�
� � �"
��
 �	�< #�
 ������ #
� A���
"
�� 	�# #
� �
�#
� ��
�
��.�#
�����#
� ��  �� ��)


�����
��
���� 1
�� 
�
���3
���

� &	���
�
� 
�
�������
�< ��
�
�����
� 	�# ��
������
� '
�#
�

�3.�  ��#�
��
� ��� #�
 4��� #
� �"
��
 ���� �8�
�� 5� �������
� ����
�
� ���� ��� � �"
��


	��
����
�#
��� GI�� *)< =�� ��H�

��'��&�	)����	$.�%�� 9����	'��&�	)����	$.�%� 5C �����2������� �&��1���&�� 9������(���������6� ���������	

����� �&��1���&�� 9������(����������
����� 
�������� $.�%�� ����# $������&�����	$.�%�� �� ��� +� $������&�����	K�����	$.�%�� K�����	$.�%�� 9�	

�����7�������.�%�




�� ��	�� �	�������� ����	��� �)

1
� �
�� ��
�
� �
��
���	�
� 	�# �
�� �
��
� �����������
� ���� 
��
 ��3�����������
 &����
�
(

�
�� #
� ;�#
�����#
� !�� #
� ��

�

�
� ��
�
��
�#�����
 �
������
� .
�#
� G=�� ��< &�� $�H�

,�
�
� ��	"
���
���!����)*��� 

�����
� 0����������
 �	� #�
 ������
�
 #
� '
����8��
��� =�(

3�����������
 ���������
"
��
 ��
�
� �	�� �
� #
� ;���
�
������
�
��< #
� ��
���
�
�������
�

 �89
� 	�# #
� A���
"
�� �	����

1�����
 .	�#
� �	� ��������
 �����������
23�
��
� �
������
�< #��� �����
< #�
 �
� 3
������ ���(

�����
� �	9
�
� '
�#
�� 

�
��
� .
�#
�� =�3�����������
 
�
������
�
�����
 '
�#
� ����
� 3	

��
T	
�3�����
�

� �����������
23�
��
� .�
 3�1� 3	� �������
� /
������
�
��� 1
���#
�� .���(

��
 ���# #�
�
 ��� A�����
T	
�3( �#
� �������
 &�.
�#	�

��

-���
� �	9
� #
� ����� 
�.����
� 
�
������
�
�����
� '
�#
�� 	�# �
��
���	�
��#�
��
�

���� �
��������
 -����
 ��� ���
�< �� ������� ��� �
����
��.
��
 !�� 0���������������
 �����(

�
�
�� 6�� ���
� ��� ���������
 -�������
 �8��
� ���� �
������
����
 &�.
�#	�

� 
�

�
��

���  ����!��������
�!��
���
�

@��
3	 K
#
 1
����
��	�
 
��
� ������������
� ����
�� �
������
� @��
�	�

� 	�# 6
�
����(

��	�

�< #�
 ��� 
�������< 	� �
��
 ����
�������
 1
���#�	�
 3	 !
�
������
�� ��� ����

#���� �
����
��.
��
 #�� 4�
� !
����

�< 
��
 ����������
 /8�	�
 ��� 
�� �
������
� �����
� 3	

E�#
� �#
� #�
 ��� 
��
 �	�
�����
 /8�	�
 #
� �����
�� 
����#
�����
 0
��
�3
�� 3	 ������
�
��

�����
 @��
�	�

� ���# �� #
� '
���8��
������� �	�
�	�# #
� �	9
���#
������ 
��9
� 4��� !��

�
�
!���
� '�
��
���
��#
� 	�# #
� �������� 
��9
� -����
7���� #
� ����	�
�#
� 6��
��



�
���#
�� .�����
 	�# !
���
��
��

,�
 �� #
� !����


�#
� &��
�� !
����
�
 0����	�
 #
� '
���8��
������� ��� 3	� 4�
�< �
��
 ���(

���������
 =��
�!���
�< �
����
��.
��
 
��
� �
�����< �� 0���
� 
��
� ��#
��� ��� #
� '
���8��
�

3	 �
�
���
�� ,��
� .��# 
��
 &�3��� #
� ��
� 
�.����
� @��
�	�

� �
�	�3�< #
�
�  ����
(

�
�� ��� 
��.
#
� �� 0���
� ���

�
��
� ������������
� ��
��

	�

� �#
� #	��� 6
�
�
���

#
� 
��
���
�
� ��� 

�
��
�
� =��
�!���
� #���	��
�
� ����� ,�
 3.
��
 6������
 ���
� K
(

#��� #�
  
����< #�9 ���� !
�����
#
�
 @��
�	�

� ����
���
�
� 	�# 
��
 ��
�
�������	�


#
� �
�
���
�
� ��� #
� 

�
��
�
� 0
�	����
� M3	�����
M ���� ��� #��� ���� #��
� ����� �	�

#�
 J��
��	��	�
 �	� 
��
� ����
�� !
�����
�< ���#
�� �	9 #�
 1
�
���	�

� �8
������ ��
��

���


�< 	� #�
 &	���

����� �����
� 6
�
�
���
 M��
���
L�7�
���
��M 3	 
��8�
��

���
 1
�
���	�
 
��
� =��
�!���
� �
��
�� ���� �	� �
��
�
� �	�
����#
����

�#
� 	�# �	�
����(

#
� �	���	
�#
� �������
�� &��
 �
���������
 3	 �
���#
�� ���� 
��
� ���
� &	�.��# �
#
	�
��

;��� ��� �
����
��.
��
 #�
 
�
�������
 /
������
�
�� 
��
� �
����� �
� 
��
� !��



�
�
� �
�(

�
���	� �
�
���
�< �� 
��

 ��� �#
��
�.
��
 �	� !�� #
� -
������ #
� &�����#	�
�3��� #
�

�
����� 	�# #
� �
��
���	� �	�� �����
�
� .�
 #
�  ���
����< #�
  ���
���������
< &�����(

�
�����
< 1��#���	��	�< ������
���
���	� �#
� ��
�����(������(;
���
�.���	�
 
�
��
� ����

����� 
�%�������� ��D����������&� $.�%�� ��� �� ����	2�� ��7&��	$.�%� ��� ������� %��� H����7����.�%�



�$ 
� �	�����	� �� ������������ ��������

�

������ ��!# 4�������� D�� ��=������ ��� E����.�� :?����	4�����7���:

#��� �� 
��
� #
� 1
�
���	�
��������
� &� ��#
 ����#
 #��� #�� 0
�	���� �� '��� 
��
� �#
�

�
��
�
� �	�
�����
� ;
��
 �
��� ���
 �����
 6��

�
��.
��
 .��# M'����(��������
�M �#
� �� #
�

������
 #
� ��
��
�����
� B�
��
 M��(������M 

������ ���
 '����(��������
�(1
�
���	�
 ��	��



.���
���9
� ���
 #�
 �8
�����
�� 
��
� ���F	9����
 ��< �����# #�
 
�	�#�


�#
� ��#
��(

������
� ��� 



�
� �
������
� .
�#
�� ,�
 ��#
��������
� .
�#
� #��
� ��.
�� �8
���� ��

�
��������� 

.����< #�9 ��
 #�� �����
� �#�T	�� .�#
����


���

�� ���� �	� ����!��� �
��< #�
 1
�
���	�
��
��
 ��3	���3
�< ��#
� ��� 
��3
��
 4.����
�������(

�
 #�#	��� 
������
��< #�9 ��� 3	���3����
 5���������� �� '��� !�� �����
�
�� �� #�
 0
���	�



��F�
9
� ��9�� ,�� �8��
� ��.��� 
7�
���
��
�� �
������
 �����
�
� .�
 #�
  ���
���������


�#
� �	�� �����
�
� .�
 
��
 1��#��
��
 �#
� ,���
�������
������ �
��< #�
 ��� #	��� ���	����(

��������
��

	�

� 

.����� ��� ���� ��.
�� 

�
�< #�9 ��� #�
�
 �����
�
� �����

 !
���#
��<

��� #�
 3	 �
�
���
�#
 =��
�!���
 #
� 
7�
���
��
��
� ;
�� ���
������ I
 �
�� �����
 4	(

���3�����
�
� !
�.
�#
� .
�#
� 	�# K
 	����������
���� #�
�
 ���#< #
��� �
�� 
���
��� ���

���� !�� M'����(��������
�M( 
#���
�� ��� �����
�
� .��# #��
� ��� ���������
���� �
3
����
�<

.
�� 
� �
���� 
��
 �
���������
 =��
�!���
 #����
��� 	�# 3.
��
����
� �
������ .
�#
� �����

��� 1
����
� #���� ��� #�
 ��
� 
�.����
  ���
���������
� 5� &��� ��$ .
�#
� #�
 
�.����
� J�(

�
�����
#
 �� #
� !
�����
#
�
� A
���

�
��.
��
� �� �����
�
 #
� '
���8��
������� �� '���


��
� 
������
� ���������� #��

��
���� ,
����� ��� 
��
 '����(��������
�(0
���	�
 ���� #	���

3.
� �
�����
 

�
��3
����
�D

• 6
�.
�#	�
 
��
� �
���������
� ��#
��� ��� #
� '
���8��
�




�� ��	�� �	�������� ����	��� �+

• 6
�.
�#	�
 �	� .
��

�< ���������
����
� �����
�
�

,�
 �� &��� ��$ !��

����
�
 &�
�
�3	�
 M'����(��������
�M !�� �����
�
���	#�
� �����3�
��

�����< #�9 
��
 �
���#
 #
� ��#
�
� ��
��


� ���� '����(��������
�(0
���	�

� ���
� �������

#
� @����
��< #�9 	��
� J�����#
� #�
 0
���	�

� �� �	�.
�#�
 �
�� �8��
�< #�9 !�
�
 ���(

���
�
 ���� ����� 
��������
� .
�#
� �8��
�� A�
� ����
� 
������
�
 ��#
��
 3	� ������3�

&	9
�#
� ���� #�
 -����
7���� #
� ����
����� �� '����(��������
�(0
���	�

� 

�


������

�	�� #�
 �������� �� ������������
 6��
��

 
����.
�
�< #� 
��#
	��

 &	���

� ��
� �
�����(

�
 ����!
�����
 ����� �
���� 

.���
� .
�#
� �8��
�� A�
� �8��
� �����
�
���	#�
� �	� 1����


������
�
� ��#
��
 &�����
 ����"
� 	�# #�
 5��
���
������ !�� '����(��������
�(0
���	�

� 
�(

�
����
���

��" #	���	 $
� #��
��

5�������� � .��# #��

��
���< .
���
 �8
�����
��
� 3	� 1
�
���	�
 !�� ���������
�

�������
�

	�

��#�
�
� ����
�
 �
��
�
� 	�# .
���
 &��
��
� ��
� #�
�
� ��
�� �� #
� /��
���	� 3	

E�#
� ���#� A�
��
� .��# 	��
� ��������� ���� �	������
9���� 
�
�������
 /
��	�
 !
�����#
� 	�#

#�� A�	���	

��
�� �	� #
� -	��( �

�.��#('��������	� 3	� 1
�
���	�
 #
� 
�
�������
�

/
������
�
�� 

�

��

5�������� � .
�#
� #�
 !�� 6
�����
� 
��.���
��
� �
���#
� 3	� /8�	�
 #
� -	��( �

�.��#(

 �
���	�
 �� ,
���� �
�����
�
� 	�# &	�#����
 3	� &	�.
��	�
 �� 0���
� #
� --0CB�&

/

�
�	�
���
���
 



�
��

5� #
� ���

�#
� �������� !5 " 	�# ( ���# #
� &�.
�#	�
 #
� '��������	� �	� ������(


�
�����
 	�# �
�����
�
�����
 /

�
�	�
�����
�
 

.�#�
�< .��
� #�
 ��

�����
 �����# !��

�	���3�
��
� &��
��
� #��

��
��� .
�#
�� ,�
 �	���������
� .
�#
� ����.
�� ����
���
��< #�9

4	����
����

 	�# 5��
�����
� ���� .
�#
�� &� 
���

� ��
��
� .
�#
� �	�� 3	���3����
< ��

#
� =��
����!
�8"
������	�

� ����� 
������
�
 5����������
� 



�
��

������� + �
����
��� �����
9���� #�
 ��.
��
�	�
 #
� �� -����
� � �
�����
�
�
� &����3
� �	�

6�
������������
�
�

5� ������� & .
�#
� #�
 0
�	����
 ���
� 1
�
���	�

� 
��
� ��������
� ;��#�
	�
 	��
�3�

�

	�# �8
�����
��
� ��� �
������
�
 &�.
���	�

� ��.�
 #�� ���
����� ��� 6
��
��
�	�

� #���	(

��
���



������� �

����	������� �����	������ ��	

�	�����	�������������� �����	�����	

�������

��� ����
��	�


,�
 ��
��
�����
 1
����
��	�
 	�# 1
�
���	�
 
�
���������
� ���������������
�
 �� �
���(

�����
� ����
�
� ��� 
�� ���.�
��

� J��
����

�� &	�
�	�# #
� 
��9
� 4��� !�� �
�
���
�
�

��
�����
� �
������
� ��� ����� #�
 ,������ #
� ���3
����K
�����
� #
� �
����
� S #�
� .��


��������� 	��8
���� 	�# ��� �	�� 
�� ����� .�����
��.
�� S ���#
�� .���� 
��
 �����������
 1
(

������	�
�.
��
� ,�
 2��
�0���������� ��� ���� 
�� �
��

��
� #
� �����������
� �
������� 5� �����(

����!��
��

� .
�#
� �
����
� �
����
�� #	��� �	9
�
 '
�#
� �	� ���
�  �
���

.�����3	����#

�� 
��
� @����
�
���

.�����3	����# �	�

�
���� ,�
 �����������
���
 ��� #
����� @����
�
���

(

.�����!��
��

 	�# (
�89
� 3	�  


�����# 	�# 
����#
�� #
����� #
� ������3 #
� ���
!
�����
�

�����������
� �
������ G,�� )%< 0�� $:< ��� $�< -	� $*< 08� $)H�

��� ���� 3.
�  �	��
� !�� &����3
� 3	� /8�	�
 !�� ��������������
�
� 	��
����
�#
�� ,�


��
��  ����� 	���9� #�
 ��
�������
 2������
� ,�
�
 �����������(�
��������
� ��
���
� ���
�

#�
 &	���
��	�
 !�� �����������
� 6
��
��	�
��	������
� ��� 
�� �
����
�
��
���
 	��
� ���

(

�
��
� J�
�
���

.������
#��
	�

� 3	�  


�����#� �� 
��� ���������
< �
�����������
 	�#

T	���
��
��������
 6
�����
� #
� ���
�����
�  �
���	�

�� ,�
 �
�����
��
 ��� ����
����� #�


�������

�������	
�< #�
 ��� ��
�����
� �� 
��
� �
�����������
� '���	��
�	�
 !
�.
�#
� .
�(

#
� ���� G4�� �:< 4�� �)< B�� +�H� ��
 ��� 
��
  �
���	�
< #�
 #�
 1
.

	�
 #
� �
����
�
�(

�
���
� �� ����
���	� 	��
� 1
����������
	�
 #
� 1

��F	��	�
 #	��� #�� �	9
�
 '
�# 	�#

#	��� #�
 A
�( 	�# ;

���
		�
 #	��� #�
 ���
	3
���
� �����3�
��� ��
 ��� 
����
 	��
� �
(

������
� 0��#�
#��
	�

� .�
 ���.���
 ���
		�
� 	�# �
� ����
���
�# ���
.
���

� �	9
�
�

���&� &������&��� ���G� ����� >���A���� (�� �1 �����1����� �� 2��������� /0���1�� ������� ���

��



�� �� �	�����	����������!���

'
�#
���� ;��� ��� #�
�
 ����������	�

� ��
�.��#
�< �	9 ��� 3	 
��
� �
�� T	���
��
���(

�����
� 1
������	�
�.
��
 ��
�

�
�< .�� 3	� ���.����	�
 #
� U	���
����������
�
���	�

�

.�
 3�1� 6��A�!
P� !
����

�
��
��
� ����
�
�
���	�
 G!A� *)H< #
� ���������
�
���	�

� !��

-���(/	����

�(��� G-�� *)H �#
� #
� U	���
�(1���3����( �
���	�

� G��� $)< B�
 $+H 

(

����� ���� ,�
�
  �
���	�

� 

�
� 	��
� �
������
� 1
#��
	�

� �� #�
 ������
 1���3����(

 �
���	�
 ��
��

,�
 ���������
 J��
�3	�
 #
� ���
�����
� ��
���
 �� '��� !�� �����
�
� 1
�
���	�

� ����


��9
 ���.�
��
�
��
� �	�.
��
�� =�� ���# #�
 ���
�����
�  �
���	�

� �
�� ������3�
��
 5��

���(

�#
� 
�� 5��

��(,�"
�
�����
�
���	�

� 	�# #���� 
��
� �
���
�����
� 1
���#�	�
 �	� ���.
�

3	
��
����� ,	��� 
��
 /��
�����
�	�
 	�# 

�� ���� .
��
�

�
�#
 @��
�	�

� .�
 3�1� #	��� #�


0
��7������3
�����
�	�
 ��9� ���� #�� �����
� K
#��� ��.
�� !
�
������
�< #�9 
��
 ���������


J��
�3	�
 �8
���� .��# G4�� �:< 4�� �)< 1	� $%�< 1	� $%�< 0��� $)< ��� $+< 1�� $+�H�

,�
 0�����  ����� !�� ��
���
� 

�� !�� 
��
� '���( �
���

.�����3	����# .���
�# #
�

������������3
��
� �	�< 
��� ���� !�� &����3 �
� �	� ��� ���.���
 �	9
�
 '
�#
�� ,
� !�� -	��

	�# ��#
�
� &	���
� G@�� *�< ��� *�< -	� *)H !��

�����

�
 '��������	�� 
��.���
�� 
��
 ���(



�
��
< �����������(�
��������
 ��
���
 ��� ���
!
�����
 ���3
��
 �� '���
 ��
��
� &�.
���	�

�

!�� ��
������
�  �
���

.����� ,�
�
 &�.
���	�

� .
�#
� !�� ��
��
� �	9
�
� ��8�	�

� �
�(

!��

�	�
�� 1
�
���
� .��# #�
 &��.��� #
� ����
�� �	� #�
 ��8�	�
 �� ���
��
� @��
�	�
< #���

���
  �
���	�

� �8��
� �� 
���
� =�#�	�
 #
� '
�#
� 

�����
�
� .
�#
�< .
����� #�
 ��
�(

��
 ��� ��
���� ���0�
���2������ �
3
����
� .��#� ,�
 �����

�
 #
� ���
��
� 0
�����
(��
���


���< #
� @����
�
���

.�����!��
��
 #	��� #�
 3
������
� '�	��	�����
� ��  �
���

.���� �	�3	(

#����
��� ,� #�
 6
��
��	�
��	������ ��  �
���

.���� �
����� ���< ��� #�
 /8�	�
 #�#	��� �
��

!
�
�������� &	�

�
�# !�� #
� 1
.

	�
�
�
���	�

� #
� ,����
�����7 �8��
� 

�������
�


	�# �� 0���
� #
� !��



�
�
� ����������	�

� 
7���
 &	�#����
 ��� �����������
23�
�(

�
� ��



�
� .
�#
�� ,�
 �����������
23�
��
� .
�#
� ��
��
� #	��� -���
��������	������
�

#
� ����
����#�
�
�#
� &��.���
�89
� #��

��
���� '�� #�
 
�
�������
 /
������
�
�� ��� #�
� �
�(

���
��.
��
 
��
 �����(�����(-���
��������	������< ��� #
� ,�"	��������3
9 
��
 ,����
(,����
(

-���
��������	�������

����3 #
� !
�����
#
�
� &����3
 ��
�
� #�
 �
�����������
� ���
�����
� ��
���
� 	�# #�
 ��(

�
��
� 0
�����
(��
���
� ����� �� ;�#
����	�� 3	
����#
�� 5��  ����
�
����
�
��� ��� �
#�
����

!
�����
#
�� ,�
� ��� �� &��� ��� ���
������� #��

��
���D #�
 ���
��
 0
�����
(��
���
 ��� ���

��
��
 �	9
�
 '
�#
� 	�# �
��
��
 �����
 ���
		�
 ��.
�#���� ,
����



� ��
�
�� #�
 �
������(

�����
 1���3����( �
���	�
 ����!���
 0
�	����
 �	� ��� ���.���
 ���
		�
< ���� K
#��� �	��

��� 9������� 1�G ������# d � ∆x � l � λF � (�
�� d ��� @������
������ ∆x ��� �A�1���&� �����&���� ���

��1�%�������&�� >�����7�%����� l ��� 1������� ����� >���A��� ��� λf ��� >������A��� ��� A�G���� ?����� �����
�&��������& ����&�� %F����� &��� ���& ������ ������� ������� (������ ��� H����7�����FG�� ��� ?��%���������

�1 @����&��(��&� D����%����&�� &�
��# �K0L +!� ���  �� H�%  +� ���  +�� ���  +
"� 9�� %F���� ����� ���� ��
���

2�� $������� �
�� ��� ��.������%��MD������ ������ �$�� � "�
�����&� N���11��&A��� (����� ����& ��� �����������	
��		�������	

������� 
���&���
���



��
 "������#�� ��

�

������ +��# /�&�1�����&� ����������� ��� @�����%����
�����&�� ��� ��1�%�������&�� %�������&�� H&����� ���

��� �������� '��7����	H&�����

��������
��
 �"
��
 �� �����
� �	9
�
� '
�#
�� �
����
��
�� '�� ���������������
�
 3�1� ��

A����
��
�� ���� #�
� 
�� .�����

� 6���
�� �
�� G'
�� $:H� 5� 

�
�����
�  ����
�
����
�
��� #
�

��
���
� ����
� �
�#
 &����3
 #�
 �
��
� 0
�	����
 ��
�
��< .�� ��� �	�� ���������� 3
�

�

���� G�#. *$< ���� )$< ��� $)H�

,�
 &	�.
��	�
 #
�  �
���	�

�< �
����
��.
��
 ��� #�
 
�
�������
 /
������
�
��< �� 0���
�

#
� ���
��
� 0
�����
(��
���
 ���� �����
������� �
��� '�� #
�  �
�3���� ���.���
� ���
		�




�� #�
 
�
�������
 /
������
�
�� ������� 



� J�
�#����< �� #�9 
��
 ���.����	�
 #
� 
�
�(

������
� /
�����
�
�� �� ���
�3
� #
� �����
 #
� ���
		�
 3	 
��
� 0
��
 ��� 	�
�#���� !�
�
�

�	�3	�	���
�
�#
� �
��
� >�3.� ,��
����
�? ������ �� .	�#
 #
����� ���� �8
�����
��
�



�	���< 
��
 '���	��
�	�
 ��� #
� -
��.
�� #
� 
�
�������
� /
�����
�
��< #
� 
�
�������
� ;�(

#
�����# 3	 E�#
�� ,�
� 

���
� ����
�� #
� -����(-����(-���
��������	������ G �� )�< -	� $*H�

��� ��"�
< #�#	��� #�
 0
��
��	������� �	� #�� ����
�#
  ��
# �
�������
� 3	 �8��
�� ��

�����
 K
#��� 

3
�
� .
�#
�< #�9 ��� ����
��
 0
�	����
 �	�� ��
� �	� 
�3�
��< .
�� ���

.�
 �
� #
� 
�
�������
� /
������
�
�� 	�
�#���� !�
�
 ,��
����
 �	���
��< �� #�9 ��� �
�(

�
� 6���
�� 



���
� #
� '���	��
�	�
 �	�  �	�#��

 #
� �����(�����(-���
��������	������


�3�
�� GA	� )*H� &	�� ��#
�
 6
��	��
< #�
 &	�.
��	�
 #
� ���
��
� 0
�����
('���
�� #	���

�����

�
� 3	 	�

�
�< #�
 �� 
�
�������
� ;�#
�����# ���
�3
� S 
�� 1
����
� #���� ��� #�


������"���
�� 2����� G/
� $%< /
� $*�< /
� $*�< A�� $�< ��� $�< V�� $)< /
� $)< B�
 +:H<S ��
��(

�
� ���� ��� ������
�� �#
� ���.
� ��.
�#��� �
��	� G&�
 $+< '�� $+�H� ��� �	9 #��
� #
�

������
� ;

 #
� &	�.
��	�
 #
� -	��( �
���	�
 

�
�< 	� ����
��
 0
�	����
 3	 
�����
��



�% �� �	�����	����������!���

;�#
�����#�����
��

>-����(-����(-'?

�
�����������


1���3����( �
���	�


-	��( �
���	�


>�����(�����(-'?

U	���
�(

1���3����( �
���	�


-���
��������	������
� >-'? -��
�����
  �
���	�

�

� �

�

�7�D� ?A���

���
 - "

%����� ?�����

��&� !�"

%����� ���&���

�9�& !-"

�

������ +�+# ����������� ��� 2����&������� H&������ D�� E�&������� 2�� H����7���7&A��1�����

5� -���
7� #
� !����


�#
� &��
�� ��� ���� #�
�
� &����3 �	� ���

�#
�  ���#
� ��D 
� .
�#
�

����
�
 ��� �
�� �����
� ���
		�
 �
������
� >	�

��#�
�
 /

�
�	�

�?< �� #�9 #�
 6
�.
�(

#	�
 #
� �
�����������
� 1���3����( �
���	�
 �����
������� 
����
���� �� .
�#
� K
#��� �	�

���������
�

�������
� �
� T = 0 �
�
���
�< .�� #�
 &�.
�#	�
 #
� -	��( �
���	�
 	�

�
��


��
����
���

5� &��� ��� ���# #�
 !
�����
#
�
� �
�
��� ��

������
�
� &����3
 3	� 1
�
���	�
 !�� �����(

������
23�
��
� ���
������� #��

��
���� ,�
 ��
��
 

�
� ��< .
���
 #
�  �
���	�

� 	��
�

�
������
� 1
#��
	�

� �	� .
���
� �
�

�
��
� .
�#
� �8��
�� 1
����
��.
��
 

�
� ��� !
�(

#����
 ����
�
 >��
��
 ,����
�? #�
 0
�	����
 #
� �
�����������
� 1���3����( �
���	�
 �� #�


#
� U	���
�(1���3����( �
���	�
 ��
��

�� ���� ���� �	� 
��
� �

��W���
� J��
�����
# �� #
� ��
���
 #
� 
�
�������
� /
�����
�
�� ���(



.�
�
� .
�#
�� ��� 	��
����
�#
� 3.����
� ����"�������� 	�# ���������� 
�
�������
� /
����(

��
�
�� K
 ���� #
�< �� #�
 �
� #
� /
��	�
 
����
�
�#
 I�	�
���
 ;���
 �� 
�� ;���
��#

>��
� ������
�? ��

����� .��# �#
� ����� G'�� $+�H� ,�
 ���
��
� 0
�����
('���
�� ��.�
 #�


1���3����( �
���	�
 ��
�
�� #�
 �#���������
 /
�����
�
��� ,� �� #
� !����


�#
� &��
�� #�
 
�
�(

������
 /
������
�
�� �	� �
� T = 0 �
������
� .��# 	�# 3	#
� #�
 �#���������
 	�# #�
 �����
��


/
�����
�
�� �� 
���
� =�#�	�
 #
� 
�
�������
� '
�#
� �#
������ ���#< ��� #�
�
� J��
�����
# ��
�

K
#��� ���
 1
#
	�	�
�



��� $#�� #�% $#�� &	���'��% &�����#�� �*

��� %�
 &	��! 	�$ $�
 &	��!'�

�(��$!'�
���	�


5� #�
�
� &�������� .��# #�
 A
��
��	�
 #
� -	��( 	�# #
� -	��( �

�.��#( �
���	�
 �	�3

���33�
��� ,�
 ��� #�
 0
���	�

� �� 	�

��#�
�
� /

�
�	�

� �
�
!���
� &	�#����
 .
�#
�

��



�
��

����� �������� ��	���	� ��� ���� !�����

��� �
������
� 
�� ����
� ��  �
���

.����< #�� #	��� #
� A��������(=�
�����H0 �
�����
�
�

	�# !�� 
��
� 3
�������
�

� �	9
�
� ��8�	�
 W (t) �

��F	9� .��#� ,
� ����
�.
�� 
��
� �
(

��
��

� =��
�!���
 ��9� ���� �	� #	��� #
� ,����
��
����� #
� ����
�� �	�#����
�� '�� #�
�
�


��� #�
 T	���
��
��������
 /��	!���
( �
���	�
 GB�� ))HD

ih̄
d

dt
ρ(t) = [H0 + W (t),ρ(t)]. >���?

��� ����������
�� ρ �	� ��� ;
���
�.���	�
����# G�
� )+H �
3�
���� #
� ��8�	�
W >�
3
����
�

��� IW ? 	�# 
����� G-	� *)< ��� )+< B�� +�HD

ih̄
d

dt
ρIW

(t) = [W IW
,ρIW

]. >���?

,	��� 4
�����

������ ���� ��� #�
�
  �
���	�
 �� 
��
 5��

���
�
���	�
 ��
�����
�< #�
 ���

#	��� 5�
������ �8��� ,��
� 

�� ��� ���
�#��
� �	� ��� 3	� 
���
� =�#�	�
 �� W < ����� ����


��
 ��
���� � ���	
�� '�� ���.���
 �	9
�
 ��8�	�

� W ��� #�
�
 6
����������
	�
 �8�
�
�

�
��
 W 2< W 3� � � ����
� 

�
����
���
�� ��� 
�����D

ρIW
(t) ≈ ρ

(1)
IW

(t) = ρ0 −
i

h̄

t∫
−∞

dt′ [W IW
(t′),ρ0], >���?

.��
� ρ0 #
�  �
���

.�����#����
��
����� #
� ���������
� ���
���
� �
3
����
�D

ρ0 =
1
Z

e−βH0 , ��� Z = ��(e−βH0). >��%?

,
� ����
�.
�� 
��
� =�
������ A ���� �	� #��

��
��� .
�#
� ���D

〈A〉(t) = ��
(
AIW

(t),ρIW
(t)
)

= 〈A〉0 − i

h̄

t∫
−∞

dt′
〈
[AIW

(t),W IW
(t′)]

〉
, >��*?

.��
� 〈. . .〉0 
�� ����
�.
�� ��  �
���

.���� ���� @���� ��� �	� ��< #�9 #�
 
7�
��
 ��8�	�


#�
 '���W (t) = −BF (t) ���< .��
� B 
�� �� ����8#��

����# 3
��	������
�

� =�
�����< F (t)


��
 3
�������
�

 '	������ ���< �� 
����� ��� G-	� *)< ��� )+< 08� $)HD

〈A〉(t) = 〈A〉0 −
∞∫

−∞
dt′ χAB(t, t′)F (t′) >���?



�� �� �	�����	����������!���

���

χAB(t, t′) =
i

h̄

〈
[AIW

(t),BIW
(t′)]

〉
Θ(t − t′). >��)?

χAB(t, t′) .��# ��� 
����������
���� �	���0��"���� � �#
� ����������� ��
���� ���0�
��&	
����
 �
(

3
����
�� ��� ���� ��
 ����
�� #
� -	��(5#
������ 	�����
� 3	 
��
� &	�#�	��< #
� �
��
 -��(

�	�����
� �
�� 
������ ��#
� ��� �
����������
�< #�9 χAB(t, t′) = χAB(t− t′, 0) =: χAB(t− t′)
��� G��� )+HD

χAB(t − t′) =
β∫

0

dλ

〈
dB

dt
(t′ − ih̄λ)A(t)

〉
Θ(t − t′). >��$?

,�
 ��	�
��	������ Θ(t− t′) ��  �� ��) 	�# ��$ 3
�
� ��< #�9 �	� ��8�	�

� 3	 4
��
� t < t′ 3	�
4	����# #
� ����
�� 3	� 4
�� t �
����

� >-�	�������?�

 �� ��� ���� �	� 3	� 1
�
���	�
 !�� ���������
�89
� !
�.
�#
� .
�#
�� ,�3	 �	9 ��� #
�

=�
����� B 	�# #�
 3
�������
�

 '	������ F (t) ��
3�E3�
�
�� '�� #�
 1
�
���	�
 #
� 
�
�(

������
� /
������
�
�� �
�3� ��� B = �P >
�
�������
� �������������!
����? 	�# F (t) = �E(t)

>
�
�������
� '
�#?� ,��� ��� W (t) = −�P · �E(t) #�
 ;
���
�.���	�
�
�
�
�
 �� 
�
�������
� '
�#�

'�� �E ����� ��� �	� 
�� ��� 
��
� -�
����
T	
�3 ω ���.��

�#
� '
�# ��D

�Eω(t) = �E0e
−i(ω+iδ)t, δ → 0 >��+?

�E0 ��� 
��
 -�������
 	�# δ ���
� #����< #�9 #�
 ��8�	�
 ��� t → −∞ !
����.��#
�� ��� ����

�	� �
���� #�
 +	"�������� ��� #�
 
�
�������
 /
������
�
�� �
��
��
� G��� )+HD

σµν(ω, T ) =
1
V

∞∫
0

dt e−iωt

β=1/kT∫
0

dλ
〈
Jν(−ih̄λ) Jµ(t)

〉
, >���:?

.��
� I #
� 
�
�������
 �������
����� �� 	�

��8��
� A
��
��
�
���# ���D

J(t) = eiH0t/h̄Je−iH0t/h̄ >����?

	�# 6 #�� ����
�!��	�
� �
3
����
�� '�� #�
 ��
�
�����
 �#
� 
�
�������
 �	�3
���������� 

�(

�
� �������
 &	�#����
< .��
� �� #�
 ��
��
 !�� I #�
 ��
�
����
�	�
 � �3.� #�
 #�
�
�������


������������ � ��� &��.���
�89
 ����� G-	� *)< ��� )+H�

,
� &	�#�	�� ���: ��� 
7��� ��
� #��� �
��� �������� 	�# ��� 
��
 #��
��
 &	�.
��	�
 �	� 
��(



�������� 3	 !
�.
�#
�� ,
����� 
��� 
� �	� .
��

 �	�
�����
 �#
� ����������
 &�.
�#	�

�

#�
�
�  �
���	�
 >3�1� G@�
 +�H?�



��� $#�� #�% $#�� &	���'��% &�����#�� �)

����� ���� �����"��� ����
����

,�� �� #
� !����


�#
� &��
�� �
������
�
 /
������
�
��������
� ��� �
� .
��
� ����� �� ���(

��
7< #�9 #�
 -	��('���
� �� !���
� &��

�
���
�� �
�8��
� .��#� ��� ���� 
���

 &�����
�

!
�.
�#
�< #�
 #
� !
�.
�#
�
� ��
���
 #
� ��
�����
����	��	� 	�# #
� @��	� #
� �
������
�
�

���������
�89
� 3	
�	�#
��


�< 	� 
��
 
������
�
 6
����� #
� -	��('���
� �
�3	�
��
�� ,�
�


&�����
� ���# �� 
��3
��
�D

• 
� .��# 
�� ���(��
�����
�(1��# !
�.
�#
�

• ;
���
�.���	�

� 3.����
� #
� ��
�����
� .
�#
� !
����������
� >�3.� �� �����
�
� '���
�
����������
�?

• 
� .��# �	� ���
		�
 �� ��������
� 6
�	��
���
	�

�< �3.� �� #
� ��������
� J���#�	�

�
����������
�� ,�
 ���
		�
 �� #
� ���3
�!
�	��
���
	�
 ��� ���� 
���������

• 
� 
��� #�
 1���(=��
��
��
� @��
�	�


• 
� .��# �	� #�
  �
���������
������
�
�� ω = 0 �
�8��
��

J��
� #�
�
� 6���	��
�3	�

� ���� #�
 -	��('���
� �� ���

�#
� '��� 

�����
�
� .
�#
�

G �
 *$< B�
 *+< -	� *+< 6
� �:< -	� �*< -	� $*HD

σµµ =
πh̄

V

∞∫
−∞

dε

(
−∂f

∂ε

)〈
��
(
δ(ε − H) Jµ δ(ε − H) Jµ

)〉
�


>����?

A�
� ��� f #�
 '
���(,����(6
��
��	�
��	������� ,�
 ����
�.
�����#	�
 〈. . .〉�
 ��� 
��
 ��
���(

#��������
 ���
���
����
�	�
� '�� #
� !����


�#
� '��� #
� ���
		�
 �� ��������
� 6
�	�(

�
���
	�

� 	�# 
��
� �
��
���	� T = 0< ���� #�� ����
� ��
� ���
 �8
����
� -��E
	������
�

#
� 6
�	��
���
	�
 �#
�< �� '���
 #
� ���3
����
��
� 	�

��#�
�
� /

�
�	�
 ��
� ���
 -��E(


	������
� #
� /

�
�	�
 #	���

����� .
�#
� G�#. *$< /�� �:< -�� �*H� ,���� .��# 〈. . .〉�����


�����
�
�� &	9
�#
� ���� #�
 5��

������ ��
� #�
 ��
�
�
 
������
�� .
�#
��

����
��� ��� G��� $�HD

δ(ε − H) = − 1
π
5�G+(ε) = − 1

2πi
(G+(ε) − G−(ε)) =

∑
n
|n〉〈n| δ(ε − εn), >����?

.��
� G #�
  �

����
 '	������ #
� ����
�� ��� 	�# |m〉< #�
 ��

��	������
� 3	 
��
� �
�����(
�
� -��E
	������ #
� 	�

��#�
�
� ����
�� ���#< �� ���
� #���	� #�
  �
���	�
D

σµµ =
πh̄

V

〈∑
mn

Jµ
mnJµ

nmδ(εF − εm)δ(εF − εn)

〉
�����

. >���%?



�$ �� �	�����	����������!���

A�
� ��� Jµ
mn = 〈m|Jµ|n〉 #�� �����7
�
�
�� #
� �������
������ �� #
� µ(�
� 0�	������	�
�

���
 ��#
�
< �	�  �� ���� ���

�#
 '��� #
�  �
���	�
 ��	�
�D

σµµ =
h̄

πV

〈
��
(

Jµ 5�G+(ε�) Jµ 5�G+(ε�)
) 〉

�����

µ ∈ {x, y, z} >���*?

,�
�
  �
���	�

� ���

� #
� @��
� +	"������
.����������	
� ��

,�
 -	��( �

�.��#( �
���	�
 .��# !�� 
���

� &	���
� �	�� ��� #�
 �	9
�#��
����
� ��
(

�
��
 #
� /
�����
�
����
����� !
�.
�#
� G6
� �+< /
! ):< B�
 )�H� ,�
� ��� ����� ����
��< #� #�


A
��
��	�
 #
� -	��( �

�.��#( �
���	�
 �	� ��� #�
 ,��
����������
��
� !�� σ 
���� ,�
�

���� ��� 
7���3�� 3
�

�< ��#
� ���  �� ���% ��� σxy �	�.
��
�� ,� �� #
� �� #
� !����


�#
�

&��
�� !
�.
�#
�
� ,����
��	�
 #�
 �����7
�
�
��
 !�� Jx �
�� ���
����< #�
 !�� Jy ��
� �
��

�

�� ���#�< .��# #�
 /
������
�
�� 
�
������ ���
����� ,� ��
 #
E�������

��9 ��
� �

�� �
�� �	9<


�.���
� ���< #�9 ��
 !
����.��#
�< .�� �	�� ����������� #
� '��� ���< .
�� ���  �� ���% ��� 
��

�
�����
�
�����
� ����
� �
�
���
��

'�� #
� ���

�
��
� /
������
�
����
���� 	��
� �������	9 #
� �	9
�#��
����
� -�����
��
� ���#

�� #
� /��
���	� !�
�
 !
�����
#
�
 6
�����
� 3	 E�#
�< #
�
� QT	�!��
�3 ����� ���
 .
��
�
� 3	

3
�

� ���� 1
����
��.
��
 .��# !�� ����̌�� 
� ��� ��� �N: ���

�#
� &	�#�	�� ��



�
� >�����
�

������? G��� ))HD

σµν =
ih̄

V

εF∫
−∞

dε

〈
��
(
δ(ε − H)Jµ dG+

dε
Jν − dG−

dε
Jµδ(ε − H)Jν

)〉
�����

>����?

'�� µ = ν ���� #�
�
� &	�#�	�� ����
��  �� ���� �	� #�
 -	��( �

�.��#( �
���	�
 ���* �
(

#	3�
�� .
�#
��� '�� µ �= ν ���� #�� ��
�
�
���

��� ���



� ����� 
������
�� .
�#
�� ,�


�	9
�#��
����
 A���(/
������
�
�� σxy ���
� #
����� �	�� !�� #
� 4	����#
� 	��
����� #
�

'
���
�
�
�
 ���

=� 
� �8
���� ���< #�
 A���(/
������
�
�� �	� #	��� 4	����#
 �� #
� '
���
�
�
�
 �	�3	#����
�

�#
� �� ����������� 4	����#
 	��
����� #
� '
���
�
�
�
 �
�8��
� .
�#
�< 	� σxy 3	 �
�
��(

�
�< ��� �� #
� /��
���	� 	�������
�� ���
�� 	�# A�.��� !
���
�
� #�
 &	"���	�
< #�9 ���

&	�#�	�� ��� #�
 A���(/
������
�
��< #
� �	� 4	����#
 �� #
� '
���
�
�
�
 �
������
�< 
7��� ���

G��� $*< @
	 $*H� &�#
�
 &	���
� !
���
�
� #�



� 
��
 



��
���

 &	"���	�
 G5�� $%< 5�� $*H�

5� ���
� '���
� 
������
� #�
 &	�#����
 &��
��	�

� !��  �

����
� '	������
� �#
� � �#
�

�
��  �

����
 '	������
�� 4	� 



�.����

� ����# #
� &��
��
� �8��
� �����
 &	�#����


���� (����� ���& ��� @����(���	4������	@����&��� 
�D���&���
����&� �
��&���� ���
�1�� %��� ����� ��� /7�� ��� �7�������� D0%����& 2�������&��� �+ ��� �− D���11��������� 7������� ����	

������� ��� ��1�� ��� $����������������� ���1��������



��� "����	������	#��#	 #����	%����	 ������� �+

����� �	�

.
��
� .
�#
�< 	������
�
 #�!��< �� ��
 �	� 4	����#
 �� #
� '
�������
 �
������
�

�#
� �� #�� 
��3
 ��
�
�
���# ��!��!�
�� ����

J� �
�� ��	#�	� 
��!�����
�
�����
�  �89
� ����3#
� 
��
 &	�.
��	�
 #
� A���(/
������
�
��

!���
��
� 3	 �8��
�< .	�#
 �	� 
��
� �
����! �����
� &	�#�	�� !�� -��#������ 3	����


���(

�
�< #
� ��� 
�� ���(1��#(��#
�� ��

�
��
� .	�#
 G-�� )*�H� ,
� &	�#�	�� 
������ �	� 3.
�

 �

����
 '	������
� 	�# �	�  �89
� �� #
� '
�������
�D

σxy = −2h̄i

πV

〈
��
(
0
G Jx 5�G+ Jy

)〉
�����

. >���)?

��� ���� !
��	��
�< #�
�
� &	�#�	�� �	�  �� ���� �
�3	�
��
�� ,�3	 �
�3� ���  �� ���� ��  ��

���� 
�� 	�# ��
��� G± #	��� 0
G 	�# 5�G #��� ,	��� 3.
�����

� �����
��
� 5��

��
�
� 	�#

&	��	�3	�
 #
� �������
< #�9  �� ���% ��� #�
 7�(-�����
��
 !
����.��#
�< 
����� ��� #
�

&	�#�	��D

σxy = −2h̄i

πV

〈
��
(
0
GJx 5�G+Jy

)
+

EF∫
−∞

��
(
0
GJx d5�G+

dε
Jy− d5�G+

dε
Jx0
GJy

)〉
�����

>���$?

1
� #�
�
�  �
���	�
 ����� ���� 3	� &	�#�	�� !�� -��#������ ���� 
�� 5��

����
�� #�3	�

�� ���� �� 0���
� #
� !����


�#
� &��
�� ����� �
�
���
� .
�#
�� 1
� #
� 5��
���
������

#
� 0
�	����
 ��� #
� �������
� A�����
23�
��
�< #�
 ����
��  �� ���) �
�
���
� .
�#
�< �	9

���� �
����������
� .
�#
�< #�9 �8
����
�.
��
 ���� 4	���3�
��
 �� 0
���	�
 

3�

� .
�#
�

����
��

��� %�
 ��
�����
����	��	� 	�

��$�
�
� ����
�


,�
 -	��( �

�.��#( �
���	�
 ���% ���� ��� 
�� �
��������
� ����
� �	�

.
��
� .
�#
�< �����

#�
 ��

�.
��
 	�# (�	������
� #
� 
�����
��
�#
� A�������(=�
������ �
����� ���# �#
�< ��(

�
�����! #�3	< ����� ��� #�
  �

����
 '	������ #
� ����
�� �
������ ���� ,�
 
���
 &	�
��



��
� ����������
���	�
 ��� #
����� #�
 1
�����	�
 #�
�
�  �89
� ��� #�� �
������
�
 ����
�

�� 0���
� 
��
� '��������	� 3	� 1
�
���	�
 #
� ��
�����
����	��	��

5� #
� !����


�#
� &��
�� ��

� #
� ���.
��	��� #
� 5��
�
��
� �	� #
� 1
�
���	�
 	�# ,���	���(

�� !�� ���������
�

�������
�� ,�
 1
�
���	�
 #
� 
�
���������
� ���	��	� .��# ��� 1���� #�
�
�

&��
�� �
������
� 	�# �� #
� .
�
������
�  �	�#3�

� #��

��
��� ���
 �	� ,
����� 
��3	

�
��

����� #�
���$����������������

,�� '	�#��
�� #
� /

�
�	�
���
���
< .�
 ��
 �� #�
�
� &��
�� !
�.
�#
� .��#< ��� #�
 3������

&	
����
��������� �� #
� ������
 � ���	
�� 4�
� #�
�
� ��
���
 ��� 
�< #�� ������3�
��
 @(�
����
�(

�����
� �	� @ ���(�
����
�(�����
�
 3	 �
#	3�
�
�� ,�
 -����	�
 #
� ���(�
����
�(�����
�


��������% �� ��� ?��1 ������ ��
��� ����7�G�



�: �� �	�����	����������!���

	��
�
����#
� .��# #��
� �	� 
��
 ;
��
 !
�
�������< #�
 
��
 ���������
 &�.
�#	�
 
��8
������

,�
 @��
�	�
 �
��
�� �	� ���

�#
� �������
� G1�� $%< B�� $%< I�� $+HD

�� '���	��
�	�
 #
� !���
"����+��
�2������� GA�� �%H

�� &	���
��	�
 #
� +��
������������	
� G-�� �*H

�� �������	�
 
��
� ������
 � ���	
� ��� #�� &	���	���(-���
�������(���
�����

,�
 ������
����!�������
� -���(����( �
���	�

� ���
� ������ #�
 
�
���
 '���< .�
 #�
 ����8(

#��

�  �
���	�
D{
H0 + VH [n] + V�� [n] + V���︸ ︷︷ ︸

V��

}
ui = Eiui, i = 1 . . . N >���+?

A�
� ��� H0 = p2/2m< V
 #�� A����

(���
����� 	�# V�� #�� &	���	���(-���
�������(���
������

1
�#
 ���
�����
 ���# '	��������
 #
� �
����
�#����
 �< #�
 #
E��
�� ��� ����D

n =
����∑
i=1

u†
iui >���:?

,� #
� A�������(=�
����� �	� #�
�
 ;
��
 
�� =�
����� ���< #
� !�� �
��
� ��

��	������
�

�����
�< ����
� #�
 -���(����( �
���	�

� �
�����������
�� #	��� 5�
������ 

�8�� .
�#
��

5� ��
�
�����
� ����
�
� .��# �	� #
� ,����
�	����������
���
 
��
 �0�
������&	
����
���������<

#� #�� &	���	���(-���
�������(���
����� #��� �	9
� !�� #
� �
����
�#����
 �	�� !�� #
� ����(

#����
 �����
� 	�# 
�� 3	���3����
� ��
�
�����
� -����	�
��
�� �� #�
 -���(����( �
���	�

�

������ ,�
 ����#����
�	����������
���
 ����� �	� 3.
� 
������
��
 -���(����( �
���	�

�< #�


K
.
��� 
�� ����(�
������
� ��� 3	� ��
�
����
�	�
������	�
 ������
�
� �#
� ����������
�
� ����

�
����
��
��

���
 �
����!�������
 1
������	�
�.
��
 #�
�
� �����
�� ����� 3	 #
� -���(����(,����( �
���	�(



�< .��
� ��� ���
�#��
� #�
 -����	�
 #
� 
"
���!
� ��
�
��
�#
� �	� #�
 ������
��
���
��#


�
�������
� �	9 >	�# ����� #����
�
�����
 �"
��
 !
����������
�?< #� ��� �	� �� 3	 
��
�

�����
� @��
�	�
 ������ ,�
�
  �
���	�

� ��	�
� ��� �B ‖ �ez G��� )+< 0�� $�< 0�� $�< V	 $�HD{
H0 + VH [n] + V�� [n,m] + V���︸ ︷︷ ︸

V��

+βσz B�� [n,m] + B���︸ ︷︷ ︸
B��

}
ui = Eiui, i = 1 . . . N >����?

.��
� H0 = cα ·�p+βmc2 ���� 4	� �
����
�#����
 n ����� ��
� ���� #�
 ��
�
����
�	�
�#����
 m

��� 6������
 ��� #�
 '	��������
 #
� 
"
���!
� ���
������ 	�# #
� 
"
���!
� ��
�
��
�#
� #�3	D

m =
����∑
i=1

u†
iβσzui >����?

��� ����� @����&����� (���� ��� ��������1��� (����������� ���� n ����&���
�� ����� n(�r)�



��� "����	������	#��#	 #����	%����	 ������� ��

5�  


����3 3	 #
�  �
���	�

� #
� ����#����
�	����������
���
 ��
��
� #�
 -���(����(,����(

 �
���	�

� 
�� ����
� !�� 

����
��
� ,�"
�
�����
�
���	�

� #��� ,�
 &	���	���(-���
��(

�����( �89
� V�� 	�#B�� ���# '	�����������
��	�

� #
� &	���	���(-���
�������(��
�
�
 E[n,m]

���� n �3.� m� ,�
 -���(����( 	�# #�
 -���(����(,����( �
���	�

� �8��
� 

�8�� .
�#
�<

.
�� ��� ��� #�
�
 ��
�
�
 
��
 �����
 @��
�	�
 
��������

,�
 

���	��������
� ������
����!�������
� �����
� @��
�	�

� ���# !�� A
#��(/	�#T!��� >���


����< GA
# )�H? �3.� !�� 1����(A
#�� >������������
��< G1�� )�H? �#
� !�� 6���� 
� �� G6�� $:H?

��



�
� .��#
�� '�� #
� �
����!�������
� '��� 
��� 
� &	�#����
 ��� #�
 �����
 ,����
 3�1� !��

���,����# G��� $�H�

,�
 �����
 @��
�	�
 ��� ���� �� #
� ���7�� �
�� 
	� �
.����� 5� ����3�� �����
 ��
 ��� ���
(

��� !
���#
�����
 ��
�����
�#����
� 

��
�� 5� K��
��
� 4
�� ��� 
� &����3
 



�
�< 3	���3����


5����������
� ��
� #�
 ��	�����
 6�������� #
� ��
�����
�#����
 �� '��� !��  ��#�
��
����(

�
��	�
� �� #�� ,����
�	�������� �	�3	�
��
�� ,�
�
 &����3
 .
�#
� 
����������
���� ������
�

��

 ���	
��
 

����� G�
� +�H�

����� ���������	�������

,�� �����
� #
� 1
�����	�
 #
� ��
�����
����	��	� 	�

��#�
�
� ����
�
< #��� #�
 /8�	�


#
� -���(����( �#
� -���(����(,����( �
���	�

� ��� 
��
 �����������
 &���#�	�
 !�� ��(

�
�����
� �	� 
��
� -�������
���
�< ��� ����� �
�� #
� *:
�(I���
� 
�� ��
�� !�� '�����	�
�(

����!����
� G-�� *$< �#. ��< 1

 �%�< 1

 �%�H� ����
 &����3
 
��

� !�� 
��
� ����
�	�
 #
�

/

�
�	�
����
�����
�	 �#
� 
��
� ����
�	�
 #
� ���3
���
�(�(�����3
��� �	�� ,�
�
 �
���#
�

����
� �� !�
�
� '���
� K
#��� ����� 3	 ����!���
� 0
�	����
�� ��� 
�����
�#
�#
� ,	�����	��

.	�#
 ��#
 #
� �:
�(I���
 ��� #
� '���	��
�	�
 #
� 4�����
� ,���
���� /00��5������
 �4,/�


�3�
�� G��! �)< ��! �+H< #�
 �	�� �	� �
	��

� ����� �
������
� #�
 �
���8
����
 ��
���
 �	� #
�

-����
 #
� ���
�
(���
 &����7�������
� ���� ,����
��	�

� #
� B�& E�#
� ���� �� !
�����
#
�
�

��
������������
�� 	�# 1���
�� G��� )�< ,	� $:< '�	 $�< ��� $�< ��� $%< ;
� +:�<  �� +�H�

��� ���� K
 ���� #
� &�� #
� �� #
� -���(����( �
���	�

� !
�.
�#
�
� A�������(=�
������

3.
� A�	�����8�	�

� #
� B�& 	��
����
�#
�D

�� 6
�.
�#	�
 
������
� ��
��(1��#��
(A�������(=�
�����
� >3�1� G6
� �$< /
! ):H?� ,�
�

����� �	� #�
 ��
��(1��#��
(B�& >�1CB�&?

�� 6
�.
�#	�
 �
���������
�< #�
�#��
�������
� ���
�����
 �� A�������(=�
����� >M�	2�(

���(��#
��M? G��! ):< ��� )�<  �� )�H� ;


� #
� &����
�
 3	� --0(�
���#
�� .��# #�
�


�
���#
 ++�64,/ 

������

������ ��&�� D�� �������	��0����	�77��B�1����� 5J��6
������ ��&�� D�� �2�����	�	1����B	�77��B�1����� 5�H�6
��
��������	��&�	�����%��	9��&��� �<�&  �� ��1 3�� /�� 3!"



�� �� �	�����	����������!���

1
�#
 6������
� �8��
� 3	� 1
�
���	�
 !�� =��
�!���
� ��� �����
 
��

�
�3� .
�#
�< .�(

�
� ������������ #
� M'����(��������
�M(B������
�� #�� �� !����


��

� -����
�  
��
�
 
������

��#
��
 ��
��(1��#��
(0
���	�

� ��
�
�� �
� !
����������9�
 

���

� &	�.��# �
��������


0
�	����
 G0�� $)< 4�� +�H�

,�
 ���
	��
��
�����
�  �	�#��

� #
� --0CB�& ����
� K
�3� �	�3 ���33�
�� .
�#
�� &	�
��
�(

�	��� ��� 
�� ����������
� ����
� !�� �������
�����
�#
� ���
�����
�� '�� 
�� �����
� ����
�

�
��
� #�
  �
���	�

� #
� 6�
��������
	��
���
< #�
 ��� #�
 /8�	�
 #
� /

�
�	�
������
��

!
�.
�#
� .
�#
�< 
��
 �
���#
�� 
	� ���#������
 '��� ��� ���# #�
 
��3
��
� ���
�����
 3	(

#
� ���� �	

�����
������< ���
� ���� �� 
��������
� '��� �	-
�2�
('���< �� !
�
�������

���� #�
 ��
���
 ���� .
��
�� ,�
 ���
		�
 #
� ��
�����
� �� 
��3
��
� ���
����� .��# #	��� #�


���3
���
�(�(�����7 �
�����
�
�� '�� ����� ���������
�

 ���
�����
 ��� #�
 1
�
���	�
 #�
�
�

�����7 
��
 
������
 &	�
��
< #� ���� #�
 -���(����( �
���	�
 �� 0�#���( 	�# ;���
�!����(

��
� �
����
�
� ��9� 	�# ��� /8�	�

� 
�����< #�
 ��� �� 0��# #
� ���
����������
 �� #�


��
�
� /8�	�

� #
� 1
�
���� ��������
� ���
������ ������
� ����� &	� #
� #	��� #�
�
 &����(

�	�
 
�����
�
� ����
�!
�����
�	�

� G;
� +:�H ���� #�
 �(�����7 �
�
���
� .
�#
���� ��
 ���

�� #
� ,�
����	��#����
��	�
 #��
����� '�� #�
 ���
		�
 �� ������������
��
� ���
�����
� ���#

#�
 6
���������
 ������3�
��
�� �� ��� 3.
����9�
< �� #�
�
� ��
��
 �� A������� �	� ����
�
 &�(

.
�#	�

� �	������
9���� #
� �
����!�������
� ����#�	��� 
��3	�
��
�� ,	��� #�
 &	��
�	�


#
� ����
���
 �� ������	� ��� �
��
 
������
 6������
��
�������� ��� #�
 ,����( �
���	�
 �
��

�8
����� ��� �	9 !�
��
�� 
�� ����
� !�� !�
� 

����
��
� �����
��
� ,�"
�
�����
�
���	�

�

�8�
� G'
# $�< ��� $%< ��� $+< ��
 $$H� ,�
 #���	� �
�	���
�
�#
 �(�����7 
����� ��� .�
#
� #	���

#�
 &�����	9�
#��
	�

� �� 0��# #
� ���
����������
 �� #�
 
�����
��
�#
 ��
�
 /8�	�
� ,�


�� 
�����
�
 �(�����7 	��
����
�#
� ���� K
#��� .
�
������ !�� #
� �(�����7 �� �������
�
��(

���
� '���D �� ��� #�
 ������	�
 ��������
� ,��
����������
��
� �	�

���
�< �	9
�#
� ��
�
�

&	9
�#��
����������
��
� �	�< #�
 3	#
� �	�� �����	9
�#��
���� ���#< .�
 ��� #	��� �����(

��������� �� #�
 ����#����
��	�
 >�<m�<ms? �
�
� ����� ,�
 ���	��	� #�
�
� �(�����7 ��� �
�

�����

 
� ��� G��� $+H ��



�
��

,�
 ���
		�
 �� ���
���
 !�� ���
�����
� .��# #	��� #�
  �
���	�

� #
� 6�
��������
	��
���


�
�����
�
� G/�� )�H� ���
 3
�����
 0���
 ����� ��
��
� #
� ����	0&���0������ τ 
��< #
� 
��


4
��

	�
 #
� �(=�
������ #
� 

����
� -�������� �� 
��
  ���
��	��
 ��� G �� )�< ;
� +:�<

 �� +�H 	�# #
� �� 
��
� --0CB�&(0
���	�
 �
������ .��#D

T =
∑
ij

τ ij >����?

	�# #
� #�
 ���
�
� ���
	!��
��

 3.����
� #
�  ���
�����3
� �
����
���� -
��� ��� #�
�
�

=�
�����< �� ���� ��� #���	� #�
  �

����
 '	������ 	�# #���� ���
 =��
�!���
� #
� ����
��

�����&� ��� �
��&���� ��� ��(�� ��� �
��&����� +���� ��� +���+ ��� ����� J�������& ��� 
����� J��������
�����&� @�� ��+� �� <�7���� �



��� $#�� &	���'��% (���!�������� #����	%����	 ������� ��

�
�
���
� G'�	 $:HD

G(�r, �r′, ε) =
2me

h̄2

[ ∑
Q,Q′

Zm
Q (�rm, ε)τmn

Q,Q′(ε)Z†n
Q′ (�r′n, ε) − >���%?

δmn
∑
Q

(
Zm

Q (�rm, ε)J†n
Q (�r′n, ε)θ(r′ − r) + Jm

Q (�rm, ε)Z†n
Q (�r′n, ε)θ(r − r′)

) ]
.

A�
� ��� �r = �Rm + �rm< �r′ = �Rn + �r′n� 4 	�# I ���# #�
 �

	���
� 	�# #�
 ���

	���
� /8�	�

�
#
� ;
��
�
�
���	�
< #�
 �� #
� �����
�
�
�3
 �
������
� &�����	9�
#��
	�

� 

��

�� 5�

�
����!�������
� '��� ���  
��
 %×%(�����7< �� ������
����!�������
� '��� 
��
 ������
  �89
� ,��
�����
� #
� 1
�
���	�
 #
� 
�
���������
� ���	��	� ���� ���� ��� 

�8�� �
������
� .
�#
�<

.
�� ��� #
� ���
	���#��
����� �
�
���
� ����

��� &	��!'�

�(��$ )
������
�
�� 	�

��$�
�
� ����
�


1
!�� #�
 1
�
���	�
 #
� 
�
�������
� /
������
�
�� �� 0���
� #
� �� #�
�
� &��
�� !
�.
�#
(

�
� --0CB�& �
������
� .��#< ���� #�
 ����������
 ���.����	�
< #�
 3	 #�
�
� '��������	�



����� ���< �	�3 ���33�
�� .
�#
�� ,�
 �
� #
� ���.����	�
 #�
�
� ���
�
� ��#
��
 �	�

��
�
�
�

�����
�
 ���# #
� �����
���
��	�

� #
� ��#
��
� '��������	� ������� 	�# �8��
� �� 3	�

6
�����#��� �
����

��

����� 
������	
�� ����$%������� ������������ ����� &������ '(	����

����
 ��
��

	�

� 3	� &	�.
��	�
 #
� -	��( �

�.��#( �
���	�
 �� 	�

��#�
�
� �
�����(

���
� ����
�
� 
��

� 3	������ !��  �
�3���� ���.���
� ���
		�
 �#
� ����� !
�#����
� /
(


�
�	�

� �	� >��
�
 3�1� G�#. *$H?� @���#
� ��� #�
 1
�
���	�
 #
� 
�
���������
� ���	��	�

	�

��#�
�
� ����
�
 #�
 B�& !��

�����

� .��#
� .�� G��! �)H 	�# ���� #�
�
 �
���#
 3	�

1
�
���	�
 !��  �
���

.��������
�!���
� ��� ���	����� 
�.�
�
� ����
< .	�#
� ����
�� 6
��	(

��
 	��
�����
�< #�
 B�& �	�� 3	� 1
�
���	�
 !�� @����( �
���

.�����
�89
� .�
 3�1� #
�


�
�������
� /
������
�
�� 
��3	�
�3
��

,�
 
���
� &��
��
� #�
�
� &�� �
�	��
� �	� ��#
������
� A�������(=�
�����
� ��� #�� 	�

��#(

�
�
 ����
� !�� ���
	
��� ,�� 
��������
 ��#
�� #�
�
� &�� ��
��� #�� ������#(��
��(1��#��
(

��#
�� #��� �� �
����
��� K
#
� ���
	
� #	��� 
�� 
��3�

� ;����
�(=������� ,�
 /
��	�
�
�
�(

����
� �	� K
#
�  ���
�����3 ���
� 3.
� �8
����
 ��
�
�
��!
�	�< K
 ����#
� �� 
� !�� 
��
�

&( �#
� 1(&��� �
�
�3� ���� 5� #
� &��
�� !�� 6
����X G6
� �+H< #�
 #�
 �����
����
�� �	� #�
�
�

 
��
� ���< .��# !�� #
� -	��( �

�.��#( �
���	�
 �	�


��

�< #�
 #	��� 


�
�
�
 J����(

�	�

� �� 
��
< #
� �1(B�& ��

��9�
 '��� 

������ .��#� 5� #�
�
� '���	��
�	�
 ��	��
�

3.
� ���E
	�������

����
��
  �89
� �	�� ,�
 
��
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∑
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K0α
ν (z1, z2) = Dα(z1) K̃0α
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xα(z) =
[
1 − ∆mα(z)τ���	00(z)
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∑
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∂rµ
Zα

L′(�r, z2). >����?

,�
 5�#�3
� L �
3
����
� 
��
 ,����
��	�
 ��� �����
7
� -	

�F���
��	������
� YLD

Zα
L(�r, z) = Rα

� (r, z)Y m�
� (ϑ,ϕ) = Rα

� (r, z)Y m�
� (r̂). >����?

���&� ����& ��� �77��B�1����� ��� >�����	/���D	N���� ����& ���� 2���1�������&� <�����



��� *�	 ��	�����	���	 *)

�

������ ��+# ����������� ��� 2����&������� ;�����������
�����&� ����

��
������� ������
�����
������ ���

�����	��������� ������� ��&��� ����� D(����1���������� %�
���&�� @�������

,�� 5��

��� ��
� #�
 ;�
�
�(�
��3(4
��
 >;�4? ���� ��� #	��� 
�� 5��

��� ��
� 63 
��
�3
�<

��#
� ��� �	�����	�
��D

Zα
L(r) → Zα

L(r)Θ���(�r ), >���%?

.��
�D

Θ���(�r ) =

⎧⎨⎩ 1 �r ∈ ��#

0 �����
. >���*?

'�� #�
 &��
��	�
 ��  �� ���� 
��� #���D

∂

∂rµ

[
Rα

�′(r) Y
m�′
�′ (r̂) Θ���(�r )

]
= ∂

∂rµ

[
Rα

�′(r) Y
m�′
�′ (r̂)

]
Θ���(�r )

+ Rα
�′(r)Y

m�′
�′ (r̂)

∂

∂rµ
[Θ���(�r )] . >����?

���%��
���
 :����������
)������ ;2�<��
������%��=

1
�������� ��� #�� 5��

�������!��	�
� �	� #�
 �	2�(���(-	

��< �� 
��� #�
 
������
�
 '���

Θ���(�r ) = Θ(r�� − r)� ��� #
E��
��D

R̂α
� (r) := Rα

� (r)Θ(r��−r) >���)?
����� ��� <���� �� ��� �/�	KA&�����



*$ �� )#�'�	�#�� %�	 $#�� &	���'��% &�����#��

	�# ����
��� 	��
� 6
�.
�#	�
 #
� δ('	������ ��� #�
 &��
��	�
 #�
�
� '	������D

∂

∂r
R̂α

� (r) =
∂

∂r
Rα

� (r) Θ(r��−r) − Rα
� (r) δ(r�� − r). >���$?

,�
 &��
��	�
 #
� ;
��
��	������ Z .��# ��� #
�  ��#�
��
�����
� G0�� *)<  �� ��%�H �
�
���
�<

��� A���
 #
�
� #
� ����
 �
�� ��  �� ���� 	�

����� .
�#
� ���� 3	D

∂

∂rµ

[
R̂α

�′(r)Y
m�′
�′ (r̂)

]
=

⎡⎣−
√

�′ + 1
2�′ + 1

(
∂

∂r
R̂α

�′(r) − �′
R̂α

�′(r)
r

)
T�′,�′+1,m�′ >���+?

+

√
�′

2�′ + 1

(
∂

∂r
R̂α

�′(r) + (�′ + 1)
R̂α

�′(r)
r

)
T�′,�′−1,m�′

⎤⎦ .

,�
 �
��
 T .
�#
� ���� G0�� *)<  �� *�*)H 
��

�
�3�� ��� 
�����D

∂

∂rµ

[
R̂α

�′(r)Y
m�′
�′ (r̂)

]
=

⎡⎣−
√

�′ + 1
2�′ + 1

(
∂

∂r
R̂α

�′(r) − �′
R̂α

�′(r)
r

)
1∑

k=−1

C(�′ + 1, 1, �′,m�′ − k, k,m�′)Y
m�′−k
�′+1 (�ξk)µ

+

√
�′

2�′ + 1

(
∂

∂r
R̂α

�′(r) + (�′ + 1)
R̂α

�′(r)
r

)
1∑

k=−1

C(�′ − 1, 1, �′,m�′ − k, k,m�′)Y
m�′−k
�′−1 (�ξk)µ

⎤⎦ , >��):?

.��
� #�
 !
�����
��
�  �89
� �ξ ���� 0��
 



�
� ���# #	��� G0�� *)HD

�ξ1 = − 1√
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∫
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{
∂

∂rµ
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R̃α

�′(r)Y
m�′
�′ (r̂)
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Θ���(�r ) + R̃α

�′(r)Y
m�
�′ (r̂)

∂

∂rµ
Θ���(�r )

}
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∂

∂x
Θ���(�r ) = δ

(
r��(ϑ,ϕ) − r
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− sinϑ cos ϕ +

∂r��(ϑ,ϕ)
∂ϑ

cos ϕ cos ϑ

r
− ∂r��(ϑ,ϕ)

∂ϕ

sin ϕ

r sin ϑ
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(
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∂ϑ
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r sin ϑ
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r

]
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)
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)
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y
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⎛⎝ gα
κ (r, z)χmj

κ

ifα
κ (r, z)χmj

−κ
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⎛⎝ σµifα
κ′χ

mj′
−κ′

σµ gα
κ′χ
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Z†α
Λ αµZα

Λ′ = i
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κχ

†mj
κ σµ fα

κ′χ
mj′
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κ χ
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−κ σµ gα
κ′χ
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)
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ΛΛ′ = eci

∫
���

d3r
(
gα
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)
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κ σµχ
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∫
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∑
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ΛΛ′ = eci

∑
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ΛΛ′ = −i(mj − mj′)Jx
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ΛΛ′ = 1
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∑
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1
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2
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√
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√

�′(�′+1)−m′
�
(m′

�
−1) δm′′

�
,m′

�
−1

]
δ�′′,�′J

y
ΛΛ′′

}
����� ;�����������	��	
�� !����������� ��	 '������������	

5� #�
�
� &�������� ���� #�
 1
�
���	�
 #
� ������
����!�������
� �������
������ �� #
� �
����!�(

������
� Λ(,����
��	�
 ���33�
�� .
�#
�� &	�
��
��	��� ���  �� ����< #�
 ��� #
� �
����!�������
�

6�
�
�(;
��
��	������  �� ��$* �	�

.
��
� .��#D

Jαµ
Λ,Λ′(z1, z2) = − ieh̄

me

∫
���

d3rZ†α
Λ (�r, z1)

∂

∂rµ
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∑
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∑
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∂
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r
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∞∫
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Abstract
The residual electrical dc resistivity of the transition-metal alloy systems

Cu± Pd, Ag± Pd and Au± Pd was calculated using the Korringa± Kohn± Rostoker
coherent-potential approximation for solving the electronic structure problem
and the one-electron Kubo± Greenwood formula for the conductivity calcu-
lations. All systems were treated on a non-relativistic and a scalar relativistic
level in order to be able to assess the importance of some of the relativistic
e� ects. For one alloy system also a fully relativistic calculation was performed,
thus allowing us to obtain an estimate of the spin± orbit-induced contributions
neglected in the scalar relativistic approach. The calculated concentration-
dependent resistivities were compared with the corresponding experimental
values. The electrical resistivity (or conductivity) is decomposed into angular
momentum and k-resolved quantities. This allows for a discussion of the origin
of electronic conduction in the alloys considered. Energy-dependent con-
ductivities with and without vertex corrections permit a discussion of the
importance of vertex corrections. The results for the Kubo± Greenwood
equation without vertex corrections are compared with results obtained using
the semiclassical Boltzmann equation in the relaxation time approximation.

§ 1. Introduction
Alloys of the noble metals copper, silver and gold with elements of the nickel

group (nickel, palladium and platinum) have been used as reference systems for
electronic structure studies for a long time (for example Mott and Jones (1958)).
What makes these alloys interesting is the continuous shift in the Fermi energy level
from completely occupied d bands, which have a high density of states on the
transition-metal side of the alloys, towards a regime of states with predominantly
s and p character and a low density of states (DOS) for the noble-metal side of the
alloy systems. This drastic change in the DOS at the Fermi energy level associated
with the shift of the Fermi energy level causes corresponding changes in many
equilibrium observables such as the linear coe� cient of the speci® c heat or the
magnetic susceptibility. For alloys which consist of two transition metals or two
noble metals, such drastic changes are not observed. Therefore transition-metal±
noble-metal alloys are well suited for testing new methods for the calculation of
the electronic structure and were often used in the past for this purpose (for example
Pindor et al. (1980) and Winter and Stocks (1983)).
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The changes in the d-band ® lling also in¯ uence transport properties, for example
the electrical conductivity. Whereas the alloy systems Ag± Au or Pd± Pt exhibit a
symmetrical Nordheim-like behaviour of the curve of residual resistivity against
concentration, alloys such as Cu± Ni or Ag± Pd show the typical asymmetrical
`Matterhorn-like’ behaviour of the electrical resistivity. The alloy systems Cu± Pd,
Ag± Pd and Au± Pd were therefore used in the studies of Mott (1936) and Mott and
Jones (1958) to illustrate the so-called sd model of conduction; it was assumed that
the electrical resistivity stems from scattering between s states (ss) and between s and
d states (sd). The ss contribution was shown to depend merely on concentration and
to yield the typical inverted parabola behaviour. The sd contribution, however, is
proportional to the d-like DOS at the Fermi energy level in this model and causes an
excess of resistivity for the transition metal rich alloys and nearly vanishes for the
noble metals owing to the then small d DOS. It is one aim of the present paper to see
whether elements of this model can be found in the results of rigorous ab initio
calculations of the electrical conductivity and resistivity.

The electrical resistivity of random alloys can be calculated within a ® rst-princi-
ples scheme by applying the Korringa± Kohn± Rostoker (KKR) coherent-potential
approximation (CPA) in conjunction with the Kubo± Greenwood equation. This
formalism, ® rst set up by Butler (1985), was shown to yield results which are in
good agreement with experimental ® ndings (Swihart et al. 1986, Brown et al.
1989, Banhart et al. 1994). It is the purpose of the present paper to apply this theory
to a series of random alloys of palladium with the noble metals copper, silver and
gold and to discuss various features of the Kubo-Greenwood expression for the
electrical conductivity, namely the energy and composition dependence of the con-
ductivity (resistivity) and angular momentum and k-space-resolved conductivities.
As it is known that especially for heavy elements such as gold a relativistic treatment
of the alloy problem is required, the calculations were carried out on various levels of
relativistic treatment: non-relativistically, scalar relativistically (taking into account
all relativistic e� ects except the spin± orbit interaction) and fully relativistically
including all relativistic e� ects. For the evaluation of the Kubo± Greenwood equa-
tion the expressions derived in the preceeding paper, part I (Banhart 1998), were
used. Finally, a direct comparison between the resistivities calculated by means of the
Kubo± Greenwood equation and a simple version of the Boltzmann equation is
undertaken.

§ 2. Calculations

The ® rst step in the calculation was the solution of the charge self-consistent
KKR CPA equations for the three alloy systems Cu± Pd, Ag± Pd and Au± Pd
and various compositions of each system. The alloy potentials were treated in the
mu� n-tin approximation. The maximum angular momentum in the basis represen-
tation was lmax = 2. Various parametrizations of the exchange± correlation energy
were used in test calculations, according to Hedin and Lundqvist (1971), von Barth
and Hedin (1972), Moruzzi et al (1978) and Vosko et al. (1980). The di� erent
approaches were found to yield nearly identical results for the electrical conductivity
so that the further calculations were all carried out using the parametrization by
Vosko et al. (1980). For the non-relativistic conductivity calculations a non-relati-
vistic potential construction was chosen; for both the scalar relativistic and the fully
relativistic conductivity calculations the scalar relativistic potential construction was
applied. Experimental lattice constants were used (Pearson 1958).
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Based on the self-consistent alloy potentials, various sets of conductivity calcula-
tions were performed; for all the alloys both a non-relativistic calculation and a
scalar relativistic calculation including all relativistic e� ects except spin± orbit cou-
pling (Koelling and Harmon 1977) were carried out. In addition, for Au± Pd a fully
relativistic conductivity calculation was performed.

The evaluation of the Kubo-Greenwood equation for the non-relativistic repre-
sentation, that is using the current operator - ieh /me Ñ , and, for the relativistic case,
based either on the current operator - ieh /me Ñ or on the fully relativistic current
operator eca , has been described in part I.

In all cases angular momenta up to lmax = 3 were included in the conductivity
calculations. This was because, although f states hardly in¯ uence the DOS and the
alloy potential, they contribute to the conductivity owing to the matrix elements of
the current operator coupling d and f states (Banhart et al. 1994). In order to show
the convergence properties of the conductivity calculation with respect to the maxi-
mum angular momentum in the basis expansion, in addition calculations with
lmax = 2 and lmax = 4 were performed and the results compared with those based
on lmax = 3.

In all calculations the full Kubo± Greenwood equation including vertex correc-
tions was used. Vertex corrections were neglected in additional calculations to be
able to assess their importance and to compare the calculated resistivities with the
results of the Boltzmann equation. The use of the Boltzmann equation in the context
of the KKR CPA has been described by Butler and Stocks (1984) and Banhart et al.
(1989).

§ 3. Results and discussion

In this section the results of the conductivity calculations will be presented. First
of all, the energy dependence of the electrical conductivity is discussed. Then it is
shown how the total conductivity can be decomposed into angular-momentum and
k-space-resolved contributions. Because these results are very similar for the isoelec-
tronic systems Cu± Pd, Ag± Pd and Au± Pd and also do not depend on the level of
relativistic treatment of the conduction problem very sensitively, the presentation
is restricted to the case of Ag± Pd alloys and to scalar relativistic calculations. Then
the actual total concentration-dependent conductivity (expressed by its inverse, the
residual resistivity) is presented and compared with experimental values for all
the three alloy systems and all levels of relativistic treatment. The importance of
vertex corrections and the convergence of the angular momentum expansion are
discussed. Finally it is shown that the semiclassical Boltzmann equation in the
relaxation time approximation yields results which are nearly identical with those
obtained by means of the Kubo± Greenwood equation when vertex corrections are
neglected.

3.1. Energy-dependent conductivity and resistivity
The Kubo± Greenwood equation for the electrical conductivity contains energy-

dependent Green functions (or multiple-scattering operators) and current operators.
The measurable conductivity is obtained by evaluating the Kubo± Greenwood
equation at the Fermi energy level. However, it is quite instructive to consider the
conductivity as the energy-dependent function s (E) with energies varying over the
entire conduction band. This way the relation between the conductivity and the DOS
can be studied. Moreover, the derivative (ds /dE) |EF

can be used to calculate the
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thermoelectric power as was demonstrated elsewhere (Banhart and Ebert 1995a).
Therefore s (E) was calculated for various alloy compositions of Ag± Pd and for
energies between the mu� n-tin zero and an energy 0.7 Ryd above this level. The
results for three compositions are shown in ® g. 1.

A common feature of all three compositions is that the conductivity is almost
zero for energies close to the limit of bound states, that is the mu� n-tin zero. For
energies between this limit and the upper edge of the d band, that is the energy where
the DOS has dropped to a very small value after a sharp decrease, the conductivity is
comparatively small. For energies above this edge the conductivity rises sharply and
assumed considerable values. In the framework of the classical sd model of electrical
conduction proposed by Mott this is quite understandable: the incoherent scattering
of the s-like conduction electrons into d-like states causes an electrical resistivity
which is roughly proportional to the d-like DOS nd. When nd drops to a small
value, the conductivity naturally increases and then corresponds to a resistivity
caused by scattering between s states only.
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Fig. 1

Electrical conductivity of three Ag± Pd alloys (scalar relativistic calculation): ( Ð Ð Ð ),
conductivity including vertex corrections: (- - - - - -), conductivity without vertex
corrections; vertical lines, Fermi energy; the arrows indicate the approximate
position of the upper edge of the d band (energy where the d DOS has reached a
low level after passing through the d band (de® ned by the point where the s and p DOS
start to contribute more than 10% to the total DOS).



Figure 1 also demonstrates the striking fact that vertex corrections in the Kubo±
Greenwood equation are completely negligible for energies up to the d-band edge
but can be very large for higher energies. This re¯ ects the well known fact that vertex
corrections can be neglected whenever the resistivity is dominated by sd scattering to
stay in the picture of the classical model (Butler and Stocks 1984). Very similar
conductivity curves were obtained by Butler (1985) for a one-dimensional model
alloy based on a random arrangement of square-well potentials.

It has already been mentioned that the conductivity is small for energies between
the mu� n-tin zero and Ed . However, the conductivity in this energy regime is far
from being constant, a fact which is illustrated in ® g. 2, where the inverse of the
conductivity, the electrical resistivity, is shown. All the alloys show a strongly struc-
tured curve of resistivity against energy which has some common features, namely
the high values for low energies, the low values for high energies and a more or less
pronounced peak for an intermediate energy. The position of this peak varies as the
silver content changes as can be seen best in ® g. 2 (a). From the sd model of electrical
conduction, one would expect that the sharp peaks of the resistivity are accompanied
by corresponding peaks in the d-like DOS. For these energies there would then exist
a strong contribution to the resistivity from sd scattering. Figure 3 shows the DOS
for three di� erent Ag± Pd alloys and table 1 lists the peak positions of the resistivity
and the approximate centre of the d-band complex for each component.

Clearly, for the palladium-rich alloys Ag10Pd90 the resistivity maximum coincides
with a maximum of the silver± like maximum of the d DOS, whereas for the silver-
rich alloy Ag90Pd10 there is a coincidence between the resistivity peak and the
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Fig. 2

Electrical resistivity of various Ag± Pd alloys (scalar relativistic calculation): (a) silver-rich
alloys; (b) palladium-rich alloys. Vertex corrections are included. The numerals on
the curves show the corresponding silver contents of the alloy in atomic percentages.



maximum of the palladium-like d DOS. This is quite understandable because in
dilute alloys the resistivity is caused by scattering o� the impurity atoms and there-
fore the d DOS of the solute should be important. For the more concentrated alloys
there is no such obvious interpretation; the peak in the resistivity does not corre-
spond to a prominent feature of the DOS. For these alloys there is no simple
relationship between the resistivity and DOS. From a formal viewpoint this is
quite clear because the density of states is proportional to the imaginary part of
the Green function, Im (G), whereas the resistivity is proportional to the more com-
plicated expression, [J Im(G) J Im (G) ]- 1. The current matrix elements J are of
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Fig. 3

DOS for various Ag± Pd alloys. Component projected DOSs for silver and palladium are given
(not concentration weighted; palladium DOS has been re¯ ected for clarity). (´´´´´ )́
s DOS: ( Ð ´ Ð ), p DOS; (Ð ´́ Ð ), d DOS; (Ð Ð Ð ), total DOS; vertical lines, Fermi
energy.

Table 1. Peak positions (given in Ryd) of the maxima of the
resistivity (read from ® g. 2) and approximate centres of
the component projected d band (read from the DOS in
® g. 3) (scalar relativistic calculations).

d DOS

Alloy Resistivity Ag Pd

Ag10Pd90 0.16 0.16 Ð
Ag30Pd70 0.22 0.16 0.41
Ag50Pd50 0.26 0.15 0.40
Ag70Pd30 0.31 0.15 0.40
Ag90Pd10 0.37 0.15 0.38



course energy dependent and therefore produce a rather di� erent energy dependence
of the resistivity compared with the DOS.

3.2. Angular momentum-resolved conductivity
The expressions for the electrical conductivity in a particular representation (i.e.

eqn. (7) or (14) of part I) contain multiple summations over a quadruple product of
CPA scattering operators ¿ and current matrices

s ~ å
Q1Q2Q3Q4

JQ1Q2 ¿Q2Q3JQ3Q4 ¿Q4Q1 . (1)

This expression o� ers the possibility of de® ning angular-momentum-resolved con-
ductivities by restricting the summation to certain combinations of the angular
momenta l1, . . . , l4 corresponding to the indices Q1, . . . ,Q4. We can de® ne s sp, for
example by

s sp ~ å
Q1Q2Q3Q4

l1,l2,l3,l4 Î {s,p}

JQ1Q2 ¿Q2Q3JQ3Q4 ¿Q4Q1 . (2)

Analogous expressions apply to other combinations of angular momentum indices.
The variety of contributions is of course restricted by the selected rule for J and ¿: D l
odd and D l even respectively. For lmax = 3, one ® nds six di� erent contributions,
namely ( s sp, s pd, s df , s spd, s pdf and s spdf .

Figure 4 shows the relative contribution of each of these terms to the total
conductivity as a function of the alloy concentration for the system Ag± Pd (scalar
relativistic calculation). Obviously, the angular momentum decomposition of the
conductivity is quite concentration dependent. In palladium-rich alloys there are
four contributions of importance. The largest terms are those which contain pd in
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Fig. 4

Angular-momentum-resolved electrical conductivity for the alloy system Ag± Pd. Values are
given in percentages of the total conductivity s (scalar relativistic calculation).



the indices, that is s pd, s spd and s pdf . Alloying silver to palladium causes a decrease
in all contributions containing f indices. These contributions almost vanish at
approximately 70 at.%Ag. This con® rms an observation already made for the sys-
tem Cu± Pt (Banhart et al. 1994), where it was found that for more than 70 at.%Cu
the contribution from l = 3 states can be neglected. As a compensation for the
vanishing components all other contributions gain relative importance for higher
silver contents. Even for the highest silver content the contributions containing d
indices remain important although the number of d states, expressed by the DOS in
this channel, drastically decreases. This is again due to the selection rule D l = 6 1 for
the current operator which couples d states and p states.

3.3. k-resolved conductivity
The key quantity for the calculation of electrical conductivities by means of the

Kubo± Greenwood equation is the Brillouin zone average of a pair of inverse KKR
matrices ¿(k) (eqns. (9) and (10) of part I). Provided that vertex corrections to the
electrical conductivity are small, the conductivity can be written as a Brillouin zone
integral over a scalar quantity plus a k-independent contribution (eqn. (14) of part I).
This second contribution is often found to be rather small. Therefore one can write

s ~ ò BZ
d3k s (k) (3)

where s (k) is the integrand in eqn. (14) of part I and can be considered as a con-
ductivity density in k space. For the alloy Ag20Pd80, where vertex corrections can be
neglected (less than 3.5%) and the second contribution in eqn. (14) of part I is small
(less than 1%), this conductivity density is displayed in ® g. 5. In this ® gure the
boundary of the one forty eighth wedge of the Brillouin zone has been projected
onto the (x, y) plane and the conductivity density has been plotted for various
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Fig. 5

Conductivity density for the alloy Ag20Pd80 in one fortyeighth wedge of the Brillouin zone
(scalar relativistic calculation).



directions in the zone. Obviously, the major contribution to the electrical conductiv-
ity comes from the parts of the Brillouin zone near the X point (centres of the
quadratic faces of the Brillouin zone). The conductivity density rapidly decreases
as one moves away from the X point.

3.4. Composition-dependent conductivity

3.4.1. Total resistivity

3.4.1.1. Experimental data. The experimental residual resitivities for the disordered
alloy systems Cu± Pd, Ag± Pd and Au± Pd (i.e. the low-temperature resistivity extra-
polated to T = 0) are shown in ® g. 6 (broken curves). Whereas for Ag± Pd and Au± Pd
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Fig. 6

Calculated and experimental (Cu± Pd (Johansson and Linde 1927, Kierspe 1967, Julianus et al.
1985), Ag± Pd (Coles and Taylor 1962) and Au± Pd ( Rowland et al. 1974)) residual
resistivities of the disordered alloy systems Cu± Pd, Ag± Pd and Au± Pd. For Cu± Pd,
only one experimental low-temperature value is given; the overall concentration
dependence has been extrapolated from room-temperature measurements (- - - - - -).
Non-relativistic (n.rel.), scalar relativistic (s.rel.) and fully relativistic (rel.) results are
given.



measurements at 4.2K are available (Kemp et al. 1956, Coles and Taylor 1960,
Dugdale and GueÂ nault 1966, Rowland et al. 1974, GueÂ nault 1974), we had to use
room-temperature measurements for Cu± Pd (Johansson and Linde 1927) except for
the dilute limit (Ricker and P¯ uÈ ger 1966, Julianus et al. 1985). Therefore for Cu± Pd
the room-temperature data were extrapolated to T = 0 using the residual resistivity
ratio of Ag± Pd and Au± Pd which can be expected to be similar to that of Cu± Pd
because the three alloy systems considered are isoelectronic. Naturally, these extra-
polated èxperimental’ values for Cu± Pd have to be used with some care. All the
three alloys show a marked asymmetry of the resistivity with a maximum at approxi-
mately 40 at.%Cu, Ag or Au. Moreover, the peak values of the resistivities are in
falling order going from Cu to Au.

3.4.1.2. Calculations. The residual resistivities calculated using the Kubo±
Greenwood equation are compared with the experimental values in ® g. 6. Both
the non-relativistic and the scalar relativistic results are displayed for all three
alloy systems. Moreover, for Au± Pd the results from the fully relativistic calculation
are shown. The calculated curves in ® g. 6 show the same falling order of the peak
resistivity from copper to gold as the experimental values. The asymmetrical form of
the resistivity vs. composition curve is reproduced. The agreement between calcula-
tions and experiment is excellent for Au± Pd. For Cu± Pd and Ag± Pd the calculated
values deviate somewhat from the measured data, especially for the concentration
corresponding to the peak resistivity. However, the deviation is not larger than about
20% for the scalar relativistic calculation.

For Cu± Pd and Ag± Pd the non-relativistic results are smaller than the corre-
sponding scalar relativistic data over the entire composition range. Only for Au± Pd
is there a cross-over of the two relativistic levels at a concentration of about
53 at.%Au. The scalar relativistic Hamiltonian contains the relativistic mass term
and the Darwin term. The observed di� erences between non-relativistic and scalar
relativistic results therefore have to account for these terms. They also have a sig-
ni® cant in¯ uence of the DOS, which is enlarged by the relativistic in¯ uence, and on
the Fermi energy of the alloy, which is shifted towards lower energies, that is into the
d band of the system. The higher DOS causes the higher resistivity for the scalar
relativistic case. Only for palladium-rich Au± Pd does there seem to be other e� ects
which make the scalar relativistic resistivity smaller than the non-relativistic resis-
tivity although the DOS is also higher in the scalar relativistic case.

The fully relativistic result for Au± Pd does not deviate from the scalar relativistic
resistivity very much. One can therefore conclude that for paramagnetic systems
such as those investigated a scalar relativistic treatment of the alloy and transport
problem is absolutely su� cient and that spin± orbit e� ects which are present in the
fully relativistic treatment do not have very much in¯ uence on electronic conduction.
This is in contrast with the behaviours of some ferromagnetic alloys (Banhart and
Ebert 1995b), where dramatic spin± orbit-induced e� ects can be observed.

For a relativistic calculation, one can use various current matrix elements: those
based on the exact relativistic operator (eqn. (24) of part I), on the non-relativistic
operator (eqn. (15) of part I) or on the ® rst two terms of an expansion of the
relativistic operator (eqn. (36) of part I). Table 2 shows the corresponding results
for three Au± Pd alloys. One sees that the di� erence between the three possibilities is
rather small and that the ® rst two terms of the expansion (in eqn. (36) of part I) yield
results which are very close to the exact relativistic result.
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3.4.2. Convergence of angular momentum expansion
It has already been mentioned in § 3.2 that it is important to extend the

angular momentum expansion in Kubo± Greenwood calculations to a value which
is high enough to account for the selection rules of the current operator. In
general this means that the necessary angular momentum expansion includes one
more angular momentum than usually needed for pure potential or DOS cal-
culations. Figure 7 explicitly shows the in¯ uence of a variation in the maximum
angular momentum lmax on the results for the electrical conductivity. Obviously,
for palladium-rich alloys, lmax = 3 is necessary whereas, for noble-metal-rich
systems, lmax = 2 is su� cient. lmax = 1 leads to unrealistic results for all the alloys.
An extension of the calculations to lmax = 4 does hardly change the numerical results
any longer and is therefore unnecessary in the given context.
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Table 2. Comparison of the electrical resistivities of three Au± Pd alloys calculated on
the basis of three versions of the electric current operator: exact relativistic current
operator eca , non-relativistic current operator (- ieh /m) Ñ and non-relativistic current
operator + second terms of the expansion of the relativistic current operator
(- ieh /m) Ñ + (eh2 /4m2c2) ( r ´ Ñ V) .

Resistivity ( m V cm)

Alloy eca (- ieh /m) Ñ (- ieh /m) Ñ + (eh2 /4m2c2) ( r ´ Ñ V)

Au20Pd80 12.21 12.47 12.35
Au50Pd50 20.95 21.57 21.59
Au80Pd20 9.13 9.49 9.40

Fig. 7

Calculated resistivities of the alloy system Ag± Pd (scalar relativistic calculation). The maxi-
mum angular momentum lmax in the basis representation is varied.



3.4.3. Vertex corrections
Vertex corrections are important for all alloy systems with low palladium con-

tents. Figure 8 shows the quantity ( q VC - q NVC) / q NVC, where the subscript VC
stands for vertex corrections included and NVC for vertex corrections neglected.
This quantity serves as a measure for the importance of vertex corrections. It is
shown as a function of concentration for the three alloy systems considered and
the various levels of relativistic treatment. Obviously, the corrections are small for
the palladium-rich systems and begin to rise rapidly as one exceeds noble metal
contents of 40± 50 at.%. This behaviour matches the behaviour of the alloy Cu± Pt
which was investigated in a previous study (Banhart et al. 1994).

The reason for this ® nding is that in the palladium rich alloys the electronic states
have mainly d character. These states are more tightly bound to a particular impurity
and therefore screen the excess charge of the impurity more e� ectively than totally
delocalized electrons (Butler and Stocks 1984). This means that the range of the
impurity potential is shorter, leading to smaller vertex corrections. Vertex correc-
tions can be shown to vanish for a d -function-type potential which has the shortest
possible range and also for electrons described by a tight-binding Hamiltonian
(VelickyÂ 1969).

Figure 8 also compares vertex corrections for the various levels of relativistic
treatment. It is apparent that the scalar relativistic calculations yield a less pro-
nounced increase in the vertex corrections for increasing noble metal contents
than the non-relativistic calculations do. For 90 at.%Ag or Au the vertex corrections
are up to 20% lower in the scalar relativistic calculations than the non-relativistic
case. To be able to interpret this it is useful to look at the angular-momentum-
resolved DOS shown in ® g. 9. One sees that the relative contribution of d states
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Fig. 8

Vertex corrections expressed as ( q VC - q NVC) / q NVC for Cu± Pd ( m , n ), Ag± Pd ( j , u ) and
Au± Pd ( d , s ) and two di� erent levels of relativistic treatment (( m ), ( j ), ( d ), non-
relativistic calculations; ( n ), ( u ), ( s ), scalar relativistic treatment).



to the total DOS decreases from more than 97% for palladium-rich alloys as soon as
the noble metal contents exceed about 40 at.%. At the same time s and especially p
contributions gain importance. This happens to a much more pronounced extent for
the non-relativistic Hamiltonian than for the scalar relativistic Hamiltonian. For a
noble-metal content of 90 at.% the fraction of p states is considerably higher when
one calculates non-relativistically. From what was said before this means that vertex
corrections are much higher too.

3.5. Boltzmann equation
The semiclassical Boltzmann equation in the relaxation time approximation can

be used for the calculation of electrical conductivities in the framework of the KKR
CPA in a fairly easy way (Butler and Stocks 1984, Banhart et al. 1989) by calculating
Bloch spectral functions along rays running from the centre of the Brillouin zone to
its boundary. The peak positions of the Bloch spectral functions then mark the
positions of the Fermi surface in k space whereas their width is a measure of the
mean free path. The Boltzmann equation in the relaxation time approximation is
supposed to yield the same numerical results as the Kubo± Greenwood equation
when vertex corrections are neglected (see part I for references). This is explicitly
shown for the three alloy systems investigated in ® g. 10, which compares results of
the Kubo± Greenwood equation (without vertex corrections) and results obtained
using the Boltzmann equation. Clearly, the coincidence between the two sets of
data is very convincing. It is very probable that the remaining di� erences are due
to numerical di� culties with the evaluation of the complicated surface integral
occurring in the Boltzmann equation.
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Fig. 9

Decomposition of the DOS at the Fermi energy level into angular-momentum-resolved
contributions (( u ), ( j ), s; ( n ), ( m ), p; ( e ), ( r ), d) for the system Ag± Pd. Results
for non-relativistic ( j , m , r ) and scalar relativistic ( u , n , e ) calculations are
shown. The values given are in percentages of the total DOS.



The good agreement is somewhat surprising. The semiclassical Boltzmann equa-
tion is derived assuming that the mean free path k l l of the quasiparticles is much
larger than the lattice spacing d. This, however, is de® nitely not the case for the
concentrated alloys investigated here, where the mean free path can be as low as
1.3 nm for Cu40Pd60 , for example. Nevertheless, the Boltzmann result for the elec-
trical resistivity is correct, thus demonstrating that the conditions k l l @ d is su� cient
but not necessary for the semiclassical Boltzmann equation to be valid. In systems
where the resistivity is even higher than in the alloy investigated here, however,
notable di� erences between Boltzmann and Kubo results have been observed
(Banhart et al. 1991).

§ 4. Summary

The Kubo± Greenwood equation was evaluated for the three palladium alloys
Cu± Pd, Ag± Pd and Au± Pd in the framework of the KKR CPA and local density
theory. Non-relativistic, scalar relativistic and fully relativistic calculations were
performed. Vertex corrections were calculated or neglected in various sets of calcula-
tions.

It was found that the energy-dependent electrical conductivity shows a peaked
structure and that vertex corrections are only important for energies well above the
d-band complex. The conductivity at the Fermi energy level was decomposed into
angular-momentum-resolved contributions. Calculation of k-resolved conductivities
demonstrates that conduction arises predominantly from states which lie near the X
point of the fcc Brillouin zone. The total resistivity for the three alloys as seen as a
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Fig. 10

Comparison of resistivities calculated using the Kubo± Greenwood equation without vertex
corrections ( m , j , d ) and using the semiclassical Boltzmann equation in the
relaxation time approximation ( n , u , s ). Results for the alloy systems Cu± Pd
( m , n ), Ag± Pd ( j , u ) and Au± Pd ( d , s ) are given.



function of concentration agrees with experimental values rather well. The asymme-
trical shape and the peak value of the experimental curve are reproduced. The level
of relativistic calculations in¯ uences the results but does not lead to dramatic
changes as observed for ferromagnetic alloys. Finally, comparison of Kubo±
Greenwood resistivities obtained neglecting vertex corrections with resistivities cal-
culated by mean of the Boltzmann equation show that both approaches yield nearly
identical values.
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Abstract
The electrical conductivity of disordered alloys is calculated using the

Korringa± Kohn± Rostoker± coherent-potential approximation alloy theory in
conjunction with the local approximation to density functional theory and the
Kubo± Greenwood equation. Relativistic and non-relativistic expressions for the
conductivity are derived. A technique for evaluation of the Kubo± Greenwood
equation for arbitrary crystal symmetry using group-theoretical methods is
described. Explicit expressions for scattering and current operators at complex
energies below the real axis which occur in the evaluation of the Kubo±
Greenwood equation are given.

§ 1. Introduction

Describing and calculating the transport properties of metallic systems is a task
of considerable complexity and is much more challenging that the calculation of
thermodynamic equilibrium observables. The reason for this is that transport pro-
cesses imply the usage of irreversible thermodynamics and therefore complicate the
treatment of such phenomena greatly (Doniach and Sondheimer 1974, Richayzen
1980, Mahan 1981, Kubo et al. 1985). In principal there are two methods for calcu-
lating transport properties of metallic systems: either by solving a kinetic equation
such as the semiclassical Boltzmann equation (Ziman 1967) or by applying linear-
response theory (Kubo 1957). The former approach is limited to cases where the
mean free path of the electrons is large in comparison with the lattice spacing and
therefore to cases of weak or modest disorder. The latter approach has the advantage
of being free of such limitations allowing for a treatment of strongly disordered
systems where the mean free path is very short. However, the kinetic equations
permit the treatment of nonlinear response whereas by de® nition this is not possible
in the framework of linear-response theory. The two approaches lead to identical
results in the limit of weak scattering and weak external ® elds (Edwards 1958,
Schotte 1978, Mahan 1987).

The electrical resistivity of disordered alloys is one of the most impressive man-
ifestations of disorder. At zero temperature the resistivity of a pure metal or an
ordered alloy vanishes, whereas disordered alloys have resistivities which can be as
high as 200 m V cm in some cases. Because the electrical resistivity of normal metals
and alloys is a linear phenomenon (Ohm’s law is valid) linear-response theory is the
appropriate tool for treating such systems.

0141± 8637/98 $12 ´00 Ñ 1998 Taylor & Francis Ltd.



The electronic structure of disordered alloys can be described very e� ciently in
the framework of a local approximation to density functional theory and by means
of the coherent-potential approximation (CPA) which gives an accurate description
of the disordered state (Ehrenreich and Schwartz 1976, Faulkner 1982, Gonis 1992).
In particular, applying the CPA in conjunction with the Korringa± Kohn± Rostoker
(KKR) band theory allows for a ® rst-principles treatment of such alloys (Weinberger
1990, Gonis 1992). The KKR± CPA yields a con® guration-averaged Green function
which can be used for linear-response transport theory by inserting it into the Kubo
(1957) ± Greenwood (1958) equation. Butler (1985) showed how to perform the con-
® gurational average required in the evaluation of the Kubo± Greenwood equation
for disordered systems in the framework of the KKR± CPA by following the ideas of
VelickyÂ (1969). Applications of the formalism to various alloy systems demonstrated
that this theory allows for a parameter-free ® rst-principles treatment of transport
quantities and yields numerical results which are in good agreement with experimen-
tal (Swihart et al. 1986, Brown et al. 1989, Banhart, et al. 1994, Banhart and Ebert
1995). Quite recently the Kubo± Greenwood formalism has been extended to deal
with layered systems such as magnetic multilayer systems which show the giant
magnetoresistance e� ect (Weinberger et al. 1996). It is the purpose of the present
paper, part I, and the following paper, part II (Banhart 1998), to carry on the
existing work on the application of the Kubo± Greenwood equation to disordered
alloys. Relativistic and non-relativistic versions of the theory are presented. For this,
expressions for the current operators corresponding to these two cases are derived.
An e� cient way to calculate Brillouin zone averages of products of scattering-path
operators using the symmetry properties of the lattice is presented and the matrix
structure of such averages discussed. Moreover, simple expressions for the various
scattering quantities in the regime of complex energies with negative imaginary parts
are given.

§ 2. The Kubo-Greenwood equation

Linear-response theory provides very general expressions for transport
coe� cients which are exact in the limit of weak external ® elds. The frequency-
dependent electrical conductivity tensor s ( x ) , for example, can be written as (Kubo
1957)

s ¹ t ( x ) =
1
V ò

¥

0
dt exp (- ix t) ò

b = 1 /kT

0
d¸ k J t (- i ¸)J¹ ( t) l , (1)

where V is the volume of the system, and J is the current operator in the unperturbed
Heisenberg picture. k . . . l denotes a thermodynamic average. This expression,
although very general and exact, is not suitable for practical calculations.
However, by making some additional assumptions one can derive an equation
which is more useful. In particular, one assumes a one-electron picture of the
electronic system, considers merely elastic scattering by static impurities and
neglects the motion of the ions. The diagonal components of the electrical con-
ductivity tensor of a disordered metallic conductor at zero temperature, that is
with disorder originating from the atomic arrangement only, can then be written
as (Greenwood 1958, Chester and Thellung 1959, Kubo et al. 1959, Verboven 1960,
Economou 1983)

s ¹ ¹ =
p

V k Tr [d ( ² - H)J¹ d ( ² - H)J¹ ]l conf , ¹ Î {x, y, z}. (2)
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This is one form of the Kubo± Greenwood equation. By using the Green function G
of the system which is given by (Economou 1983)

d ( ² - H) = - 1
p

Im [G+ ( ²) ], (3)

one obtains an alternative form

s ¹¹ =
p V k Tr (J¹ Im [G+ ( ²) ]J¹ Im [G+ ( ²) ]) l conf , (4)

where J¹ denotes the current operator in the ¹th spatial direction. The average
has to be taken over all possible con® gurations of the disordered system in both
cases.

If one introduces the concepts of multiple-scattering theory, one uses Green
functions rather than wavefunctions to describe the electronic structure. The
formulation of the KKR± CPA is based on the so-called scattering-path operator
¿, which is related to the one-particle Green function by (Faulkner and Stocks
1980)

G(r, rÂ , ²) =
2me

2 å
Q,QÂ

{Zm
Q (rm, ²)¿

mn
QQ Â

( ²)Z ² n
Q Â

(rÂn, ²)

- [Zm
Q ( rm, ²)Z ² n

i,Q Â
(rÂn, ²)µ(rÂ - r) + Zm

i,Q (rm , ²)Z ² n
Q Â

(rÂn, ²)µ( r - rÂ ) ]d mn d QQ Â }
(5)

where r = Rm + rm , rÂ = Rn + rÂn, and Z and Zi are regular and irregular solutions
of the radial SchroÈ dinger or Dirac equation respectively. µ(r) is the usual step
function. The angular momentum indices Q may either denote a non-relativistic
(e.g. the (l, ml) representation) or a relativistic representation such as the K or
g representation (Onodera and Okazaki 1966). The Green function is a 4 ´ 4
matrix in the relativistic case, and a scalar otherwise. As the scattering-path
operator contains the same information as the Green function or the wave-
function, the Kubo± Greenwood equation can be rewritten in terms of this operator,
yielding

s ¹¹ ( ²) = - m2
e

p 3 V å
z1,z2

sz1,z2 å
mn

å
Q1,Q2
Q3,Q4

k Jm¹

Q4Q1
(z2, z1)¿

mn
Q1Q2

(z1)J
n¹

Q2Q3
(z1, z2)¿

nm
Q3Q4

(z2) l conf ,

(6)

where sz1,z2 = 2d z1,z2 - 1, and z1 and z2 are the two side limits of the complex
energies de® ned by z1,2 = ² 6 ih , with h ® 0. The decomposition of eqn. (4) into
four terms avoids the explicit occurrence of expressions of the type Ìm G’ . Jm¹ are
the matrix elements of the current operator with respect to the functions Zm in cell
m. Expressions for these matrix elements will be derived in the next section. Equation
(6) is the starting point for the formulation of the Kubo± Greenwood equation in the
framework of the KKR± CPA. Butler (1985) showed how to perform the explicit
con® guration average in eqn. (6) analytically and obtained an expression for the
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electrical conductivity tensor in terms of KKR-like quantities:

s ¹¹ = - m2
e

p
3
X å

z1,z2

sz1,z2

´ å
a ,b

ca cb ~
Ja ¹ (z2, z1) [1 - c CPA(z1,z2) x (z1, z2) ]- 1

, ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) & ( ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) *
VC

c CPA(z1, z2)
~
J b ¹ (z1, z2)æ

è
+ å

a
c a ~

J a ¹ (z2, z1)¿
CPA(z1)J a ¹ (z1, z2) ¿

CPA (z2) ) , (7)

where X is the volume of the unit cell. In eqn. (7), angular momentum indices have
been omitted for simplicity. The matrix quantities are to be multiplied in a straight-
forward way. The scattering operators occurring in this equation are averaged with
respect to the CPA medium; the scattering path operator ¿

CPA is related to the CPA t
matrix (coherent single-site t matrix) and the structure constants G0(k) by a Brillouin
zone integral:

¿
CPA(z) =

1
X BZ ò BZ

¿(k, z) d3k, (8)

with

¿(k, z) = {[tCPA(z) ]- 1 - G0(k, z)}- 1 (9)

and c CPA is essentially the Brillouin zone average of a pair of operators ¿(k, z)
de® ned in eqn. (9).

c CPA (z1, z2) =
1

X BZ ò BZ
¿(k, z1)¿(k, z2) d3k - ¿

CPA(z1)¿
CPA (z2) . (10)

~
J a in eqn. (7) is related to the current operator by

~
J a = D a tJ a D a , where D a is the

CPA impurity operator with respect to the component a and D a t is the correspond-
ing transposed operator (Faulkner and Stocks 1980).

The quantity x in eqn. (7) contains the CPA single-site t matrix t
CPA and the

CPA scattering-path operator ¿
CPA . Using an auxiliary quantity xa de® ned as

xa (z) = [1 - D m a (z) ¿
CPA (z) ] D m a (z) , (11)

with D m a = ( tCPA ) - 1 - ( ta ) - 1, x (z1, z2) is given by

x (z1, z2) = å
a

ca xa(z1)xa (z2) . (12)

Equation (7) includes all contributions to the electrical conductivity. If one replaces
the right-hand side of eqn. (12) by the product of the average

å
a

ca xa (z1)( ) å
a

ca xa (z2)( ) , (13)

x = 0, because the CPA condition implies that each term in large parentheses in eqn.
(13) vanishes. In eqn. (7) this approximation leads to a considerable simpli® cation
because the term indicated as VC then reduces to a unity matrix. This simpli® cation
corresponds to a suppression of vertex corrections to the electrical conductivity. One

88 J. Banhart



can assess the importance of these corrections by simply calculating the conductivity
with and without this simpli® cation.

Without vertex corrections the Kubo± Greenwood equation simpli® es con-
siderably:

s ¹ ¹ ( ²) = - m2
e

p 3
X

1
X BZ ò BZ

d3k å
a b

z1,z2

ca cb sz1,z2

~
J a ¹ (z2, z1)¿(k, z1)

~
J b ¹ (z1, z2)¿(k, z2)æ

çè
ö÷ø

é
êë

+ å
a b

z1,z2

ca cb sz1,z2

~
J a ¹ (z2, z1)¿

CPA(z1) [J a ¹ (z1, z2) - ~
J b ¹ (z1, z2) ]¿CPA (z2) ùú

û
(14)

and now merely contains an integral over three scalar quantities instead of an
integral over the much larger matrix in eqn. (10)

An evaluation of eqn (7) or (14) is possible once the KKR± CPA equations
have been solved and the scattering-path operator ¿

CPA has been determined.
What remains to be done is to calculate the current operators in the corresponding
relativistic or non-relativistic representation and, for eqn (7), to calculate the
Brillouin zone average of a product of two inverse KKR matrices ¿(k, z) in an
e� cient way.

§ 3. Current operators
In this section, explicit expressions for the non-relativistic and the relativistic

current matrix elements and the relationship between the current operators, Jx, Jy

and Jz are derived. Moreover, the non-relativistic operators are related to the rela-
tivistic operators.

3.1. Non-relativistic expression
In the framework of non-relativistic theory the current operator is given by

j =
e

me
p = - ie

me
Ñ (15)

and the matrix elements needed for the evaluation of the Kubo± Greenwood equa-
tion are

J a ¹

L L Â
(z1, z2) = - ie

me ò WS
d3r Z a

L *(r, z1) ¶
¶ r¹

Z a
L Â

(r, z2) , (16)

where the indices L = ( l, ml ) denote an angular momentum representation based on
complex spherical harmonics:

Z a
L (r, z) = Ra

l (r, z) Y m l
l ( " , u ) . (17)

The integral over the Wigner± Seitz cell can be replaced by an integral over the entire
space by using a shape function for the Wigner± Seitz cell and by substituting

R̂a
l ( r) = Ra

l (r) H WS( r), where H
WS(r) =

1 r Î WS,
0 otherwise,{ (18)

for Ra
l , where WS is the Wigner± Seitz sphere. For a spherical domain (e.g. a mu� n-

tin sphere of radius rMT or a sphere corresponding to the Wigner± Seitz sphere with
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radius rWS) , H
WS(r) = H (rMT - r) or H

WS(r) = H (rWS - r) respectively. Using this
expression and applying the gradient formula (Rose 1957) for spherical harmonics
the derivative in eqn. (16) can be written as

¶
¶ r¹

[R̂a
l Â
(r) Y

m lÂlÂ ] = - lÂ + 1
2lÂ + 1( )

1 /2 ¶
¶ r

R̂a
l Â
(r) - lÂ

R̂a
lÂ
(r)
r( )[

´ å
1

k= - 1

C( lÂ + 1, 1, lÂ , mlÂ - k, k, ml Â
) Y

m lÂ
- k

lÂ + 1 ( w k )
¹

+
lÂ

2lÂ + 1( )
1/2 ¶

¶ r
R̂a

lÂ
(r) + ( lÂ + 1)

R̂a
l Â
(r)
r( )

´ å
1

k=- 1

C( lÂ - 1, 1, lÂ , ml Â - k, k, mlÂ
) Y

mlÂ
- k

l Â - 1 ( j k)
¹ ] (19)

The vectors j are given by

j 1 = - 1
21/2

(1, i, 0) , j 0 = (0, 0, 1), j - 1 =
1

21 /2
(1, - i, 0) , (20)

and C are the usual Clebsch± Gordan coe� cients C( l, s, j, ml , ms, mj) .
Inserting this expression into eqn. (16) and exploiting the orthogonality of the

spherical harmonics Y m l
l yields a closed expression for the current matrix elements

corresponding to a spherical integration domain (e.g. a mu� n-tin sphere):

J a ¹ ,MT
L L Â

= - i
me { - ( lÂ + 1

2lÂ + 1 )
1/2

[ ò
rMT

0
r2 dr Ra

l (r)( ¶
¶ r

Ra
lÂ
(r) - lÂ

r
Ra

l Â
(r) )

- Ra
l (rMT) Ra

lÂ
(rMT)r2

MT

2 ]
´ å

1

k= - 1

C( lÂ + 1, 1, lÂ , mlÂ - k, k, ml Â
) d l,l Â + 1 d ml ,mlÂ

- k( j k)
¹

+ ( lÂ
2lÂ + 1 )

1 /2

[ ò
rMT

0
r2 dr Ra

l (r)( ¶
¶ r

Ra
l Â
(r) +

lÂ + 1
r

Ra
l Â
(r))

- Ra
l (rMT) Ra

lÂ
(rMT)r2

MT

2 ]
´ å

1

k= - 1

C( lÂ - 1, 1, lÂ , mlÂ - k, k, ml Â
) d l,l Â - 1 d ml ,mlÂ

- k( j k) ¹} (21)

The matrix structures of Jx and Jz are given in tables 1 and 2 respectively. Because
the current matrices are not independent of each other, only one such matrix has to
be calculated. The other components can then be obtained by exploiting the com-
mutation relations [L z, Jx] = i Jy and [L x, Jy] = i Jz:

Jy
L L Â

= - i(ml - ml Â
)Jx

L L Â
(22)
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and

Jz
L L Â

=
1
2i å L Â Â

({[lÂ Â ( lÂ Â + 1) - mlÂ Â
(mlÂ Â

+ 1) ]1/2 d m l,m lÂ Â
+ 1

+ [lÂ Â ( lÂ Â + 1) - ml Â Â
(ml Â Â - 1) ]1/2 d ml ,mlÂ Â

- 1} d l,l Â Â J
y
L Â Â L Â

- {[lÂ ( lÂ + 1) - ml Â
(mlÂ

+ 1) ]1/2 d mlÂ Â
,m lÂ

+ 1

+ [lÂ ( lÂ + 1) - mlÂ
(mlÂ - 1) ]1/2 d mlÂ Â

,mlÂ
- 1} d lÂ Â ,l Â J

y
L L Â Â

) . (23)

If the domain of integration in eqn. (6) is not a sphere, the integration in eqn. (21)
can be carried out using a set of special directions. In this case the symmetry is lower
and extra matrix elements occur in the current matrix. In tables 1 and 2 these
elements are indicated as lower-case letters for the case of cubic symmetry of the
domain.

3.2. Relativistic expression
The relativistic current operator is de® ned in terms of the relativistic velocity

operator:
j = ev = ec a , (24)

where a are the Dirac matrices (Rose 1961). The matrix elements needed for the
evaluation of the Kubo± Greenwood equation are

Ja ¹

K K Â
(z1, z2) = ec ò WS

d3r Z ² a
K

(r, z1) a ¹Z a
K Â

(r, z2) , (25)

where K = (·, mj) denotes a representation in terms of spin-angular function (Rose
1961). In this representation the scattering solutions Z are of the form

Z a
K (r, z) =

ga
· (r, z) c mj

·

if a
· (r, z) c m j

- ·[ ] (26)

and
Z ² a

K
(r, z) = (ga

· (r, z) c ² mj
· , - if a

· (r, z) c ² mj
- · ) . (27)

The Dirac matrices are de® ned in terms of the Pauli matrices:

a ¹ =
0

s ¹

s ¹

0[ ]. (28)

Because the matrices s merely act on c and not on the radial functions, the current
matrices can be written as

J a ¹

K K Â
= eci ò WS

d3r [ga
· (r) f a

· Â
(r) c ² m j

· s ¹ c
m jÂ- ·Â

- f a
· (r)ga

·Â
(r) c ² mj

- · s ¹ c
mjÂ·Â ]. (29)

If the integration volume refers to spherical symmetry, this result can be further
simpli® ed to

J a ¹,MT
K K Â

= eci( Ra
·,· Â W

¹ ,mj ,m jÂ·,- ·Â
- Ra

·Â ,· W
¹,mj ,mjÂ- ·,·Â

) , (30)

where

Ra
··Â

= ò
rMT

0
r2 dr ga

· (r) f a
·Â

(r) (31)
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and

W
¹,mj ,mjÂ··Â

= ò dX c ² ,mj
· s ¹ c

m jÂ· Â
. (32)

Because, as in the non-relativistic case, the current operators depend on each other,
calculation of for example the x component is su� cient:

W
x,m jm jÂ·· Â

= d l,l Â å
ms

C( l, 1
2 , j, mj - ms, ms, mj )C( lÂ ,

1
2 , jÂ ,mj Â

+ ms, - ms,mj Â
)

´ d mj ,mjÂ
+ 2ms . (33)

The structures of the current matrices Jx and Jz are shown in tables 3 and 4 respec-
tively. For integration volumes with lower than spherical symmetry, extra matrix
elements occur indicated by lower-case letters in tables 3 and 4 for cubic symmetry.

As in the case of the non-relativistic current matrix elements the various spatial
components are related to each other. Using the commutation relation between J
and L , one obtains

Jy
K K Â

= - i(mj - mj Â
)Jx

K K Â
(34)

and

Jz
K K Â

=
1
2i å

K Â Â
å
ms

(C( l, 1
2 , j, ml , ms, mj)C( lÂ Â ,

1
2 , jÂ Â , m Â Âl , ms, mÂ Âj )

´ {[lÂ Â ( lÂ Â + 1) - mÂ Âl (mÂ Âl + 1) ]1/2 d m l,m Â Âl + 1

+ [lÂ Â ( lÂ Â + 1) - mÂ Âl (mÂ Âl - 1) ]1/2 d ml,m Â Âl - 1} d l,lÂ Â J
y
K Â Â K Â

- C( lÂ Â ,
1
2 , jÂ Â , mÂ Âj , ms, mÂ Âj )C( lÂ ,

1
2 , jÂ , mÂl , ms, mÂj )

´ {[lÂ ( lÂ + 1) - mÂ l (mÂl + 1) ]1 /2 d m Â Âl ,m Âl + 1

+ [lÂ ( lÂ + 1) - mÂl (mÂ l - 1) ]1 /2 d m Â Âl ,m Â l - 1} d lÂ Â ,lÂ J
y
K K Â Â

) . (35)

3.3. Relation between non-relativistic and relativistic current operators
The relativistic current operator can be expanded yielding the non-relativistic

expression as a leading term plus corrections of the order of 1 /c2 (Wang and
Callaway 1974) and higher-order terms:

j =
e

me
- i Ñ +

4mec2 r ´ Ñ V (r) + ´´´( ) = j(0) + j(1) + ´´´, (36)

where V is the potential of the system and r is the Dirac spin operator.
To allow for a direct comparison of the non-relativistic current operator j(0) and

the relativistic current operators j, one has to calculate the non-relativstic current
operator in the relativistic representation. The evaluation is analogous to that of eqn.
(21). The result for the matrix elements J a ¹,MT

K K Â
is similar to eqn. (21) except that it

contains extra Clebsch± Gordan coe� cients and two contributions corresponding
to the g and the f components of the Dirac four-spinor. No mixed terms occur as
they do in eqn. (31). The operators - ie /me Ñ and eca can then be directly
compared.
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The ® rst correction term in eqn (36) can also be calculated in a fairly simple way.
Owing to the cross-product, one has to calculate two terms of the form

s ¹

¶ V (r)
¶ rt

(37)

for each component of r ´ Ñ V . The expression ¶ V / ¶ rt can be transformed to
spherical coordinates and expressed in terms of complex spherical harmonics:

¶ V (r)
¶ rt

=
¶ V (r)

¶ r

sin " cos u

sin " sin u

cos "

ìï
íïî

=
¶ V ( r)

¶ r

2p
3( )

1 /2

( Y - 1
1 - Y 1

1 ) , t = x,

i
2p

3( )
1/2

( Y - 1
1 + Y 1

1 ) t = y,

4p

3( )
1/2

Y 0
1 , t = z.

ìïïïïïïïïï
íïïïïïïïïïî

(38)

Using the scattering solutions of eqns (26) and (27), one can then write

ò MT
d3 r Z ² a

K
(r, z1) s ¹

¶ V (r)
¶ rt( ) Z a

K Â
(r, z2)

=
4p

3( )
1/2

ò
rMT

0
r2 dr ga

· (r)ga
·Â

(r)
¶ V (r)

¶ r

´ å
ms ,mÂs

C( l, 1
2 , j, ml, ms, mj)C( lÂ ,

1
2 , jÂ , mÂ l , mÂs, mÂj )

´ s ms,m Âs

1
2 (G

(1,- 1)
L ,L Â

- G
(1,1)
L ,L Â

) , t = x

i
2

(G
(1,- 1)
L ,L Â

+ G
(1,1)
L ,L Â

) , t = y

G
(1,0)
L ,L Â

, t = z

ìïïïïï
íïïïïïî

+ corresponding f contribution (39)

Here s ms,m Âs
denotes the matrix elements of the ordinary 2 ´ 2 Pauli matrices. The

triple products of spherical harmonics occurring in eqn. (39) have been represented
by Gaunt coe� cients G de® ned as

G
L Â ÂL ,L Â = ò dX ( Y ml

l )*Y
m Â l
l Â

Y
mÂ Âl
lÂ Â

. (40)

There are six contributions which have to be calculated using eqn. (39) and put
together to yield the ® rst corrections j(1) to the non-relativistic current operator j(0) .

§ 4. Brillouin zone average of two inverse Korringa-Kohn- Rostoker
matrices

Solving the KKR± CPA equations requires an integration of the inverse KKR
matrix ¿(k, z) over the Brillouin zone in order to obtain the CPA scattering-path
operator ¿

CPA (eqn. (8)). In practice this means that each of the matrix elements
¿QQ Â

(k, z) has to be integrated separately. This task is simpli® ed if one takes into
account that many of these matrix elements vanish or are related to each other owing
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to symmetry. Solving eqn. (10) means integration of each element
¿QQ Â

(k, z1)¿Q Â Â Q - (k, z2) over the Brillouin zone. For a relativistic representation
and lmax = 3, for example, there are 324 such elements to integrate. Therefore it is
essential to know the matrix structure of c CPA in order to be able to compute c CPA

e� ciently. Moreover, in most cases an integration over the entire Brillouin zone is
not necessary but can be reduced to the irreducible part of the Brillouin zone (IBZ)
by making use of the rotation group P corresponding to the underlying crystal
structure. For cubic symmetry, for example, there are 48 such point-group symmetry
operations and the Brillouin zone integrals can be reduced to integrals over one
fortyeighth of the zone. The general expression is given by

¿
CPA
QQ Â

(z) =
1

X BZ ò IBZ
d3k å

RÎ P
å
Q1Q2

DQQ1
( R)¿Q1Q2

( Rk, z)D ²
Q2Q Â

( R) , (41)

c CPA
QQ Â Q Â Â Q - (z1, z2) =

1
X BZ ò IBZ

d3k å
RÎ P

å
Q1Q2
Q3Q4

DQQ1
( R)¿Q1Q2

( Rk, z)

´ D ²
Q2Q Â

( R)DQ Â Â Q3
( R)¿Q3Q4

( Rk, z)D ²
Q4Q - ( R) , (42)

where the matrices D( R) contain blockwise the Clebsch± Gordan coe� cients of the
irreducible representation of R Î P . P refers to the point group of order |P |.
Regrouping the matrix elements, one obtains for the simplest case where ¿(k) =
¿( Rk) for all R

¿
CPA
QQ Â

(z) =
1

X BZ ò IBZ
d3k å

Q1Q2

S
(Q1Q2)
QQ Â

¿Q1Q2
(k, z) , (43)

with
S

(Q1Q2)
QQ Â

= å
RÎ P

DQQ1
( R)D ²

Q2Q Â
( R) , (44)

and

c CPA
QQ Â QÂ Â Q - (z1, z2) =

1
X BZ ò IBZ

d3k å
Q1Q2
Q3Q4

R
(Q1,Q2,Q3,Q4 )
QQÂ Q Â Â Q - ¿Q1Q2

(k, z1)¿Q3Q4
(k, z2) , (45)

with
R

(Q1,Q2,Q3,Q4 )
QQ Â Q Â Â Q - = å

RÎ P
DQQ1

( R)D ²
Q2Q Â

( R)DQ Â Â Q3
( R)D ²

Q4Q - ( R) . (46)

If ¿(k) /= ¿( Rk) for some R Î P , the integrations in eqns. (43) and (45) have to be
extended to more than one irreducible segment of the Brillouin zone and the sums in
eqns. (44) and (46) have to be restricted accordingly. Fortunately, many of the
coe� cients S and R vanish. If, for example, for a given pair (QQÂ ) all S

( QQ Â )
Q1Q2

vanish,
the corresponding matrix element ¿

CPA
QQ Â

is zero. Identical elements of ¿ can be found
in the following way. One chooses two elements ¿QQ Â

and ¿PPÂ
. Then one compares

the two matrices S
(Q1Q2 )
QQ Â

and S
(P1P2)
PPÂ

element by element. If the matrices are identical,
the two elements of ¿ are identical. For c the same can be done with the only
di� erence that matrices with four indices have to be compared.

The matrix structures of ¿
CPA and c CPA were analysed in this way for cubic

crystal symmetry. For ¿
CPA , one recovers the well known matrix structure

(Staunton et al. 1980, Weinberger 1990). Table 5 shows how many numerically

98 J. Banhart



Electron transport in disordered alloys. I 99

T
ab

le
5.

N
um

be
r

of
nu

m
er

ic
al

ly
di

�e
re

nt
el

em
en

ts
of

th
e

C
P

A
-s

ca
tt

er
in

g-
pa

th
op

er
at

or
¿

an
d

th
e

B
ri

llo
ui

n-
zo

ne
av

er
ag

ed
pr

od
uc

t
cC

P
A

.
F

or
c,

on
ly

el
em

en
ts

w
ith

D
l=

6
1

ha
ve

be
en

ta
ke

n
in

to
ac

co
un

t.
E

le
m

en
ts

w
it

h
di

�e
re

nt
si

gn
s

ar
e

co
ns

id
er

ed
id

en
ti

ca
l.

N
on

-r
el

at
iv

is
ti

c
re

pr
es

en
ta

tio
n,

( l
,m

l)
re

pr
es

en
ta

ti
on

(r
ea

l
sp

he
ri

ca
l

ha
rm

on
ic

s )
;r

el
at

iv
is

tic
re

pr
es

en
ta

tio
ns

,K
-,

g-
an

d
( l
,m

l,
m

s)
re

pr
es

en
ta

ti
on

(s
ee

St
au

nt
on

et
al

.(
19

80
)f

or
de

®n
i-

tio
ns

of
th

e
re

la
ti

vi
st

ic
re

pr
es

en
ta

ti
on

s )
.

N
on

-r
el

at
iv

is
tic

R
el

at
iv

is
tic

R
el

at
iv

is
ti

c
R

el
at

iv
is

ti
c

( l
,m

l)
re

pr
es

en
ta

ti
on

g
re

pr
es

en
ta

ti
on

K
re

pr
es

en
ta

ti
on

( l
,m

l,
m

s)
re

pr
es

en
ta

ti
on

l m
ax

¿
C

PA
cC

P
A

¿
C

P
A

cC
PA

¿
C

P
A

cC
P

A
¿

C
P

A
cC

P
A

1
2

2
3

24
3

24
5

28
2

4
40

7
64

8
11

68
6

14
70

2
3

13
51

2
17

53
34

N
ot

de
te

rm
in

ed



di� erent values the matrices ¿
CPA and c CPA contain (not counting the zero value). As

one can see, the number is comparatively small. In a calculation of c CPA ,
one can therefore restrict the evaluation and integration of the integrand
¿Q1Q2

(k, z1)¿Q3Q4
(k, z2) to the set of indices identi® ed in this way. The indices have

to be calculated only once and can be kept in tabulated form.
Note that the number of di� erent elements for lmax = 2 in the non-relativistic

representation given in Table 5 (40) di� ers from a value (114) given by Swihart et al.
(1986).

§ 5. Complex energies
The evaluation of eqn. (6) requires the determination of operators for complex

energies which lie above and below the real axis. In normal electronic structure
calculations, however, only energies ² + ih with a positive imaginary part are usually
encountered so that care has to be taken when energies ² - i h are involved as is the
case in conductivity calculations. For h ® 0 there are fairly simple relations between
the various quantities A( ² + ih ) and A( ² - ih ) used in the calculation, where A is any
of the operators of interest in the current context. These relations will be derived
now.

Because one is mostly dealing with energies which lie in the continuous spectrum
of the alloy Hamiltonian, one has to choose a path from ² + ih to ² - ih which avoids
the discontinuous branch cut only the real axis (Economou 1983). A possible path
describing an angle of 2p is shown in the ® gure. One can write

² - ih = exp (2p i)
, ) ) ) ) ) & ( ) ) ) ) ) *

1

( ² + ih ) f or h ® 0. (47)
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(for h ® 0) .



5.1. Wave-vector
One the energy shell, k2 = ² (in atomic units which are used throughout this

section). Denoting for a moment kz = z1 /2,z = ² 6 h , one can write

k²- i h = ( ² - ih ) 1 /2 = [exp (2p i) ]1 /2( ² + ih ) 1/2 = exp ( p i) ( ² + ih ) 1 /2

= - ( ² + ih ) 1/2 = - k²+ ih . (48)

5.2. Phase shifts
The scattering behaviour of a spherically symmetrical scatterer can be character-

ized by its phase shifts. These shifts can be written as (Weinberger 1990)

cot d l =
g lnl (kr) - knÂl (kr)
g l jl(kr) - kjÂl (kr) , (49)

where g = RÂ /R is the logarithmic derivative at the sphere boundary. The Bessel and
Neumann functions and their derivatives satisfy the following parity relations
(Abramowitz and Stegun 1964):

jl(- kr) = (- 1) ljl(kr) , nl(- kr) = (- 1) l+ 1nl(kr) ,
jÂl (- kr) = (- 1) l+ 1jÂl (kr), nÂl (- kr) = (- 1) lnÂl (kr) . (50)

This yields

cot [d l( ² + ih ) ] = - cot [d l( ² - ih ) ]. (51)

The same relation holds for the relativistic phase shifts.

5.3. t matrix and scattering amplitude
The single-site t matrix and the scattering amplitude f can be expressed in terms

of the phase shift:

tQQ Â
( ² + ih ) = - 1

k
exp [id Q( ² + i h ) ] sin [d Q( ² + i h ) ]
, ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) & ( ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) *

fQ

d QQ Â
. (52)

Using eqns. (48) and (51), one obtains

fQ( ² - ih ) = - f *Q ( ² + ih ) ,
tQQ Â

( ² - ih ) = t*QQ Â
( ² + i h ) .

(53)

5.4. Wavefunctions and current matrix elements
The solution of the wave equation in a constant potential can be written as

(Weinberger 1990)

Zfree
K ( ² + ih , r) =

k[nl(kr) - cot d · jl(kr) ]c m j
· ,

i
sgn (·) k2

c [n-
l (kr) - cot d · j-l (kr) ]c mj

- ·,
ì
í
î

(54)

when the Dirac equation is used. Using eqns. (48) ± (51), one obtains

Zfree
K ( ² - ih , r) = (- 1) lZfree

K ( ² + ih , r) . (55)
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As the wavefunctions in the mu� n-tin sphere are continuously matched to the free
functions at the mu� n-tin sphere, eqn (55) also applies to the wavefunction in the
entire Wigner± Seitz cell. For the current matrix elements, one then easily obtains the
following relations:

Ja ¹

QQ Â
( ² - ih , ² - ih ) = (- 1) l+ l Â Ja ¹

QQ Â
( ² + ih , ² + ih ) ,

Ja ¹

QQ Â
( ² - ih , ² + ih ) = (- 1) lJ a ¹

QQ Â
( ² + ih , ² + ih ) ,

Ja ¹

QQ Â
( ² + ih , ² - ih ) = (- 1) lÂ J a ¹

QQ Â
( ² + ih , ² + ih ) .

(56)

5.5. k-space structure constants and scattering operators
The k-space structure constants for energies with negative imaginary part

z = ² - i h can now be derived from the usual structure constants for z = ² + ih by
substituting each k = ²

1/2 occurring in the corresponding expression for G0 by - k.
One can use an expression for G0 given by Davis (1971), where a trivial diagonal
part is separated o� the actual structure constants B:

G0
QQ Â

(k, ² + ih ) = BQQ Â
(k, ² + ih ) + i²1/2 d QQ Â

. (57)

An evaluation of these structure constants B yields

G0
QQ Â

(k, ² - i h ) = (- 1) l- l Â BQQ Â
(k, ² + i h ) - i²1 /2 d QQÂ

. (58)

For ¿(k, ²) given by eqn. (9) a very similar expression can be derived:

¿QQ Â
(k, ² - ih ) = (- 1) l- lÂ [¿Q Â Q

(k, ² + ih ) ]*. (59)

If one integrates ¿(k, ²) over the Brillouin zone, all matrix elements with D l /= 2n,
n Î N , vanish and the resulting integrated matrix is symmetric, thus yielding

¿
CPA
QQ Â

( ² - i h ) = ¿
CPA
QQ Â

( ² + ih )*. (60)

§ 6. Summary

The details of the application of the Kubo± Greenwood equation for the electrical
conductivity to disordered alloys in the framework of the KKR± CPA are given.
Both a non-relativistic and a relativistic version of the formalism have been worked
out. Explicit expressions for the current matrix elements are given in both versions
and for the ® rst correction term to the non-relativistic current operator. The rela-
tions between operators at complex energies just above and below the real axis are
derived. Moreover, it is shown how one can use symmetry considerations to facilitate
the tedious calculation of the Brillouin zone average of products of two inverse KKR
matrices needed for the evaluation of the Kubo± Greenwood equation.
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Pressure dependence of the electrical residual resistivity of disordered alloys
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The pressure dependence of the electrical residual resistivity was calculated for a series of disordered Au-Pd
alloys by using the Korringa-Kohn-Rostoker coherent-potential approximation and the Kubo-Greenwood equa-
tion. The changes of the density of states and of the Fermi surface caused by an external pressure applied to the
alloy are discussed and related to the change in residual resistivity. The volume coefficient of the residual
resistivity is calculated from the pressure-dependent resistivity and found to be in accordance with experimen-
tal findings.

I. INTRODUCTION

The theoretical understanding and the ability to calculate
electronic properties of disordered alloys has greatly im-
proved in the last ten years. The key for this success has been
the Korringa-Kohn-Rostoker~KKR! coherent-potential ap-
proximation~CPA!, which allows for a rigorous, parameter-
free description of the electronic structure of disordered
systems.1,2 Historically the KKR-CPA was first used to de-
termine equilibrium observables such as the linear coefficient
of the low-temperature specific heat, magnetic properties, or
total energies.2 Then the calculations were extended to non-
equilibrium transport properties, namely, the electrical
conductivity,3,4 the thermoelectric power,3,5 the ordinary6 and
extraordinary7 Hall coefficient or the spontaneous resistance
anisotropy in ferromagnetic alloys.7 In most cases theory was
seen to yield numerical values that were in good agreement
with experimental findings.

A future task will be the extension of the theory to other,
more complicated transport coefficients in order to find out
whether the theoretical concepts are still appropriate for the
description of the corresponding phenomena. We want to
contribute to this task in the present paper by calculating the
pressure dependence of the residual resistivity for the exem-
plary alloy system gold-palladium.

It is well known that the interatomic distance is an impor-
tant parameter in metal physics and that measurements of the
pressure dependence of electronic observables provide a
wealth of information.8 The most common investigations
carried out for pure metals at high pressures are electrical
resistance measurements or, more precisely, measurements
of the resistance caused by lattice vibrations at various tem-
peratures and pressures. This quantity is a very sensitive
probe of the lattice spacing due to the change of the Debye
temperature under pressure. However, impurities or grain
boundaries, e.g., can also affect the measurements and make
the interpretation in terms of theoretical models difficult. In
contrast to pure metals, experimental investigations on con-
centrated alloys at low temperatures, where disorder scatter-
ing is the prime source of resistance, are rather scarce~e.g.,
Ref. 9!.

It is the objective of this paper to show how the residual
resistivity of a series of Au-Pd alloys changes under the in-
fluence of pressure. It is the first computation of this quantity

that is completely parameter free and treats the electronic
structure problem of the alloy and the electrical conductivity
problem on a high level of sophistication. There have been
calculations of the change of the band structure of pure met-
als under the influence of pressure~e.g., Refs. 10–12! and
simple calculations of the pressure effect on the resistivity of
alloys. Povey,13 e.g., determined the residual resistivity of an
alkali-metal alloy for various lattice volumina using a
muffin-tin model and simple transport theory.

Until the present there have been, to our knowledge, no
experimental investigations of the pressure dependence of
the residual resistivity for Au-Pd alloys at low temperatures.
The pressure dependence in palladium diluted with nickel,
however, has been measured for low temperatures and shall
be compared to the calculated values for palladium-rich
Au-Pd alloys. Moreover, there are room-temperature investi-
gations forAuPd alloys (xPd,4 at.%! ~Ref. 14! and for the
isoelectronic system Ag-Pd~Ref. 15! that can be used for
interpretation.

By presenting the calculations on Au-Pd, I wish to stimu-
late interest in experimental investigations of the pressure
dependence of the electrical resistivity at low temperatures.

II. THEORY

The resistivity of an alloy can be split up into a
temperature-dependent thermal contribution and the residual
resistivity due to impurity or disorder scattering according to
Matthiessen’s rule:

r tot~T!5rph~T!1r0 . ~1!

A similar partition applies to the pressure coefficient of
the resistivity:

S 1r ]r

]pD
tot

5
rph
r tot

S 1r ]r

]pD
ph

1
r0
r tot

S 1r ]r

]pD
0

. ~2!

In general, the pressure dependence of the thermal and of
the residual resistivity can be quite different and must be
determined separately by choosing such conditions that ei-
therr ph or r0 is negligible. In this paper I perform electronic
structure calculations on static lattices with various lattice
spacings; i.e., the resistivity does not contain any
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temperature-dependent contributions so that one is able to
assess the pressure coefficient of the residual resistivity.

All one needs to be able to evaluate this coefficient is the
electrical resistivity for varying lattice constants. The resis-
tivity can be calculated by means of the Korringa-Kohn-
Rostoker coherent-potential approximation~KKR-CPA! and
the Kubo-Greenwood equation. The KKR-CPA describes the
electronic structure of the disordered alloy in terms of an
averaged Green function, which represents an effective me-
dium approximating the true disordered system. From this
Green function all important observables can be calculated.
Whereas the determination of simple quantities such as the
density of states is rather straightforward, the electrical resis-
tivity leads to complicated equations. The starting point for
the conductivity calculation is given by an expression of the
form

s5
1

r
}^ ImGJ ImGJ&conf, ~3!

where theG are one-particle Green functions and theJ elec-
trical current operators. The brackets denote an average over
all possible configurations of the~infinite! disordered system,
which has to be performed analytically. A scheme for this
was developed by Butler.16 It allows for the full calculation
of the electrical conductivity tensor without having to make a
semiclassical approximation and without neglecting impor-
tant contributions to the conductivity such as the vertex cor-
rections. The derivation of the Kubo-Greenwood equation in
the framework of the KKR-CPA shall not be repeated here.
The reader should refer to the literature for details.2,16 The
formalism has been shown to yield good and reliable results
for a number of alloy systems~e.g., Refs. 4, 5, and 17! and
has been adapted to deal with fully relativistic electronic
structure calculations.7,18

III. CALCULATIONS

The KKR-CPA equations were solved for a number of
gold-palladium alloys of various compositions. For each
composition the lattice constant was varied with values
around the known experimental lattice spacing. The calcula-
tion was carried out relativistically in order to take account
of the relativistic effects known to be important for gold. The
lattice potentials were determined in a self-consistent manner
in the usual way. Examples of relativistic KKR-CPA calcu-
lations for Au-Pd alloys are found in the literature.19,20

Figure 1 shows the density of states for three Au25Pd75
alloys with various lattice constants. Because in the alloys
with the smaller lattice constant the muffin-tin zeroes are
shifted to lower energies, the energy scale in Fig. 1 was
chosen in a way that the Fermi energies of all alloys coincide
in order to allow for a better comparison of the various pres-
sure levels.

Naturally, the density of states at the Fermi energy level is
of major interest. Figure 2 shows this quantity for some of
the alloys as a function of the lattice constant.

For each composition and lattice constant the residual re-
sistivity was calculated by means of the Kubo-Greenwood
equation. The relativistic version of this formalism was used
as described in Ref. 18. The results of the calculations are
shown in Fig. 3 for three selected alloys. From the values

shown in this figure the quantitydr/dauaexp can be calcu-

lated, whereaexp is the experimental lattice constant at nor-
mal conditions~atmospherical pressure 105 Pa!. The values
for the residual resistivity and its derivative are shown in
Table I.

IV. DISCUSSION

The effect of pressure on the electronic structure of the
disordered alloy Au25Pd75 can be seen from Fig. 1: pressure,

FIG. 1. Density of states for Au25Pd75 alloys with three different
lattice constants~full line: 7.40 a.u.; dashed: 7.50 a.u.; dotted: 7.60
a.u. The muffin-tin zeroes for the three lattice constants are indi-
cated by vertical arrows.

FIG. 2. Density of states of various Au-Pd alloys as a function
of the lattice constant. The full lines serve as a guide for the eye.
The short vertical bars denote the experimental lattice constants at
atmospherical pressurep05105 Pa.
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accompanied by a reduction of the lattice spacing, leads to a
broadening of the alloyd band and a corresponding reduc-
tion of the density of states of thed band. The reduction of
the density of states is more pronounced for low-lying states
and rather small for the states near the Fermi energy. In Fig.
2 the density of states at the Fermi energy level is shown as
a function of the lattice constant for various different alloy
compositions. Pressure leads to a slight reduction of the
Fermi energy density of states for all the alloys. The reduc-
tion is strongest for the palladium-rich alloys where the
Fermi level runs through the upper edge of thed band and
small for the gold-rich alloys where the Fermi energy is in a
region of relatively constant density of states. For the alloy
Au25Pd75, e.g., a lattice constant change from 7.6 to 7.4. a.u.
decreases thes density of states~DOS! ns by about 14%, the
d DOSnd by about 11% and the productnsnd by about 26%
~see below!.

The behavior of the residual resistivity as a function of the
lattice constant shown in Fig. 3 is similar to that of the den-
sity of states because the electrical conductivity is also a

property related to the electronic structure at the Fermi en-
ergy level. The most obvious feature is that the resistivities
increase with increasing lattice constant for all alloy compo-
sitions or, in an equivalent formulation, pressure reduces the
electrical resistivity. For the said alloy Au25Pd75 a lattice re-
duction from 7.6 to 7.4 a.u. reduces the electrical resistivity
by 25%, a value that is almost identical to the reduction of
nsnd . This allows a link to the traditionalsd picture of elec-
trical conduction in transition-metal alloys, where the resis-
tivity is mainly caused by scattering froms to d states for
Pd-rich alloys and the resistivity is therefore proportional to
nsnd . Of course this picture is only true in limited cases and
does, e.g., not apply to gold-rich Au-Pd alloys.

A discussion of the electrical resistivity in terms of the
DOS can be misleading. The reason for this is that the DOS
merely gives the number of states that may contribute to
dissipative scattering events but does not contain any infor-
mation about how inelastic such events are and how much
they contribute to the resistivity. This is most obvious for
pure palladium, which has the highest DOS in the system
Au-Pd, but has no residual resistivity at all.

From a more formal viewpoint this can be seen as fol-
lows: the DOS, defined by

n~E!52
1

p
Im Tr^G~E!&conf ~4!

contains an average over a single Green function, whereas
the Kubo-Greenwood equation@Eq. ~3!# contains a product
of two Green functions and current operators. There is no
reason to believe that the two expressions should behave in a
similar fashion except for very limited cases.

The effect of a change of the lattice constant on the resis-
tivity is difficult to trace directly from the Kubo-Greenwood
equation, because there are many matrix elements involved
in this equation and most of the elements vary with the lat-
tice constant. However, there is a quantity that is closely
related to the electrical resistivity: the Bloch spectral func-
tion ~BSF!. The BSF,AB(kW ,E), is a k-resolved density of
states.2 For a translationally invariant system it is a collection
of d functions that maps the dispersion relationE(kW ). For
random alloys, however, thed-function peaks are broadened
due to impurity scattering, thus expressing the fact that the
wave vectorkW is no longer a good quantum number. There-
fore, in contrast to the ordinary DOS, the BSF carries infor-
mation not only about the number of states but also about the
level of disorder in the system. In particular, the BSF at the
Fermi energyAB(kW ,EF) defines an alloy Fermi surface by
the positions of its~broadened! peaks. The half width of
these peaks is a measure of disorder. Provided that the BSF
along a particular rayeW in the Brillouin zone can be approxi-
mated by a Lorentzian function,

AB~k•eW ,E!5
a

@~kF2k!21g2#
, ~5!

a mean free path for the particulareW can be defined as
l (kWF)}1/2g, where kFW5kF•eW defines the positions of the
Fermi surface. Ifl (kWF) is sufficiently large in comparison

FIG. 3. Residual resistivity of various Au-Pd alloys as a function
of the lattice constant. The full lines serve as a guide for the eye.
The short vertical bars denote the experimental lattice constants at
atmospherical pressurep05105 Pa.

TABLE I. Experimental lattice constants and calculated resistiv-
ities and their derivatives for disordered Au-Pd alloys.

at.% Au aexp r(aexp) dr/dauaexp

20 7.395 12.8 20
25 7.410 15.8 22
30 7.425 18.0 13
40 7.460 21.2 13
50 7.495 17.2 2
60 7.525 12.5 3.3
70 7.565 10.2 5.3
75 7.580 9.1 5
80 7.600 7.4 5
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with the lattice spacing, a simple version of the Boltzmann
equation can be applied to calculate the electrical
conductivity:21,22

s}E E
FS
l ~kW !dS. ~6!

However, the Kubo-Greenwood equation is superior to
this approach so that the BSF are merely used to locate the
Fermi surface and to determine the degree of disorder in this
work. Figure 4 shows the Fermi surface of two Au-Pd alloys
calculated from BSF. The Fermi surfaces are represented by
cuts through the~100! and the~111! plane in this figure and
for each alloy the Fermi surface for two different lattice con-
stants is given.

The ~111! plane ~right-hand side! contains the necks,
which are typical for noble metals and which intersect the
Brillouin zone boundary only for the gold-rich alloys. More-
over, the gold-rich alloys have a connected Fermi surface,
whereas alloys with more than 30% palladium show a sec-
ond sheet in the first Brillouin zone. The Fermi surfaces in
the~100! plane~left-hand side! are simpler: the inner sheet is
closed and has flat portions in theK directions. There is an
outer sheet intersecting the Brillouin zone between theK and
W points for Pd-rich alloys.

In the context of the present paper it is interesting to see
how a variation of the lattice constant changes the Fermi
surface: for Au25Pd75 the Fermi surface corresponding to the
higher lattice constant~dashed lines! lies closer to theG
point for allk directions shown in Fig. 4 and both sheets, i.e.,
all k vectorskWF are smaller for the higher lattice constant.
The changes are rather small and are therefore not easy to
see. As the strongest reductions occur in theX andL direc-

tions, the Fermi surface becomes ‘‘rounder’’ and smaller for
increasing lattice constant. For the alloy Au70Pd30 the higher
lattice constant is also associated with smallerk vectors in
the X andL directions, whereas the Fermi surface expands
around theK direction. As for the Pd-rich alloy the Fermi
surface is rounder and therefore closer to the free electron
surface for the higher lattice constant.

The described changes in the Fermi surface shape do cer-
tainly affect the electrical resistivity. In the picture based on
the mean free pathl (kWF) @Eq. ~6!# there are two possibilities
for the resistivity to change: by increasing the mean free path
or by increasing the Fermi surface area. The area may either
vary continuously when the Fermi surface moves in or out
with respect to the originG, or discontinuously when the
topology of the Fermi surface changes. This may happen
when new sheets of the Fermi surface appear. Such so-called
electronical topological transitions23 were not observed for
Au-Pd when the lattice constant was changed in the narrow
range that plays a role for the present paper. The change of
the area of the inner sheet of the Fermi surface, which con-
tributes predominantly to the electrical conductivity, is
shown in Fig. 5. The area was determined by calculating
BSF along 1176 rays originating from theG point of the
Brillouin zone, locating the Fermi surface on these lines, and
finally calculating the area of the Fermi surface numerically.
This calculation was performed for each alloy composition
and for the lowest and highest lattice constant for each alloy.
As already said, the Fermi surface shrinks with increasing
lattice constant for all the alloys, the change being largest for
the palladium-rich alloys.

The mean free path averaged over the Fermi surface,
l̄ F,also decreases for increasing lattice constants for all the
alloys. However, here the effect is largest for the palladium-
and gold-rich alloys and small for the alloy Au50Pd50. This
finding is perfectly compatible with the results fordr/da
obtained in the rigorous calculation listed in Table I: the
resistivity of the alloy Au50Pd50 is less sensitive to lattice
constant changes than that of the other alloys. The change of

FIG. 4. Fermi surface cuts for Au25Pd75 ~top! and Au70Pd30
~bottom! alloys. Left panels:~100! plane; right panels:~111! plane.
Full lines: lower lattice constant; dashed line: higher lattice con-
stant.

FIG. 5. Change of Fermi surface areaSF (L) and averaged
mean free pathl̄ F (n) with lattice constant for Au-Pd alloys.
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the mean free path obviously is the main reason for the re-
sistivity change and is enhanced by the reduction of the
Fermi surface area.

Turning back to Fig. 3 one can see that within the range of
lattice constants considered the resistivity varies approxi-
mately linearly with the applied pressure. The pressure range
associated with the range of lattice constants used is about
250 to 100 kbar for the alloy Au25Pd75 and similar for the
other alloys. This range is comparable to the pressures usu-
ally applied in measurements~only p.0!.

The quantity that can be determined experimentally is the
pressure coefficient of the resistivity

1

r S dr

dpD
T

.

In order to be able to compare experimental values with
calculated ones, it is useful to define a dimensionless volume
coefficientyr :

yr5
V

r S dr

dVD
T

52
1

r S dr

dpD
T

1

kT
, ~7!

wherekT is the isothermal compressibility of the alloy. Be-
cause the volumeV is proportional toa3 one can also write

yr5
a

3r S dr

daD
T

. ~8!

By inserting the values of Table I into Eq.~8!, the volume
coefficient can be calculated. Its composition dependence is
shown in Fig. 6. The values are all positive, reflecting the
fact that the resistivity decreases with increasing pressure for
all compositions. Alloying gold to palladium leads to a rapid

decrease of the volume coefficient and a minimum around
50% Au. Further addition of gold slightly increasesyr again.

As was already mentioned, there are experimental sources
for the pressure coefficient of pure palladium and Pd-Ni al-
loys at low temperatures.24 Using experimental values for the
isothermal compressibility25 of Pd, the volume coefficient
can be calculated by means of Eq.~7! from these data
(kT55.4310212 Pa21 was used for Pd!. The resulting ex-
perimental quantitiesyr are summarized in Table II.

Obviously, addition of Ni to Pd leads to a rapid increase
of yr as the source of resistivity shifts from thermal to dis-
order scattering upon addition of Ni.yr seems to saturate out
for small contents of the nickel impurities already. The value
for 1% Ni ~4.17! is compared to the calculated volume coef-
ficients of Au-Pd in Fig. 6. Apparently, this experimental
low-temperature value for ‘‘dirty’’ palladium fits nicely to
the calculated ones on the palladium-rich side if one extrapo-
lates the calculated values~see the dotted line!. Also, the
room-temperature value for pure palladium~4.3! is very
close to this figure, showing that thermal and disorder in-
ducedy are comparable in this particular case.

For the gold-rich side of the alloy system there is a series
of experimental room-temperature values ofy for AuPd
ranging between 3.5 and 5.6. This fits to a~rather specula-
tive! curve obtained by extrapolating the calculated values to
pure gold~dotted line in Fig. 6!. However, this comparison is
doubtful because for pure goldy is strongly temperature de-
pendent: for temperatures higher that room temperature it is
seen to vary slowly26 and for low temperatures (125 K! the
sign ofdr/dp can even change: application of pressure then
increases the residual resistivity andyr is negative.

27 In the
latter case the effect is caused by lattice defects, which are
influenced by pressure changes and cause a pressure depen-
dence this way. This demonstrates that the pressure depen-
dence induced by other mechanisms than disorder scattering
cannot be compared with the pressure coefficient of the
disorder-induced resistivity in a straightforward way.

Figure 6 also shows room-temperature measurements of
y for the alloy system Ag-Pd. As this system is isoelectronic
to Au-Pd, one can expect that the composition dependence of
y at least resembles that for Au-Pd. This is indeed the case:
for Ag-Pd the maximum values fory are found for the pure
components and a minimum is observed that is slightly
shifted to Ag-rich alloys. This is exactly what was calculated
for Au-Pd. Of course the agreement cannot be perfect be-
cause two different alloy systems are compared. Moreover,
the measurements were made at room temperature.

FIG. 6. Volume coefficient of the residual resistivity of Au-Pd.
L: calculated values;% : experimental value for PdNi1 (T54.2
K!; ^ : experimental values for Au-Pd~300 K!; n: experimental
value for Pd~300 K!. Dashed line: volume coefficient for Ag-Pd
~300 K!.

TABLE II. Experimental low-temperature values for the volume
coefficient of the residual resistivityyr of pure Pd and PdNi alloys
~calculated from Ref. 24!. For comparison: room-temperature value
for pure Pd~Ref. 15!.

Ni concentration yr

0 ~pure Pd! 0.77
0.32 3.76
0.55 4.00
1.0 4.17
0 ~pure Pd!, T5300 K 4.30
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V. SUMMARY

The pressure dependence of the residual resistivity of dis-
ordered alloys can be calculated first principles by applying
the Kubo-Greenwood equation in the framework of the
Korringa-Kohn-Rostoker coherent-potential approximation.
For the alloy sytem Au-Pd the calculations show a strong
pressure dependence of the residual resitivity for Pd-rich al-
loys, a nearly pressure-independent resistivity for 50% Au
and, as one approaches pure gold, a rise of the pressure de-
pendence. The resistivities vary approximately linearly with
the applied pressure. Experimental low-temperature values
for PdNi alloys and room-temperature values for pure Pd
agree well with the calculations, if one extrapolates the cal-
culated coefficients toPdAu. For gold-rich alloys, measured
room-temperature values re compatible with the calculations,

but the temperature dependence makes the comparison
doubtful for very dilute alloys. The experimental data for
Ag-Pd shows a composition behavior similar to that calcu-
lated for Au-Pd.

In conclusion the method presented in this paper yields
excellent results for a transport quantity without any use of
adjustable parameters. The very encouraging results demand
futher applications of the method and will hopefully stimu-
late experimental low-temperature work.
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�#
� ���� ��� U	
��
 ��� #�
 �
������
�
�

,����
���3
� �	��

���
� �8
����
� �
��
���	��
����
 ���� ��� �	� &��� ��* �������3
�� �� ��

� ����
� 	��
�

*R�

,�
 .������
��������
 J�����
 ��� #�
 �
������
�
� ,����
���3
� ��� #��
� #�
 �7���
�3 ������(

�
� ���
	�
�������
�< #�
 �� 
7�
���
��
�� �
������
� ;�#
�����# 
������
� ���#� I
#
� #
�

�� &�������� $ #���	��
��
�< !�� #
� B�& ����� 
���9�
� ���
	�
�������
� ��� .
��

�
�# 	�(

�����
�
 !�� #
� �
����!
� =��
���
�	�
 !�� ��
�
����
�	�
 	�# �����< ���
� ���� #
� 
�
���
�

3	���3����
� 1
����
 ∆ρ����(� 3	 #
� �����!
����
� 	�# ���
��	#����
� ;�#
�����#
� �
�D

ρ‖$)* = ρ‖�(� + ∆ρ����(� 	�# ρ⊥$)* = ρ⊥�(� + ∆ρ����(� >���?

,�
 &���������
 ∆ρ/ρ ��  �� ���� .��# #	��� �����
 1
����

 ���� �
#	3�
��� @���� ��� ��< #�9

#�
 ,����
���3
� 3.����
� �
�
���
�
� 	�# 

�
��
�
� ;�#
�����# > < &����? �	������
9(

���� �	� �����
 �������
� 1
����

 3	����3	����
� ���#< �� ���� ��� 
��
 �����
�
��
 &���������


∆ρ/ρ��++ �
�
���
�< ��#
� ��� ��  �� ���� ��� ρ̄ #
� 
7�
���
��
��
� ;
�� ����� #
� �
�
���
(

�
� ;
��
� !
�.
�#
�� 0
�	���� ��� #�
 

������
��
 /���
 �� > < &����?< #�
 #
� 
7�
���
��
��
�

;
��
� ��� ∆ρ/ρ ����� �
�� ���
 ������ ,�9 #�
 ��& ����� !�� 6
�	��
���
	�

�< �
��
(

���	�
"
��
�< �
7�	�
� 
��� �����
�< ��� ����

�� 
	� �
����� GI�� ))H 	�# #�
 J�����
 ��� #�


�
��.
��
 �
��� !
�����
#
�
� ;
��
< #�
 ��� ��� #�
�
  �89
 �	� #
� /��
���	� 
������

/���. ;���"����	����

,
� A���.�#
�����# .	�#
 ����  �� ���) �
�
���
�� 5�  < &���� ��� #
� #���	� ��

�
��
�
 A���(

.���
� ρH/ρ̄ ��� '	������ #
� 4	����
��
�3	�
 �	�

���

�� ��� ��
��< #�9 #
� ���3
����(

����������
�

 6
���	� #
� A���.���
�� �
��� 
	� ��� 
7�
���
��
��
� 0�	��
��
���	�.
��
�

��
�
��������� ��
�� #
� 6��3
���
�.
���
� 3.����
� �: 	�# �:R ���
� .��# !�� #
� 0
���	�


�
��� 
	� .�
#
�



�
��

��� ���� �	� #
� ���3
��������������
�

� 6
���	� #
� A���.���
�� 
��
 &	������	�
 ����

3.
� !
�����
#
�
� �
�������
� #	�������
�< #�
 3	� ������
� A���
"
�� �
����

�� �� ���#

#�
� #
� �"
�� #
� �����
������
� ���
		�
 >���.���������
�? G���� **< '
� )�H 	�# 
��
� �
�(

�
�!
��
�3	�
�
"
��
� >�����:	�0? G1
� ):< /�� )�H �
� #
� ���
		�
� ,�
 �	� #
� �
�
���
�
�



3�� ��05� #�% /�05� �%*

6
���	� #
� A���.���
�� �
������
� -�
23�
��
� ��� #�
 �
�#
� &��
��
 φsk 	�# bsj �����
�


�89
���#�	�
���9�
 ��� #
� 
7�
���
��
��
� ;
��
� ��
�
�� >��
�
  ?�

'�� #�� ����
� B�C@� ���# �
��
 
7�
���
��
��
� ;
��
 #
� �������
� A���.�#
�����#
� �
(

������ ��� 6
�
�
��� ��� #
� �
�
���
�
� ;
��
� ��� #
����� ����� �8
�����

/���/ )����������� ��� '��� &��� 2�
�	��"������

���� ��� #�
 �������
� 
��!�����
�
�����
� �"
��
 �	� #�
 ����(1���(;
���
�.���	�
 3	����(



������ ,�
 �
����!�������
� 0
���	�

� ���
� ����!���
 ��

�����
 ��� #�
�
 �"
��
 

��
�
��<

.�� �� #�
�
� -���
7� ����
� #���� ��

�< #�9 #�
 ����(1���(;
���
�.���	�
 �� #�
�
� 0
���	�(



� �
����������
� .��#� �� 
�����
� K
�3� .�����
��.
��< #�
�
� 4	����
����
 
7���3�� �	�3	(

3
�

�� 4	 #�
�
� 4.
��
 .	�#
� #�
 0
���	�

� �	� 3.
� !
�����
#
�
 ;
��
� �����	��
��< 	�

#�
 ����(1���(;
���
�.���	�
 	��
�#����
� 3	 �8��
�� '��

�#
 ;


 .	�#
� 

.����D

• #�
 /����

���.��#�
�
�� .	�#
 �� #
� 0
���	�

� �	� 
��
� ;
�� 
�89
� ��� c = 2/α ≈ 274



�
�3��� ,� #�
 �
����!�������
� �"
��
 �� 
��
� ���.����	�
 #
� ,����( �
���	�
 ����

�
��
� #
� ����8#��

�( �
���	�
 ��� 
��
� '����� �Lc2 �����
�
�< ���� ��� �	� #�
�


;
��
 ���
 �
����!�������
� 1
����

 >����
�
"
��< ����(1���(;
���
�.���	�
 	�# ,��(

.���
��? �� #
� ,����( �
���	�
 �����	��
�
� 	�# #�
�
 ��� �
�� 
��9
 � ���
3	 
7��� ��

#�
 ����8#��

�( �
���	�
 ��
�����
�� '�� /����

���.��#�
�
��
� ��
��
� ��� #�� .���
 �<

���� ��� �
����!�������
 �"
��
 ��������� !
������
��

• ,�
 ,����( �
���	�
 .	�#
 �
�
���! �����	��
��< ��#
� #
� ��� #�
 ����(1���(;
���
�.��(
�	�
 !
����.�������
 �
�� ��� 
��
� �����
�	�
������� ξ �	������3�
�� .	�#
 G��
 +*H� &	�

#�
�
 &�� ���� #�
 ����(1���(;
���
�.���	�
 
��3���� �	�

������
� .
�#
� >ξ = 0?< ���


#�9 #�
 ��#
�
� �
����!�������
� �
��
 �

��F	9� .
�#
�� ;���� ��� ξ > 1< �� ���� ���

��
�� #�
 ����(1���(;
���
�.���	�
 ��������� !
������
��

,�
�
 �
�#
� �����	������
� .	�#
� ��� !
�����
#
�
 ;
��
 #
� �����
�	�
������
�
� (c0/c)2

	�# ξ2 �	� #�
 1
�
���	�
 #
� /
������
�
����
����� ��� #�
 /

�
�	�
 '
20@�80 >�
�������? ��

(

.��#��� ,��
� .	�#
 #�
 �����
��
 0
���	�
 ����	��!
 #
� ���
������
�
���	�
 ��� K
#
� ;
��

#
� �����
�
� �
	 

�
���
�< 	� #�
 �����	������
� �������
�� #	���3	����
� >�	��������� 4?�

'�� #
� �������
� >

����
��
�? ;�#
�����# 
�
��� ���� ���

�#
� 1��# >4< &����?D ��.��� #�


���8�	�
 #
� /����

���.��#�
�
�� ��� �	�� #�
 ,����	�
 #
� ����(1���(;
���
�.���	�
 !
�(

���#
�� #
� 0
��.�#
�����# �
����������� 5�  �
�3���� c → ∞ 
����� ��� ���  �
�3.
�� #
�

;�#
�����#< #
� ���� �	� #
� 4.
��������#
�� 
�
����� '�� ξ = 0 
����� ��� 
��
� 

���
��(


�
 �8�
�
� ;�#
�����#� ,�
�
� ��
��
 J��
�����
# ��� �	� #�
 �
�#
� ��#
�
� �
����!�������
�

�"
��
 3	����3	����
�< #�
 �
� #
� ����(1���(�����
�	�
 ����� 	��
�#����� .
�#
�� ��� ��
��

����1��� $��&�����O
�c0 ��� ��� (�&�� )��&�����&(�����%���
����&� �A�&���� �
��&����



�%� 3� &����������������� "4����

����< #�9 #�
 ����(1���(;
���
�.���	�
 !�� #
� �
����!�������
� �"
��
� ��� #
� 
�
�������
�

;�#
�����# !�� '
�����
�
�
� �
� .
��
� #
� ;�����
��
 ����  
�� ��� 3	� 1
�
��� ���������


���
#��
�
� /����

���.��#�
�
��
� �#
� !
�������
� ����(1���(;
���
�.���	�
 ��
�< �� ��
��

���< #�9 #�
�
 �����	������
� 3	 
��
� ���8�	�
 #
� ;�#
�����#
� ����
��

,�
 &���������
 #
� ��
�
��.�#
�����#
� ��� 
�
������ !�� #
� �����
�
�� (c0/c)2 	�# ξ2 ��(

���
�
� ,
� ��
�
��
 !�� &	�
��
�.
�� � ��� #�
�
 �
�#
� �����
�
� 3	� ;
�� @	��< ����� 3	


��
� !8���

� 6
����.��#
� #
� &���������
 >4< &����?� A8�
�
 ;
��
 ��� � ����
� #�



� 3	


��
� !
�������
� &���������
� &	� #�
�
 ;
��
 ���� ��� 
7���3�� ����.
��
�< #�9 #�
 &���������


#
� ��
�
��.�#
�����#
� ���
���� 
�� �"
�� #
� ����(1���(;
���
�.���	�
 ���< .�
 
� �
�
���

!�� ���� !
��	�
� .��#
� .���

'�� #
� �������
� A���.�#
�����# 
�
��� ���� 
�� �������
� 1��# .�
 ��� #�
 &���������
 #
� ;�(

#
�����#
� >4< &���%?D #
� ��
�
��
 !�� #
� ,����( �
���	�
 3	� ����8#��

�( �
���	�
 ��9�

ρH !
����.��#
�< 
��
 6
������	�
 #
� �
����!�������
� �"
��
 ����� 
�
������ 3	 
��
� 6
�����(

�	�
 #
� �������
� A���
"
���� ;�
#
� ��� #�
 ����(1���(;
���
�.���	�
 .
�� .�����

� ��� #�


��#
�
� �
����!�������
� �"
��
�

/���6 +"��	����������

 ��!�����
�
�����
 �"
��
 .
�#
� �� #
� /��
���	� ��
�.�


�# �� 0���
� #
� 4.
������(

��#
��� !�� ���� G��� �%H #���	��
���� 5� 0���
� #�
�
� ��#
��� .	�#
 #�
 1
3�
�	�
  ��

���� ��

�
��
��< #�
 #�
 �������
 &���������
 #
� ��
�
��.�#
�����#
� ��� #
� �����	�

�8��
�

0
�����!����
� ρ↑ 	�# ρ↓ ����
��
�� 	�# #�
 ��
� �������� ��

�����
�
� .
�#
� ����D

∆ρ

ρ
= γ

(
ρ↓

ρ↑
− 1

)
= γ(α − 1) ��� α =

ρ↓

ρ↑
>���?

�� 
�����
� �	� ��� .�����
��.
��< 
��
 ,���	����� #
� 
��!�����
�
�����
� ��

�������
� �
���(

��
�
�����
� /

�
�	�

� �� 0���
� #
� 
��.���
��
� '����(��������
�(�
���#
 �	�� �� -��(

�
7� #
� 4.
��������#
��� #	�������
� 3	 �8��
�� ,�
� 

���
< ��#
� 3	 K
#
� !��� �
����!�(

������
� /
������
�
����
���	�
 ���� 
��
 ������
����!�������
 4.
�������
���	�
 #	���

�����

.	�#
� ,�� ����3�� 
��
� �����
� 0
���	�
 ��� ���

�#
���9
�D 
��
� �
����!�������
�< ��������(

����
��
� --0CB�& 0
���	�
 �� 
��
� 3.
�������
���

� /

�
�	�
 ��


� !�
� ���������
�



/

�
�	�
����
�����
 V α
σ ��� α ∈ {A,B} 	�# σ ∈ {↑, ↓} 3	
�	�#
� ��� �
������
� �	� #�
 ��(

�
���������
 >V A
↑ < V B

↑ ? 	�# >V
A
↓ < V B

↓ ? ��� -�����
��
� 3.
�
� ������
�
�����
� ����
�
< #�

�	9
� 
��
� 

�
�����
� '
���
�
�
�
 ������ 

�
����� ���
�� &� K
#
� #�
�
� M/

�
�	�

�M

.��# 
��
 ������
����!�������
�	 B�&( 	�# -	��( �

�.��#(0
���	�
 #	���

������ ��� 
�����

�� 3.
� ;
��
 ��� #
� 
�
�������
� ;�#
�����#< #�
 #
� �����	�

�8��
� 0
�����!����
� ρ↑ 	�#

ρ↓ 
�����
��
��

����&� �
��&���� ������ ���
�������� �

� ��-
����1 -�
" ���&� /���� � �
���1 /���� ��� E�&������� ��� /7���� �� (��� 8����& ��� �%����������2������&�� ��1�����	�7������ 2��(�����



3�� ��05� #�% /�05� �%)

�����
 0
�����!����
� .	�#
� ��� #�
 ����
�
 '
C@� 	�# B�C@� �
�
���
� >>< &�����<��?� ���

��
��< #�9 #�
 0
�����!����
� ����� 	��
�����
#���� ���#< #�� 6
�������� α = ρ↓/ρ↑ ���� �
�� 
��9

;
��
 �������� ,
�  �	�# ��� #�
�
� J��
�����
# ��

� #���� �

���#
�< #�9 �� ����↑(1��#
#�
 �
�#
� -�����
��
� �
�� �������
 ���
	
�

�������
� ���
� 	�# #���� #�
 /

�
�	�
 ����

���� .�
 
�� ���������
��
�����
� !
������ ,�
�
 Q�������
�� #
� ���
		�
 ���� ��� �� #
�

�
������
� ����
�!
�����
�	�

� #
� #(���
	������ 
��
��
� >4< &���� 	�# >< &����?� ,�


0
�����3��������
� ��


� �� ����↑(1��# �	� #
� ��
�
�
����� !�
� 
�

� 3	����
�� &��
�#��
�
��9�
 ��� ���
�


����
� ����� �	� #�
 ��������
� �	� #
� ��
�
�
����� �
������
�< .�
 
�

�� 0
�����3���
�� >4< &����? 

��� .��#< ���#
�� �	�� #�
 '��� 	�# 1�
��
 #
� 0
�����3

�
����������

��

,�
 1��#
� ��� #�
 �
�#
� ���������	�

� ���# ����� !
�����
#
�< .�� ���
 '��� 	�# !��� #�


/�

 #
� '
���
�
�
�
 ���
���"�� 5� ����↑(1��# ��� #�
 '
�������
 .
�� ��
����� #
� #(1��#(
-����
7
� ��

��
#
��< .���
�# ��
 �� ��#
�
� �
�����# #�
 #(1��#
� ����
�#
�� ,�
� �
.����

�	� �� .
�
������
� #�� �� 6
�
�
��� 3	 ρ↑ !�
� 
�89
�
 ρ↓� ,�
 	��
�����
#����
 /�

 #
�
'
�������
 �
����! 3	 #
� 1��#
�� .���� ���� ��
� �	�� �	� #�
  �89
 #
� 6
��
7����
��	�
� �	�D

�� ����↓(1��# ���# #�
 6
��
7����
��	�
� �
�� ��
��< .�� 
7��� #
� ���	����� �	� #
� ��(�
���
�
�
��
 #
� /

�
�	�
�����
�� B	C�� 
������������ ,�
 ����↑(1��#
� ���



� .
��
� &��
��
 #
�
6
��
7����
�	�
� ��� *:R �	�< .�� #
� ���	����� �
� B	(�
���
� B	C��(/

�
�	�

� 
����������

,�
 6
��
7����
��	�
� ���# �
� 
���

� /

�
�	�

� ��
�� �

���!�

,�
 ;�#
�����#
 �� ����↑(1��# ���# !��� ��� B�C@� �� ��
��< #�9 

���

 Q�#
�	�

� �� #
� ��(
�
�����������	����� ����� �
����! 
��9
 6
�����
�	�

� #
� ;�#
�����#
� �
.���
�� &� '
20@�80

.	�#
 #�
� #
�������
��< ��#
� #�
 ���
�����
 #
� �
�#
� /

�
�	�
�������
��
� 	� 
���



�0�# 



�
����#
� !
������
� .	�#
�� &	� ρ↓ .���� ���� #�
�
 6
�����
�	�
 !�
� .
��

� �	�
��� �	� ρ↑ >>< &����?�

@��� #
���#
�� ��� #�
 �������
 &���������
 #
� ��
�
��.�#
�����#
�< #�� �	� #
� 4.
������(

��#
�� �	�

��	� ��� GB�� ):�H< �����
  �� ��� 

��
�< α ���� ������������ 3	� ��& �
��� ,�9 #�
�

�� #
� ��� #
� '��� ���< �����
 ��� '
C@� 	�# B�C@� 
7���3�� 

3
�
� .
�#
� >>< &���%�<%�?� ���

��
�� �	� #�
�
� &����#	�

� �	9
�#
�< #�9 #�� 6
�������� 3.����
� �
����!�������
� 	�# ��

0���
� #
� 4.
��������#
��� �
�
���
�
� ;�#
�����# ρ̄/ρ2c >>< &���%�<%�? ���
3	 �
��
��

������������ 3	 α ���D

ρ̄/ρ2c ≈ Cα, >��%?

.��
� #�
 -�������
 c ��� '
C@� 3	 %*< ��� B�C@� 3	 ): �
������ .	�#
� α 	�# #�
 ��& ���#

#�



� ����� ���
�
 ������������ 3	
����#
�< .
��
� K
#��� 
��
� �������
� 6
���	� �	�� ,�


�������
< #�9 #�
 ���������������� ����� ���
�
 
���< 3
�
�< #�9 #�
 M-�������
M γ ��  �� ��� !��

#
� -��3
�������� �����

� �	9� ��� ���� �	� #
� 	�

�
���
� ;

 

�
�< 	�# �	� ��& 	�#

ρ↑ ��.�
 ρ↓ #�
  �89
 γ �
�
���
�� ,�
� .	�#
 

�����< ���
�#��
� 	��
� 4	����
����
 
��
�

�����&� �
��&���� ��+



�%$ 3� &����������������� "4����

6
����� !��  �� ���< #�
 ��
�
��

 3.����
� #
� �
�#
� ��������
�
� ��� 
��
� �����
�
�

ρ↑↓ �
����
��� >�<  ��� 	�# %? G'
� �$< '
� �+< I�� )*H� 0
�	���� #�
�
� &	�.
��	�
 ���< #�9

γ ����� !�� #
� 4	����
��
�3	�
 �����
�
 ��� >>< &����?� �7�������
�� ��� #�
 �
�
���
�
�

;
��
 ��� γ ���� �::R @�< �� 
����� ��� 
��
 �
�� 
	�
 ��
�
�������	�
 ��� 
7�
���
��
�� ��

!
�#����
� @���
��

�
�	�

� 

�
��
�
� ;
��
��

,
� 6
���	� !�� ρ↑↓ ��� 
�
������ ���
�
����� 	�# .��# ��� ρ̄ 	�# ρ2c !
�
����
� >>< &���%�<%�?D

5� '
C@� ��� ρ↑↓ ��� #�
 ����
��
���
 �
��
 !�
� 
�89
� ��� #
� 4.
������.�#
�����# ρ2c< �� B�C@�


��� #�
� ��
�� ��� #
� 
��3
� -��3
����������
�
���� ,�� �
#
	�
�< #�9 �� #�
�
� /

�
�	�

�

#
� A�	���
����
 #
� ���
		�
 �� ����↑(1��# !�� ���
	���3
��
� �
������< #�
 #�
�
 ��
�����
�
��� ����↓(1��# ����
����

,�
 &�����
 !�� ρ↑↓ 3
�
�< #�9 #�� 
������
< �	�  �� ��� ����
�
�#
 4.
��������#
�� �	� #�
 /
(

�
�	�
�����
�
 '
C@� 	�# B�C@� ����� ��

.
�#
� .
�#
� ����� �7�
���
��
�� 	��
� &�����


#
� 4.
��������#
��� �
������
 0
�����!����
� ρ↑ ���# #	���.

 	� 
�� ��� 3.
�  �89
���#�	�(


� 3	 
��9 >>< �����?� �� ��� #��
� 	��
#��
� 
����#
�����< #�
 #	��� #�
 ����(1���(-����	�


!
�	������
� ��
�
��

 3.����
� #
� ����(�
�����#
�� 3	 �
����������

�< .
�� ��� 
�� ���(

�
��
� 1��# !�� #
� ���������!��
��

� 
�����
� .���� ,
�  �	�# ��� #
� ���
�����
� �����


#
� 4.
��������#
��� �
� #
� ������	�
 #
� 
��!�����
�
�����
� ��

�������
� !�� @���
��
(


�
�	�

� ��

� #����< #�9 #�
  �
���	�
  �� ��� #��� ������

 0
�	����
 ��� #�
 ��& ��
�
��< .
��

��� �� ��
 ;
��
 ��� ρ↑ 	�# ρ↓ 
���
�3�< #�
 ���
��
��� 	��
� &�����
 #
� 4.
��������#
���



.���
� .	�#
�� ,
� �����
 !��  �� ��� �
.
��� ���� �
#�
����< #�9 #�� 4.
��������#
�� ���

�
��
� &�����
� �������
�� ����

/���7 &��
�	
�� '�������$���������

,�
 -	��( �

�.��#( �
���	�
 ��
�
�� 
��
 
7���
 1
����
��	�
 #
� /
������
�
��������
�� 	�#

�	�
�����
 ;
��
 ��� ���������
�89
�< #�
 �� �
����! 
	�
� ��
�
�������	�
 ��� 

�
��
(

�
� ;
��
� ��
�
�� ,�
 ���	��	� #
�  �
���	�

� ��� K
#��� �
����! ������3�
��< �� #�9 ���

�	� ���.
� 
�� ������	����
� 1��# !�� ������������3
9 �
������ ,
� ������3 #
� 1���3����(

 �
���	�
 �� #
� !�� &	���
� ����� ����
� !
�.
�#
�
� '��� ��
�
� ��
� 
��#
	��
 6���
��
< #�

#�
 #��
� �	���	��
�#
� 1�������
� ��
������	������
� 
��
 ������	����
 ,
	�	�
 #
� �����(

�������3
��
� 3	����
��

������
� 3	� &	�.
��	�
 #
� -	��( �

�.��#( �
���	�
 .	�#
 #
����� �	�� #���� �

���
�<


��
 5��
���
������ #
� ��

�����
 #
� -	��( �

�.��#( 0
���	�

� ����
�� 1�������
� ��
�(

�����	������
�< '
���F���
� 	�# ��� A���
 #
� 1���3����( �
���	�
 !��3	�
��
��

����
 0
�	����
 ��


� !�� >�	��������� �NG1�� +)�H? 	�# 3
�

�< #�9 ���� �� �
�����
�
�����
�

/

�
�	�

� ��� K
#
 ���������	�
 
��
 
�

�
 ,���
�������
������ >�< &����? �3.� '
���F���


>�< &����? #
E��
�
� ��9�� ,�
 ���������
�

� 4.
�

 #
� ,���
�������
������ �3.� '
���F���


��ρ↑↓ %��� �1 �
����� ���&� �� ?��1 ����� >����������� �� ��� ��&�1�����&�� /�&���
��� �����D���&��� (������

(�� �� �� �

� ��- ��D���� ���



3�� /�0�% #�% /�0�� �%+

��
�����
� ���� �� #
� �
����!�������
� 0
���	�
 K
#��� #	��� A����#���
�	�
< #� #�
 ����T	��(

�
�3��� ms �� &�.
�
��
�� #
� ����(1���(;
���
�.���	�
 �
��
 
	�
 U	���
�3��� ����

3�� )

�
�	�
�����
�
 .�/�$ 	�$ .�/��

/���� 3����������

4? �����5 �? 9����
5 >? �������	 $

/
������0�� ���������� �������
��� �& &�������
���� 4�6,� �
� 4�6,� ������

����� 0
!� �"!< $%)+($%$� >�++�?

/���� ����������	

@
�
� #
� �� !����


��

�
� &�������� 	��
��	���
� /

�
�	�

� �	� 3.
� �
�����
�
�����
�

-������	
��
� .	�#
� 3.
� /

�
�	�

� 	��
��	���< #�
 �	� 
��
� �
�����
�
�����
� 	�# �	�


��
� ������
�
�����
� ��
�
�� �
��
�
�� ,�
 /

�
�	�

� B�C�# 	�# B�C�� .	�#
� �	�

(

.����< #� 
� 3	 �
�#
� ����
�
� �
	
�
 
7�
���
��
��
 J��
��	��	�

� #
� 
��!�����
�
�����
�

 �89
� 
��� GI
� +�< I
� +�< I
� +��< I
� +%H�

/���� ��	�"����	����

,�
 �
����!������� �
�
���
�
� �������
� 0
��.�#
�����#
 >�$��N3? �����
� ��� #�
 �
�#
� /
(


�
�	�
�����
�
 B�C�# 	�# B�C�� �
��� 
	� ��� 
7�
���
��
��
� G�
� ))< A��3 )$< A	� )+<

�� $%H ;
��
� ��
�
�� >$< &����?� ��.��� #�
 ��������
� #
� ;�#
�����#���7��� ��� �	��

#�
 �����	�
� ;
��
 .
�#
� 
	� .�
#
�



�
�� ,�
� ��
�� ��  


����3 3	 #
� ����
�
� '
C@�

	�# B�C@�< .� �
����������
 &�.
���	�

� 3	 !
�3
����
� .��
�� ,�
 �����	�
� ;
��
 #
� ;�(

#
�����#
 ���# ���
�#��
� !�� ���
� ��� B�C�� �	� 
��
� !�
� �8�
�
� @�!
�	< ��� ��� #�
 @���
�(

�

�
�	�

�< .�� �	� #�
 !�
� �8�
�
 J���#�	�
 �� #�
�
� ����
�
� 3	����3	����
� ���� ,
�

�8�
�
�  ��# #
� J���#�	�
 
��
��� ��� T	�������! �� 6
���	� #
� ����
�!
�����
�	�

� ���

'	������ #
� ��
�
�
 ��� #
� �
������
� #(���
	����� ��� K
#
 #
� -�����
��
� >$< &���% ��

6
�
�
��� 3	  < &����?� 5� '
C@� ���# #�
 0
�����3
� #
� ����
�!
�����
�	�

� >δ = π/2? ��

����↑(1��# ��� #�
 �
�#
� -�����
��
� �
� ���
3	 #
� �
��
� ��
�
�
 3	 E�#
�< .���
�# ��

��� B�C�# 	�# �
���#
�� �
� B�C�� �	� #
� ��
�
�
����� .
�� �	�
����#
� ��


�� ,�
 6
��
7(

����
��	�
� ���# �� �
�#
� /

�
�	�
�����
�
� ����� �
�� 
��9� /
#�
���� ��� B�(�
���
 B�C�#

/

�
�	�

� ���

� #�
 6
��
7����
��	�
� ��� 3	 �*R 3	� 

����
� /
������
�
�� �
��

/���� ���	������� ��	 ��	�"����	�����	 8')�9

,�� &���������
!
�������� #
� ��
�
��.�#
�����#
� .	�#
 ��� �
�#
 /

�
�	�

� �	� ρ‖ 	�# ρ⊥
�
�
���
� 	�# ��� 
7�
���
��
��
� ;
��
� !
�
����
� >$< &���*?� ��.��� ��� B�C�# ��� �	��

��� B�C�� �����
� #�
 �
�
���
�
� ;
��
 �
��� 
	� ��� #
� �7�
���
�� ��
�
��� /
#�
����



�*: 3� &����������������� "4����

��� B�C�# /

�
�	�

� ��� �
�� ��� �: ���R B� ���# #�
 �
�
���
�
� ;
��
 	� 
�.�� �R 3	

��
��� 5� #
� B�(/

�
�	�
�����
�
� �����
� 1
�
���	�
 	�# �7�
���
�� ���� ��.��� ��� #
�

�������
� ;�#
�����# ��� �	�� ��� #�
 &���������
 �
��� 
	� ��
�
��< .���
�# ��� '
C@� �
�#


 �89
� 
��
 &�.
���	�
 3
�
�
�� ,�� ����3� #�
 6
��	�	�
< #�9 3	���3����
< ����� !�� #
� B�&


���9�
 �������
 ���
		�
 #�
 &�.
���	�

� �
� #
� &���������
 !
�	������� &����
��
�# ���#

�����
 3	���3����
� �
��
 �
� B�C�# 	�# B�C�� �	� �� 

���

� ��9
 !�����#
�< .�� #�
 
	�
�

0
�	����
 ��� #�
 ��& ∆ρ/ρ 
�������

/���. +"��	����������

'�� #�
 �
�#
� B�(/

�
�	�
�����
�
 .	�#
� �����
 3	� 6��

�
��.
��
 �
� #
� @�(/

�
�	�

�

>&�������� ����)? #�
 0
�����!����
� ρ↑ 	�# ρ↓ �
�
���
� >$< &���� 	�# )?� '�� ���
 4	���(

�
��
�3	�

� ��� #
� ;�#
�����# �� ����↑(1��# ��
��
� ��� �� ����↓(1��#� ��� E�#
� ���� #�


�
���
 ���	����� !�� .�
 �
� '
C@� 	�# B�C@�< K
#��� ���# #�
 �
�#
� �������#
� ����� �� �����

��������
�� .�
 �
� #
� @�(/

�
�	�

�� ,�
 J�����
 ��� #�
 ����� ���������
�

� ;�#
�����#
 ���

.�
 �
� #
� ����
�
� '
C@� 	�# B�C@� #
� !
�����
#
�
  ��# #
� J���#�	�
 �� #
� �
�#
� ����(

���#
��� ,�
� ���� .�
#
� �	� #
� /�

 #
� 0
�����3
� #
� #(����
�!
�����
�	�

� ��

�
�
�

.
�#
� >$< &���%?< #�
 ��� ����↑ �� �
�#
� ����
�
� �	� #
� ��
�
�
����� ���
� 3	����
���


�
��� ��� ����↓�
ρ↑ 	�# ρ↓ �8��
� ��� 
7�
���
��
�� �
������
� ;
��
� !
�
����
� .
�#
� >$< &����? 	�#

3
�

� 
��
 �
��� 
	�
 ��
�
�������	�
 ��

������ #
� �������
< #�9 ��� #�
 
7�
���
��
��
 1
(

�����	�
 #
� �������#(0
�����!����
� GI
� +�H �
��� 
���
 @��
�	�

� 

����� .	�#
�� ,��


�
���
 
��� ��� #
� U	���
��
� α =ρ↓Lρ↑ >$< &���$?� A�
� 3
�
� ����< #�9 #
� �
�
���
�
 �����
(
�
� α !�
� �����
� ���3
�������������
�
 ��� ��� #
� 

�
��
�
 ;
��� ��� ���� #�
�
� ����!
�����

�	�� #	��� #�
 1
�
���	�
 
��
� ���3
��������������
�

� ����(1���(-����	�
��
��� γ �	�(

#����
�< #
� ��� �
�#
 /

�
�	�

� �� 1
�
��� 	� �*���R B� ��7���� ���� 5� #
� 
7�
���
��
��
�

&	�.
��	�
 .�� #�



� 
��
 ��������
� γ !���	�

�
�3� .��#
��

&	� #�
�
� &�����
� 
�

�
� ���� 3.
� -���
��
�< #�
 3	 
��
� ���
� &���������
 #
� ��
�
��(

.�#
�����#
� ����
�D

• #�
 ����(1���(;
���
�.���	�
 ��� �����

• #�
 �������#(0
�����!����
� ρ↑ 	�# ρ↓ ���# ����� !
�����
#
�

5� '���
 !�� B�C�# 	�# B�C�� 
�
��� ����< #�9 #�
 ����(1���(;
���
�.���	�
 �� �
�#
� '���
�


�.� 
�
��� ����� ���< #�
 !
�����
#
�
 &���������
 #
����� ���
�� #	��� #�
 	��
�����
#���� ���
�

α 3	����#
����
��























PHYSICAL REVIEW B 15 OCTOBER 1997-IIVOLUME 56, NUMBER 16
Applicability of the two-current model for systems with strongly spin-dependent disorder
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The resistivities of the ferromagnetic alloy systems Fe-Ni and Co-Ni were studied in detail by application of
first-principles techniques. For that purpose the Kubo-Greenwood formalism was applied on the basis of
electronic structure data obtained using the spin-polarized Korringa-Kohn-Rostoker coherent potential approxi-
mation method of band-structure calculation for randomly disordered ferromagnetic alloys. One set of calcu-
lations was carried out fully relativistically, while for a second one the well-known and often applied two-
current model was used. We compare the results of the two approaches as well as the difference between the
calculated two-current resistivities and the resistivities obtained experimentally by the usual decomposition
based on the two-current model. We discuss the validity of the two-current model for the systems investigated
and the reason for the apparent success of this model.@S0163-1829~97!09140-6#
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I. INTRODUCTION

Many interesting and technologically important effects
ferromagnetic alloys have their origin in the symmetry
duction due to the presence of spin-orbit interaction. Co
sponding examples are the anisotropy energy,1 magneto-
optical properties,2 and galvano-magnetic effects such as
spontaneous magnetoresistance anisotropy and the an
lous Hall effect.3,4 In addition to these spin-orbit induce
phenomena, spin-orbit coupling also influences conventio
physical properties as could be demonstrated recently for
isotropic residual electrical resistivity.5

For the discussion of electronic transport properties
ferromagnets usually thetwo-current model6 is used. This
model assumes that the majority and minority electron s
systems contribute independently to electronic conduct
Electrons that are part of one of the two spin subbands
scattered by chemical disorder, lattice imperfections,
phonons in a different way, giving rise to two spin
dependent partial resistivitiesr↑ and r↓, respectively.
Mechanisms that change the spin direction of an electron
assumed to either vanish or be weak.7 In the latter case one
introduces correction terms that describe the effect of s
mixing ~see below!. Possible spin mixing mechanisms a
scattering by magnons, electron-electron interaction,
spin-orbit interaction. Magnon scattering vanishes
T50 K and the effect of electron-electron scattering
negligible,8 thus concerning residual resistivity one can co
centrate on spin-orbit interaction, which is of course alwa
present.

In the past there have been several indications that s
orbit effects are by no means of minor importance for el
tronic conduction at zero temperature. Mertiget al. have
pointed out that the abnormally small values for the resid
resistivities of 3d impurities in nickel that they obtained us
ing the Boltzmann equation in connection with the tw
current model might originate from the absence of spin m
ing in their model.9 In a similar way Butleret al. interpreted
560163-1829/97/56~16!/10165~7!/$10.00
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their results for magnetic multilayer systems.10

Recently it became possible to investigate these quest
in great detail by calculating the resistivity of ferromagne
alloys using the first-principles Kubo-Greenwood formalis
based on solutions of the Dirac equation.11 Thus all relativ-
istic effects including spin-orbit interaction could be tak
into account and the spontaneous magnetoresistance an
ropy could be calculated in satisfying agreement with exp
ment without having to treat spin-orbit effects as a pertur
tion or use simple parametrizations.11 By manipulating the
Dirac equation, it could be shown explicitly that spin-orb
interactions cause the magnetoresistance anisotropy.4 This
rigorous, relativistic approach is used in the present work
supply proper theoretical reference data for calculations
the isotropic residual resistivity for the binary alloy system
Fe-Ni and Co-Ni based on the two-current model. In bo
alloys it was found that the two-current model strongly u
derestimates the isotropic resistivity. Reasons for this sh
coming will be given.

The Kubo-Greenwood formalism has recently been
tended to be able to deal with layered systems.10,12 It is ex-
pected that calculations of the electrical conductivity of ma
netic multilayer systems will reveal that spin-orbit effects a
at least as important in these complex systems as they a
‘‘normal’’ bulk ferromagnetic alloys.

The alloy systems Fe-Ni and Co-Ni were chosen beca
they exhibit the strongest spontaneous galvanomagnetic
fects of all alloys known, comparable to the giant anisot
pies observed in certain amorphous ferromagnets.13 There-
fore, the importance of spin-orbit-induced effects w
expected to be more pronounced in these alloys than in
loys with smaller effects such as, e.g., Co-Pd and Co-Pt5

II. THEORETICAL FRAMEWORK

A. Simple and extended two-current model

As mentioned above, the basic idea of the two-curr
model is that the two spin-subsystems of a ferromagnet c
10 165 © 1997 The American Physical Society
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10 166 56JOHN BANHART, H. EBERT, AND A. VERNES
tribute independently to the total conductivity or resistivit
respectively.6 Accordingly, without any spin-flip processe
the two subband resistivities add like those of two para
resistors and the resulting average isotropic resistivity is s
ply given by

r̄5S 1

r↓
1

1

r↑D
21

. ~1!

If spin mixing is considered, the expression for the to
resistivity can be modified to account for this effect by i
troducing a parameterr↑↓ describing the rate of spin-flip
transitions.8,14,15This leads to the expression

r̄5
r↓r↑1r↑↓~r↓1r↑!

r↓1r↑14r↑↓
. ~2!

Slightly different expressions have been obtained
Malozemoff.16

The hypothetical subband resistivitiesr↑ and r↓ cannot
be measured directly. Usually they are derived by measu
deviations from Matthiessen’s rule for ternary alloys or t
temperature dependence of the resistivity of binary alloy17

In both cases one assumes the validity of the two-cur
model and neglects spin mixing, hoping that this will n
affect the results too much. It will be shown below that th
assumption is often by no means justified and that the re
tivities obtained in this way cannot be interpreted as par
subband resistivitiesr↑ andr↓ in a strict sense.

Assuming the validity of the two-current model, the rat
a5r↓/r↑ of the partial resistivities can be determined in
alternative way by measuring the differenceDr between the
resistivities parallel and perpendicular to the spontane
magnetization. If again spin-mixing effects are neglected
can write15

Dr

r̄
5gS r↓

r↑
21D5g~a21!, ~3!

whereDr/ r̄ is the so-called spontaneous magnetoresista
anisotropy~SMA! ratio. The parameterg is introduced as a
measure for the momentum transfer between the two
systems due to spin-orbit coupling.

For the case that spin mixing has to be considered,
relation is more complicated and the spin-flip parameterr↑↓

can be used again:15

Dr

r̄
5g

~r↓2r↑!r↓

r↑r↓1r↑↓~r↑1r↓!
. ~4!

In the following, Eqs.~1! and ~3! will denote the simple
two-current model, while Eqs.~2! and ~4! specify the ex-
tended one. Concerning both models one should note tha
clear, comprehensive definition or interpretation is given
the existing literature neither forg nor for the parameterr↑↓.
The parameterg has been determined, e.g., for nickel-bas
alloys by measuring the SMA anda for various alloying
elements and plottingDr/ r̄ versus (a21) using Eq.~3!.
Values for g obtained this way15,18 range from 0.0075 to
0.010 for nickel alloys. Equation~1! has also been use
within theoretical investigations in connection with th
Boltzmann equation,9 as well as the more rigorous Kubo
l
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Greenwood linear response formalism10 to calculate the iso-
tropic resistivityr̄ of spin-polarized materials.

B. Kubo-Greenwood formalism

A very sophisticated way to deal with transport propert
of randomly disordered alloys has been introduced
Butler19 by combining the Kubo-Greenwood formalism wit
the Korringa-Kohn-Rostoker coherent potential approxim
tion ~KKR-CPA! method of band-structure calculation fo
alloys. The CPA is the most reliable so-called single-s
alloy theory that makes use of a hypothetical medium me
to represent the configurationally averaged electronic st
ture of a disordered alloy. Using the multiple scattering
KKR formalism, respectively, this medium is determined
demanding that substitutionally embedding one of the co
ponents of the alloy system should not cause any additio
scattering on the average.20 Accordingly, performing self-
consistent KKR-CPA calculations for binary alloys, there
just one potential well connected to each of the compone
Moreover, mostly the potential wells are assumed to
spherically symmetric, i.e., the muffin-tin or the atomi
sphere approximation is made.

Originally, the Kubo-Greenwood formalism was com
bined with the nonrelativistic KKR-CPA for paramagnet
alloys.19 However, this approach could be straightforward
applied also to ferromagnetic alloys by using it to calcula
the spin-projected resistivitiesr↑(↓) separately in the spirit of
the two-current model. Accordingly, the total resistivity
obtained by use of Eq.~1!. Apart from the questionable us
of the two-current model, this approach obviously does
give access to the spin-orbit-induced galvanomagnetic
fects such as the spontaneous magnetoresistance aniso
and anomalous Hall resistivity. In contrast to this, these p
nomena are accounted for if the Kubo-Greenwood formal
is combined with the spin-polarized relativistic~SPR! ver-
sion of the KKR-CPA.11,21 Inclusion of spin-orbit coupling
within the description of the underlying electronic structu
properly accounts for the reduced symmetry compared to
paramagnetic state, leading automatically to the proper n
diagonal form of the conductivity tensor.2 Furthermore, the
influence of spin-orbit coupling on the isotropic resistivity
included from the very beginning without making use of t
two-current model.

III. RESULTS AND DISCUSSION

A. Spin-dependent disorder within the two-current model

Both theoretical approaches sketched above were use
investigate the residual resistivity of the ferromagnetic al
systems Fe-Ni and Co-Ni. fcc structures were assumed
the two alloy systems, although this does not reflect the t
situation in Fe-Ni, where fcc alloys can only be prepared
to around 60% Fe.22 Iron rich Fe-Ni alloys are expected to b
composed of a bcc/fcc mixture and eventually the Fe3Ni
phase.

In a first set of calculations the Kubo-Greenwood form
ism was used in combination with the two-current mod
This means that conductivity calculations were perform
separately for the minority and the majority subbands of e
alloy. For this purpose, the potentials for each spin direct



A
n

se

h
a

,
-

in

i
le
o

in
ll
a
re
us
o

t
re
ti

ha
so

t
rif
te

-
er
o a
ved

ay,
ve,

in
ood

ts
on-

ical

ne
for

eri-
pa-

m

56 10 167APPLICABILITY OF THE TWO-CURRENT . . .
were treated as if they represented a paramagnetic alloy.
cordingly, the two subbands possess a different electro
structure having only the Fermi energy in common. Con
quently, the corresponding partial resistivitiesr↑ andr↓ ob-
tained this way can be expected to be quite different. T
can indeed be seen in Fig. 1, where these quantities
shown for Fe-Ni and Co-Ni. Whiler↑ takes very low values
especially for Co-Ni,r↓ is found to be quite large. Conse
quently, the corresponding ratioa5r↓/r↑ is also rather high,
reaching values of up to 370 for Fe-Ni and 3800 for Co-Ni
contrast to valuesa'20– 30 determined experimentally.

The reason for these very different partial resistivities
that, depending on their spin character, the conduction e
trons effectively seem to see a strongly different degree
disorder, i.e., loosely spoken, there is a strongly sp
dependent disorder present. This is because for both a
systems the majority potentials of the two components
rather similar, while for the minority spin the potentials a
shifted against one another in a pronounced way. To ill
trate this point, we plot in Fig. 2 the resonance positions
the d-electron phase shift for Fe20Ni80 in the paramagnetic
and ferromagnetic state. These quantities correspond to
atomic level positions of a tight-binding description and
flect for the paramagnetic state the more attractive poten
of Ni compared to Fe. The additional exchange splitting t
is quite different for Fe and Ni has the effect that the re
nance positions for the majority channel get quite close
one another, while those for the minority spin channel d
further apart. As a consequence, the majority spin sys
behaves more or less like a virtual crystal system20 with its

FIG. 1. Subband resistivities for the alloy systems Fe-Ni~a! and
Co-Ni ~b! calculated assuming the two current model. Open sy
bols: majority resistivityr↑, full symbols: minority resistivityr↓.
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density of states~DOS! curve sharply structured. The elec
tronic structure of the minority spin system, on the oth
hand, is much more influenced by the disorder leading t
DOS curve that is strongly smeared out. Using spin-resol
Bloch spectral functionsAks(E) ~Ref. 20! ~for Fe-Ni these
curves can be found in Refs. 23 and 24! to represent the
electronic structure of these alloys in a most detailed w
one would get, according to the behavior described abo
very different relaxation timests for the two spin systems.10

This means that determining the partial resistivitiesrs by
means of the Boltzmann equation would lead to results
accordance with those obtained using the Kubo-Greenw
formalism and shown in Fig. 1.

As r↑ is extremely small especially for Co-Ni, the resul
depend to some extent on the details of the potential c
struction. This might explain the lower values forr↑ found
for Permalloy by other authors10 who used the muffin-tin
construction, while the atomic sphere approximation~ASA!
has been used here. To illustrate this somewhat techn
point, model calculations have been performed for Fe0.2Ni0.8
with the potentials of two components shifted against o
another. As Fig. 3 shows, there are only minor changes
r↓ with the potential shift, whiler↑ reacts in a very pro-
nounced way on this artificial distortion.

The CPA approximation used here assumes perfect p
odicity and neglects any correlation concerning the occu

-

FIG. 2. Resonance positions of thed-electron phase shifts of Fe
and Ni in Fe20Ni80 in the para- and ferromagnetic state.

FIG. 3. Subband resistivities for the alloy Fe20Ni80. The energy
of the muffin-tin zero for the iron potentialE was shifted with
respect to the original zeroE0 . The resistivities forE2E050 cor-
respond to the ones given in Fig. 1~a!.
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10 168 56JOHN BANHART, H. EBERT, AND A. VERNES
tion of neighboring sites. In line with that the configuratio
ally averaged Green’s function can be written as
concentration weighted sum of the component-projec
Green’s function, of which there is only one per compone
Accordingly, there is a common and unique potential co
nected with each component within the CPA. However, e
for a lattice, where the components are distributed rando
the neighborhoods of equal kinds of atoms show some fl
tuations. Therefore, the potential of a given type of at
may be slightly different on different lattice sites. Normal
the difference between atom typeA and typeB is much
larger than the small fluctuations of each potential type,
in situations such as in the majority spin bands of Fe-Ni a
Co-Ni, where the componentsA and B behave virtually in
the same way concerning the scattering of electrons, the
ference might be important. Moreover, the slight positio
disorder due to the different atom radii of the compone
and short-range order effects, both omitted in the CP
might contribute to the resistivity.

Evaluating the Kubo-Greenwood equation one calcula
a configurational average of a pair of Green functions a
expresses it by averages of a single Green function. T
gives rise to vertex corrections that can be accounted
within the CPA formalism. They correspond to th
scattering-in terms of the Boltzmann equation and are imp
tant whenever the scattering is not isotropic. In a previo
investigation of the alloy system Cu-Pt it was seen that v
tex corrections are large, when the Fermi energy level
well above thed-band complex in the regime ofs and p
states, and low when the Fermi energy cuts thed bands.25

This is exactly the behavior of the nickel alloys investigate
the vertex corrections, expressed byxVC5(rNVC /rVC
21), are very small for the minority spin band of Fe-Ni an
Co-Ni ~i.e., xVC,1%! where the Fermi energy states ha
mostly d character, and very important for the majority sp
band ~Fe-Ni: xVC5225% to 26%, Co-Ni: xVC5240%
to 150%! where the states are predominantly ofs and p
character.

B. Comparison with fully relativistic results

In the following the total resistivity calculated within th
framework of the two-current model by means of Eq.~1! will
be denoted byr̄2c . This has to be distinguished from th
resistivity r̄5(2r'1r i)/3, which is calculated fully relativ-
istically without any assumption concerning spin mixin
The resulting two-current resistivityr̄2c is compared tor̄ in
Fig. 4. Obviously,r̄2c is far smaller than the resistivityr̄ for
both alloy systems. Comparison of the proper relativistic
sult with experiment is not done here, because the main
terest is with the results of the two theoretical approach
Nevertheless, one should note that the experime
resistivities28 are much higher than the calculated ones11

This applies in particular to the invar regime of the syst
Fe-Ni where additional contributions tor̄ such as scattering
from magnetically ordered clusters might be importa
which cannot be included straightforwardly within our a
proach based on the CPA. However, this does not affect
comparison of the two theoretical models, which both ma
use of the CPA. Note also that the present results for Fe
e
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are slightly smaller than the ones given in a previo
calculation11 due to a somewhat different potential constru
tion.

The pronounced difference between the resistivities
tained by the two approaches is emphasized by plot
r̄/ r̄2c , which is given in Fig. 5 for the two alloy systems
One sees thatr̄ is larger than the two-current model resisti
ity r̄2c by up to a factor of 8 for Fe10Ni90 and 55 for
Co20Ni80. Thus, the simple two-current model is complete
inadequate to deal with the resistivity of the two alloy sy
tems investigated here. This is less pronounced for Fe
than for Co-Ni, where it leads to an isotropic resistivityr̄2c
that is almost two orders of magnitude smaller than
proper relativistic resultr̄. This finding is completely in line
with the corresponding importance of spin-dependent dis
der. While for Fe-Ni the majorityd levels shown in Fig. 2
are still somewhat apart, they nearly coincide for Co-Ni, g
ing rise to an extremely low partial resistivityr↑ and a rather
low r̄2c . This situation is drastically changed if spin-orb
coupling is taken into account. The effect of spin-orbit inte
action is to allow electrons to be scattered from one s
subband to the other. Thus, some electrons in the majo
subband having low resistivity are scattered into the mino
subband where the scattering probability is very high. A
though the fraction of electrons that flip their spins is pro
ably quite low because the corresponding spin-orbit scat
ing cross section is rather small for light atoms such as
Co, or Ni, this mechanism adds enormously to the resistiv
of the majority subband.

There have been many successful applications of the t
current model to a large variety of alloy systems includi

FIG. 4. Resistivities for the alloy systems~a! Fe-Ni and ~b!
Co-Ni: triangles, relativistic resistivitiesr̄; full squares, two-current
model resistivitiesr2c ; open squares, spin-mixing parameterr↑↓.
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56 10 169APPLICABILITY OF THE TWO-CURRENT . . .
the systems studied in the present paper. This seems to
contradiction to the results presented above and one m
ask for the reason for this success. The reason the
current model seems to work so well is the fact that
subband resistivitiesr↑ andr↓ that are used to interpret th
experimental data are themselves deduced from experim
assuming the validity of this model. The success of su
investigations therefore merely proves the consistency of
two-current model with its own assumptions.

Because spin-orbit interaction increasesr↑ so effectively,
one does not obtain a measure for scattering in the low
sistance subband from the analysis of, e.g., the resistivit
ternary alloys but a sum of pure majority spin scattering a
a contribution due to minority spin scattering weighted
some spin-flip matrix element. The partial resistivities d
duced from experiment are therefore not subband resistiv
in a strict sense, but at the most some kind of ‘‘effectiv
resistivities.

The problem becomes obvious from Table I wherer↑,
r↓, anda from an experimental analysis, a theoretical imp
rity calculation and the present results are compared. Cle
the values forr↓ are similar for all three cases, but the valu
for r↑ anda are totally different. Note that even the calc
lated minority spin resistivities of the present work and
Ref. 9 differ considerably due to the problems with the p
tential construction mentioned in Sec. III A. Neverthele
both are obviously much lower than the experimental ‘‘
fective’’ resistivities. The partial resistivitiesr↑ andr↓ have
been deduced from experiment not only for diluted, but a

FIG. 5. Quantities related to deviations from two-current mo
for Fe-Ni ~a! and Co-Ni~b!. Squares: parametera/C, open squares
ratio r̄/r2c , diamonds:Dr/ r̄ @SMA ~Ref. 11!#. For further details
see text.
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for concentrated alloys. For Fe-Ni and Co-Ni Muthet al.26

determined the subband resistivities using Eqs.~1! and ~3!
~see also a discussion by Berger on this30!. These authors
find pronounced maximum values ofr↓ for Fe15Ni85 and
Co35Ni65, respectively, which are not present in our theor
ical curves obtained by using the two-current model calcu
tions ~see Fig. 1!. This is understandable because a quant
tive decomposition ofr into r↑ and r↓ based on the
assumption of vanishing spin-orbit interaction must fail f
Fe-Ni and Co-Ni because of the reason given above.

That the strongly spin-dependent disorder in the two al
systems Fe-Ni and Co-Ni is responsible for the failure of
simple two-current model is obvious from the fact thatr̄2c
deviates much stronger fromr̄ for Co-Ni than for Fe-Ni~see
above!. In addition this can also be seen by comparing
ratio r̄/r2c and a. One finds that the two quantities are a
most proportional to one another

r

r2c
'C

r↓

r↑
5Ca. ~5!

This is demonstrated in Fig. 5 wherer/r2c anda/C are
compared with C set to 45 for Fe-Ni and to 70 for Co-N
One easily notes that the two-current model results dev
the more from the proper results the more the resistivity
the two subbands differs, i.e., the higher the ratioa is.

C. Spin-orbit related parameters r↑↓ and g: SMA

Another way to demonstrate the importance of spin-or
effects is to use Eq.~2! and to insert the calculated values f
r↑ andr↓ together with the fully relativistic resistivityr̄ to
determine the spin mixing parameterr↑↓. The result is in-
cluded in Fig. 4 for the two alloys. One sees that for Fe-
very high values up to 1.3mV cm are obtained. For low iron
concentrationsr↑↓ is essentially the total resistivity, i.e., th
most effective scattering for majority electrons is via sp
orbit interaction into the minority subband. For Co-Ni th
situation is even more dramatic: the spin-orbit interact
induced scattering dominates over the entire composi
range. There have been attempts in the literature to de

l

TABLE I. Resistivities for Fe and Co impurities in Ni~in
mV cm/at. %!, low concentration limit for Fe-Ni and Co-Ni~from
present work, 1 at. % Fe or Co, given inmV cm!. The lettersE and
T in the last column indicate experimental and theoretical wo
respectively.

Alloy r↓ r↑ a5 r↓/r↑ Ref.

FeNi 4.8 0.44 17.7 17 E
3.26 0.45 7.35 27 E
7.3 0.34 21.5 29 E
6.50 0 ` 9 T

Fe1Ni99 4.14 0.01 414 Present T
CoNi 2.6 0.20 13 17 E

2.0 0.15 13.2 27 E
4.3 0.13 33 29 E
6 0.2 30 14 E

3.79 0.041 92.4 9 T
Co1Ni99 2.1 0.0028 750 Present T
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10 170 56JOHN BANHART, H. EBERT, AND A. VERNES
r↑↓ from measured data. One such attempt starts from
~4! using experimental values forDr/ r̄ and values forg and
a determined from measurements on ternary alloys.31 But as
this procedure implies use of the two-current model with
spin mixing, the results have to be taken with care. For
diluted with Fe and Co, values forr↑↓ atT50 K between 0.2
and 0.35mV cm were found. This is somewhat more th
the calculated values for comparable Fe or Co contents
the same order of magnitude~see Fig. 4!.

Another manifestation of spin-orbit interaction is the o
currence of spontaneous magnetoresistance anisotropy.
SMA ratio Dr/ r̄ calculated relativistically~for Fe-Ni see
Ref. 11! is compared to the ratiosr̄/r2c anda/C in Fig. 5.
Apparently there is a close correlation between SMA a
a/C, especially for Fe-Ni, as one would expect on the ba
of Eq. ~3!. However, because in deriving this equation t
assumptions of the simple two-current model are used,
coincidence cannot expected to be perfect.

Up to this point it has become clear that the use of E
~1! and ~3! leads to erroneous results for systems with
strong spin-dependent disorder. If one accepts Eqs.~2! and
~4! as valid for situations with strong spin mixing one c
determine the parameterg in Eq. ~4! by using the calculated
subband resistivities, the spin mixing parameterr↑↓ shown
in Fig. 4, and the calculatedDr/ r̄. The corresponding result
are shown in Fig. 6. For both alloy systems we find ma
mum values for the composition where the maximum SM
value occurs and decreasing values for lower nickel conte
If one extrapolates the calculated values forg to the limit
xNi51, one finds that they agree well with the paramet

FIG. 6. Parameterg calculated from Eqs.~2! and ~4!. Vertical
bar: experimental values for the dilute limit of both alloy syste
~Refs. 15 and 18!.
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determined experimentally for dilute FeNi and CoNi alloys
@0.0075–0.01~Refs. 15 and 31!#. The reason for this is tha
these experimental values are obtained using consistently
expressions based on the simple two-current model. T
procedure obviously leads to results similar to those base
Eq. ~2!, i.e., the extended two-current model together w
our correctly calculated subband resistivities. This again
lustrates how one can obtain apparently meaningful res
by repeatedly neglecting the crucial spin mixing contrib
tion.

IV. SUMMARY

The electrical resistivity of the alloy systems Fe-Ni a
Co-Ni was investigated in two different ways: by treating t
alloy and transport problem fully relativistically and by sep
rately calculating the resistivity of each spin system, th
assuming the validity of the simple two-current model. F
the alloy systems studied here we found that the two-cur
calculations yield spin-subband resistivities that differ mu
greater than one would expect from experimental consid
ations and that lead to an average resistivityr̄2c that is much
too small compared to the proper relativistic resultr̄. This
demonstrates that a coupling of the two spin subsystem
spin-orbit interaction can be of crucial importance in contr
to the basic assumption of the two-current model in its m
simple form.

It is therefore concluded that an application of this mod
for deriving spin subband resistivities from experimen
data leads to effective resistivities that might be quite diff
ent from values calculated directly. As it has been dem
strated, the use of the simple two-current model is the m
problematic the more pronounced the spin-dependent di
der is for the system under investigation. This finding
completely in line with our recent work on Co-Pd and Co-P
where the two-current model works reasonably well a
where spin-dependent disorder is much less pronounced
for Fe-Ni and Co-Ni.
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First-principles calculations of the electrical conductivity of disordered ferromagnetic alloys based on the
Kubo-Greenwood formalism and the spin-polarized relativistic Korringa-Kohn-Rostoker coherent-potential-
approximations method are presented. Application to the alloy systems Co-Pd and Co-Pt yields results for the
isotropic and anisotropic residual resistivity which are in very satisfying agreement with experiment. In addi-
tion, scalar-relativistic calculations of the isotropic residual resistivity were performed on the basis of the
two-current model for these alloy systems, and were found to agree with the relativistic results fairly well.
@S0163-1829~96!01336-7#

I. INTRODUCTION

The transport properties of ferromagnetic alloys show a
remarkable feature: their resistivity depends on the direction
of the electrical current with respect to the direction of spon-
taneous magnetization even for a vanishing external mag-
netic field. This behavior is reflected by the shape of the
resistivity tensor, which for cubic systems with a magnetiza-
tion vector in thez direction takes the form1

r5s215S r' 2rH 0

rH r' 0

0 0 r i
D , ~1!

with r' and r i being the transverse and longitudinal resis-
tivities, respectively. The off-diagonal elementrH represents
the spontaneous or anomalous Hall resistivity,2 which shall
not be considered in the present paper. The spontaneous
magnetoresistance anisotropy~SMA! is defined by1

Dr

r̄
5

r i~B!2r'~B!

r̄~B!
U
B→0

, ~2!

wherer̄5 1
3(2r'1r i) is the isotropic resistivity. Experimen-

tally the SMA is found by measuringr i(B) and r'(B) as
functions of the applied magnetic fieldB, and by subsequent
extrapolation toB50. In general, the electrical resistivity is
found to be higher for the current aligned parallel to the
magnetization than for the current perpendicular to the mag-
netization ~i.e., r i.r'), but the opposite situation is also
encountered in a few cases.3

It is important to note that the SMA as defined in Eq.~2!
must not be confused with the conventional magnetoresis-
tance which is defined as aB-dependent function
Dr/r5@r(B)2r(0)#/r(0). In contrast to this situation, the
external magnetic field here is applied just to align the spon-
taneous magnetization.

The interest in the anisotropic resistivity is of twofold
origin: first there are important technological applications for

the effect such as, for example, for magnetic recording
devices.4,5 Here the goal is to find alloys which exhibit large
SMA ratios at room temperature, and which can be prepared
as thin films. On the other hand, the effect is interesting from
a theoretical viewpoint: unlike the conventional magnetore-
sistance which is due to the Lorentz forces acting directly on
the conduction electrons, the SMA cannot be explained this
way. The reason for the occurrence of a resistance anisotropy
even for vanishing magnetic fields must be seen in the re-
duced symmetry of the crystal lattice due to the alignment of
the magnetic moments. The scattering of the electrons then
depends on the angle between the current and the magneti-
zation vector because of the spin-orbit interaction.6

Smit6 and later Campbell and co-workers7,8 carried out a
series of investigations on nickel-based alloys which exhibit
very high anisotropy ratios for low temperatures, and applied
the two-current model of electrical conduction in order to
explain the SMA. However, more recent theoretical investi-
gations of nickel alloys, and here mainly the system Fe-Ni,
seem to indicate that the two current model does not work
very well for these alloy systems2,9,10 because of an unusu-
ally low scattering rate in the majority-spin band. In contrast,
the alloy Co-Pd, which also has a high SMA and has recently
attracted attention of experimentalists,11–14 is expected to be
more suited to be described in terms of the two-current
model. We have chosen this alloy system as well as the
system Co-Pt in order to test the recently developed method
of first-principles calculation of anisotropical transport coef-
ficients, allowing also for an assessment of the two-current
model.

II. THEORETICAL FRAMEWORK

A straightforward and rigorous access to galvanomagnetic
effects is supplied by the Kubo-Greenwood equation for the
conductivity tensors,15,16

smn5
\

pVcryst
Tr^ j mImG

1~EF! j nImG
1~EF!&conf.. ~3!
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HereG1(EF), representing the electronic structure of the
system, is the positive side limit of the single-particle Green
function at the Fermi energyEF , j m is themth spatial com-
ponent of the electronic current operatorj , and ^ & conf. de-
notes the atomic configuration average for a disordered alloy.
A very accurate determination of the electronic Green func-
tion G1(r ,r 8,E) in real space is achieved by using the
Korringa-Kohn-Rostoker~KKR! method of band-structure
calculation or, in other words, on the basis of multiple-
scattering theory:

~4!

Here ZL(r ,E) is the regular solution to the Schro¨dinger
equation~or Dirac equation; see below!, andtL,L8(E) is the
scattering path operator — the central quantity of multiple-
scattering theory. To deal with a randomly disordered alloy
the corresponding configurational average of the Green func-
tion is obtained in a most reliable way by using the coherent-
potential-approximation~CPA! alloy theory. This single-site
theory ignores any correlation in the occupation of neighbor-
ing atomic sites, i.e., atomic short-range order, and aims to
supply a hypothetical ordered CPA medium that represents
the configurationally averaged electronic properties of a dis-
ordered alloy. Within the multiple scattering formalism, the
CPA medium is described by its single-sitet matrix tCPA and
its scattering path operatortCPA, and specifying the CPA
medium consists in solving the CPA equations

tCPA5
1

VBZ
E

VBZ

d3k@~ tCPA!212G~k,E!#21,

tCPA5xtA1~12x!tB, ~5!

tA5@~ tA!212~ tCPA!211~tA!21#21.

Here an alloyAxB12x has been assumed, and use has been
made of the fact that the CPA medium is ordered, and
tCPA can be determined by a Brillouin-zone integral with
G(k,E) the so-called KKR-structure constants.

Having determined the electronic Green function
G1(r ,r 8,E), Eq. ~3! can be evaluated in a rather straightfor-
ward way. For paramagnetic systems the corresponding ex-
pression forsmn has been worked out in great detail by
Butler.16 In particular he has shown how to deal with the
configurational average of the product of two Green func-
tions in the framework of the CPA, that primarily deals with
the configurational average of one Green function. The ex-
pressions derived by Butler have been applied so far with
great success in their original nonrelativistic form17 as well
as their corresponding fully relativistic form18 to calculate
the residual resistivity of various alloy systems.

To obtain access to the SMA in the limitT50 K, Butler’s
approach was generalized recently2 by evaluatingG1(EF)
using the spin-polarized relativistic version of the KKR-CPA
~SPR-KKR-CPA!.19 This scheme, based on the Dirac equa-
tion for a spin-dependent potential derived from local spin-
density-functional theory, accounts on the same level —
without using any parameters — for all relativistic effects as
well as for the magnetic state. A direct consequence of this is
that the symmetry reduction due to the simultaneous pres-
ence of spin-orbit interaction and magnetism — giving rise

to the form ofr in Eq. ~1! — is automatically accounted for.
Finally, one has to mention that using the SPR-KKR-CPA
there is no need to rely on the two-current model anymore.
This is the case because the SPR-KKR formalism accounts
in a natural way for the fact that the electronic states have in
general no unique spin character. Therefore, no artificial sub-
division of the electronic current into spin-up and -down
parts has to be assumed. Nevertheless, whenever it is pos-
sible and sensible in the following, the residual conductivity
of the investigated alloy systems will be discussed on the
basis of the spin-projected electronic structure.

III. RESULTS AND DISCUSSION

A. Electronic structure

To provide the basis for the calculation of the conductiv-
ity tensor~see above! the electronic structure of a series of
Co-Pd and Co-Pt randomly disordered alloys has been cal-
culated using the SPR-KKR-CPA method of band-structure
calculation.19 All these calculations have been performed us-
ing potentials that have been created within the framework of
local spin-density-functional theory20 in a scalar-relativistic
way, i.e., omitting the spin-orbit coupling. As representative
examples for the results of the SPR-KKR-CPA calculations,
that account for the spin-orbit coupling, the spin-projected
density-of-states~DOS! curves for Co40Pd60 and Co40Pt60 are
given in Fig. 1. For both systems the partial DOS of Co is
strongly exchange split, with a corresponding magnetic mo-
ment that increases monotonously with decreasing Co
concentration.19 For Pd and Pt, the hybridization with Co
states also gives rise to a small exchange splitting for these
components, resulting in an induced spin magnetic moment
of some tenth of a Bohr magneton.19 The main difference
between the systems Co-Pd and Co-Pt is obviously the
widths of the Pd and Ptd bands. The higherd-band width in
the case of Co-Pt is due to the fact that thed-wave functions
of Pt are less localized than those of Pd and, to a lesser
extent, due to the higher spin-orbit coupling strength of Pt. A
consequence of the higherd-band-width of Pt, compared to
Pd, is the weaker hybridization with Co states and a smaller
resulting spin magnetic moment. However, more important
for the conductivity is the influence on the DOS at the Fermi
energy. As can be seen in Fig. 2, the difference for the spin-
resolved DOS at the Fermi energy,n↓(EF) andn

↑(EF), re-
spectively, decreases much faster for Co-Pt than for Co-Pd as
function of concentration. As will be discussed below, this
will have important consequences for the isotropic resistivity
r̄ as well as the SMA ratioDr/ r̄ for these alloy systems.

B. Relativistic calculation of transport properties

The fully relativistic treatment of the electrical conductiv-
ity or resistivity, respectively, yields a tensor which is re-
duced in symmetry, thus reflecting the presence of magnetic
ordering @see Eq.~1!#. Averaging the diagonal components
of this tensor gives the isotropic resistivityr̄ which can be
compared to the experimental resistivity measured on mag-
netically saturated polycrystalline samples, whereas the dif-
ference between the diagonal components is a measure of the
SMA according to the definition in Eq.~2!. All calculations
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presented in the following were carried out including angular
momenta up tol max53in the angular momentum expansion
in Eq. ~4!. The Brillouin-zone integration in Eq.~5! as well
as in that connected with Eq.~3! has been evaluated using a
special direction method ink space21 with a very fine grid to
ensure the convergency. In all calculations the vertex
corrections,16 that account for the difference of Eq.~3! and

its simplified version with the average of the product of two
Green functions replaced by the product of two averaged
Green functions, were included. This description of the cal-
culations also apply to those performed in a scalar-
relativistic way without spin-orbit coupling~see below!. Fur-
ther technical details can be found in Ref. 18.

1. Isotropic resistivity

The calculated isotropic resistivities for the alloy systems
Co-Pd and Co-Pt are shown in Fig. 3. Also included are from
various sources, the corresponding experimental data mea-
sured at low temperature.

Obviously, the agreement between calculated and mea-
sured resistivities is very good for Co-Pd. The maximum
value of the resistivity in this system~16mV cm! as well as
the composition for which the maximum occurs~about 20%
Co! are well reproduced by the calculations. The proper
treatment of angular momenta up tol max53 is essential for
this result, because an angular momentum expansion with
l max52 leads to much higher resistivities. As mentioned,
the calculations include the vertex corrections. It was found
that their contribution increases from about 2% for 5 at. %
Co to about 25% for 80 at. % Co.

For the system Co-Pt the calculated resistivities are much
higher than for Co-Pd, reaching almost 40mV cm for 30
at. % Co. This agrees in a satisfactory way with the experi-
mental maximum of about 35mV cm at that composition.
As for Co-Pd inclusion off states is important. The relative
difference 12 r̄2 / r̄3, wherer̄ l is the calculated residual re-
sistivity with angular momenta up tol included, drops from
0.59 to 0.31 as one goes from 5 to 80 at. % Co.

For Co-Pt the vertex corrections are quite small, contrib-
uting less than 3% to the total conductivity over the entire
composition range. From the experience with paramagnetic
alloy systems,18 one can conclude that for this case the ver-
tex corrections are the more important the lower thed DOS
at the Fermi level is. For Cu-Pt,18 for example, this applies to
the noble-metal-rich side of this system. For ferromagnetic
systems, on the other hand, the vertex corrections seem to be
more important, if thed DOS at the Fermi level is low at

FIG. 1. Spin-projected density of states for Co40Pd60 ~top! and
Co40Pt60 ~bottom! calculated using the SPR-KKR-CPA method.

FIG. 2. Spin-projected density of statesn(EF) at the Fermi en-
ergy level for Co-Pd (d) and Co-Pt (s) calculated for the two-
spin bands in the scalar relativistic way. Full line: majority spin;
dashed line: minority spin.

FIG. 3. Residual isotropic resistivityr̄ of disordered Co-Pd
(d) and Co-Pt (s) alloys. Full lines: calculated including vertex
corrections; broken lines: calculated omitting vertex corrections.
Experimental values for Co-Pd were taken from Refs. 11 and 12
(h) and Ref. 22 (L), and for Co-Pt from Ref. 14 (n).
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least for one spin subsystem~see also the discussion below
of the two-current model!. For this reason, they are more
pronounced for Co-Pd compared to Co-Pt, and more impor-
tant on the Co-rich side of both systems~compare Fig. 2!.

The reason for the higher residual resistivity of Co-Pt as
compared to Co-Pd can be made clear with the help of the
scattering phase shiftsd2 for the d electrons. These quanti-
ties determine the position and width of thed bands~see Fig.
1! and have a resonancelike shape for transition metals. For
the spin-polarized relativistic situation, this quantity should,
in principle, be represented by a matrix. However, to obtain
an impression of the relative importance of the exchange and
spin-orbit splitting, the phase shifts ford3/2 and d5/2 states
have been calculated by solving the radial Dirac equations
using the potentials for spin-up and -down, separately. For
the majority-spin system the phase shifts of Co and Pd in
Co-Pd are very similar in position and width~see Fig. 4!. For
that reason, there is not much scatter due to chemical disor-
der. As a consequence a rather small resistivity can be ex-
pected. For the minority-spin system, on the other hand, the
phase shifts for Co and Pd are quite different because of the
different exchange splitting. For that reason a stronger scat-
tering due to chemical disorder and in turn an enhancement
of the total resistivity can be expected. For Co-Pt the situa-
tion is quite different from that for Co-Pd. Here the position
of the phase-shift resonance differs in position because of the
strong exchange splitting for Co and the strong spin-orbit
splitting for Pt. Thus stronger scattering due to chemical dis-
order and therefore a higher isotropic resistivity has to be
expected from these qualitative arguments for Co-Pt com-

pared to that of Co-Pd~see also the discussion in Sec.
IIIC1!.

2. Spontaneous resistance anisotropy

The anisotropy ratios~SMA! calculated from the trans-
verse and longitudinal resistivities are shown in Fig. 5 for the
two alloy systems Co-Pd and Co-Pt. Experimental values for
both systems are included for comparison.

Co-Pd shows remarkably high SMA values of more than
6% for concentrations higher than 20 at. % Co.12,23The cal-
culations reproduce the increase of the experimental data at
low Co concentrations very well. For higher Co concentra-
tions the calculated values are slightly too low. Note that the
SMA in Co-Pd is still as large as 1.5% even for very low Co
contents,23,24 which was attributed to local orbital moments
on the magnetic sites in Ref. 23. It is difficult to investigate
the concentration regime below 1% using the KKR-CPA be-
cause of the numerical difficulties encountered as one ap-
proaches the pure system limit. Nevertheless, the calculated
SMA value for 1% Co~1.2%! is in reasonable agreement
with experiment.

Co-Pd and Co-Pt show quite a different behavior with
respect to the SMA despite their similar electronic structure.
In contrast to Co-Pd the SMA for Co-Pt was found to be
below 1% throughout the whole concentration range.14,25

These findings are perfectly reproduced by the relativistic
calculation which reflects the slowly varying SMA in Co-Pt.
An explanation for this difference shall be given in Sec.
III C.

C. Scalar-relativistic calculations

The fully relativistic calculations presented above include
all effects of spin-orbit interaction and spin polarization, and
therefore lead to a very reliable description of the anisotropy
phenomena in context of transport properties. They are very
elegant because no assumptions regarding the nature of scat-
tering, as for example spin conservation, and the relative
importance of the various relativistic effects have to be
made.

In contrast to this, the discussion of spontaneous resis-
tance anisotropy was mostly based on the two-current model

FIG. 4. Phase shiftsd2 for d3/2 andd5/2 states of Co, Pd, and Pt
in Co20Pd80 ~top! and Co30Pt70 ~bottom!, respectively, calculated
using the potentials for spin-up~full curves! and -down~dashed
curves!. The difference of the resonance position for thed3/2 ~lower
energy! andd5/2 states~higher energy! can be taken as a measure
for the corresponding spin-orbit coupling strength.

FIG. 5. Calculated spontaneous magnetoresistance anisotropy
~SMA! ratio Dr/ r̄ of Co-Pd (d) and Co-Pt (s) alloys. Experi-
mental values for Co-Pd were taken from Ref. 12 (n) and Refs. 23
and 24 (L); for Co-Pt from Refs. 14 (h) and 25 (̂ ).
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in the past. It leads to the definition of spin-dependent sub-
band resistivitiesr↑ andr↓, which do not occur in the rig-
orous relativistic theory. Such an artificial decomposition of
the total resistivity is in general done on the basis of experi-
mentally observed deviations from Matthiessen’s rule for
nonzero temperatures or of experimental data for ternary
alloys.26 In addition, this model was used as the starting
point for resistivity calculations in the framework of trans-
port theories for alloys. Early calculations of this type were,
e.g., performed by Brouers, and coworkers27 and later in a
more rigorous way by Akai.28 Naturally, because of restric-
tions of the chosen approaches as well as technical ones, the
agreement with measured subband resistivities was not that
good. With the method presented here, however, much more
reliable calculations of the subband resistivities can be car-
ried out. For this purpose, a set of scalar-relativistic calcula-
tions was performed based on the same potentials and Fermi
energies as used for the relativistic calculations. Adopting
the scalar-relativistic approach, the spin-orbit coupling was
ignored, while all other relativistic effects have been ac-
counted for. As a consequence, any spin hybridization and
any scattering events that lead to a spin flip were omitted,
allowing to treat each spin subband system independently.
For these reasons, each spin subband appears like a paramag-
netic system, and the single subband resistivity tensors do
not show the anisotropy expressed by Eq.~1!.

1. Subband resistivities

The results for the subband resistivitiesr↑ and r↓ are
shown in Fig. 6 for the alloy system Co-Pd, and in Fig. 7 for
Co-Pt.

As can be seen for all the alloy compositions of Co-Pd,
the conditionr↓.r↑ holds with r↑(↓) the partial resistivity
for the majority-~minority-! spin system. The majority-spin
resistivity takes its maximum value at 13% Co, whereas the
minority-spin resistivity has its highest value at 40% Co. The
absolute magnitude of resistivity is much higher in the mi-
nority spin band, a feature which Co-Pd has in common, e.g.,
with most nickel alloys.26 The reason for this can again be
traced back to the phase shifts of thed electrons~Fig. 4!. As
a consequence of the very similar behavior of this quantity
for the majority-spin system for both components, the scat-

tering due to chemical disorder is quite low. This leads to a
relative small partial resistivityr↑. For the minority-spin sys-
tem, the situation is quite different. Here a strong scattering
due to chemical disorder gives rise to a much higher partial
resistivity r↓.

Turning to Co-Pt~Fig. 7!, one encounters a similar situa-
tion for the minority-spin system. The corresponding partial
resistivity is rather high, having its maximum value of al-
most 100mV cm at about 30–40 % Co. However, although
the minority-spin resistivities are quite similar for the two
alloy systems Co-Pd and Co-Pt, there is a big difference
between the alloys in the majority band, where Co-Pt has a
much higher resistivity. The phase shifts shown also for
Co-Pt in Fig. 4 immediately provide an explanation for this
finding: disorder is much stronger in the spin-up channel of
Co-Pt than in Co-Pd due to a much wider separation of the
relevant phase-shift resonances. Together with the higher
spin-projected DOSn↑(EF) for Co-Pt compared to that of
Co-Pd, a higher partial resistivityr↑ results accordingly.

2. Discussion in terms of the two-current model

Jen has calculated the subband resistivities of Co-Pd~Ref.
12! from experimental values for the SMA and the residual
resistivity by assuming the validity of the two-current model
and by using the theory of SMA given by Campbell, Fert,
and Jaoul~CFJ!.7 This approach ends with a simple relation-
ship between the isotropic resistivityr̄, SMA ratio Dr/ r̄,
and the partial resistivitiesr↑(↓):

1

r̄
5

1

r↑
1

1

r↓
~6!

and

Dr

r̄
5gS r↓

r↑
21D . ~7!

The phenomenological spin-orbit coupling parameterg
was assumed to be a constant over the entire composition
range. Its value was obtained by determiningr↑ andr↓ from
the measured temperature dependence of the resistivity for
the palladium-rich alloy Co5Pd95, and by investigating the
ternary alloy Co-Pd-Ni~see Ref. 11!.

FIG. 6. Subband resistivitiesr↑ andr↓ for Co–Pd. Solid circles:
calculated, open symbols: determined from experimental data by
Jen~Ref. 12!.

FIG. 7. Calculated subband resistivitiesr↑ andr↓ for Co-Pt.
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Although this procedure seems to be rather crude, the
results for the subband resistivities given by Jen~see Fig. 6!
agree quite well with the values obtained using the Kubo-
Greenwood equation. For high Co contents however, Jen’s
values forr↓ are lower, the values forr↑ higher than the
theoretical resistivities. Therefore, the ratioa5r↓/r↑, which
is apart fromg the central quantity in Eq.~7!, is larger for
the scalar-relativistic KKR-CPA calculation than deduced by
Jen. The theoretical and experimental values fora values are
compared with each other in Fig. 8.

It is important to note that the calculated ratioa is quite
close to the one determined experimentally for Co5Pd95
(a'2). For Co-rich Co-Pd, however, the calculateda ’s are
much larger than the experimental ones. Becausea was de-
termined directly for Co5Pd95 only, whereas its value for
other compositions was determined assuming a constant
spin-orbit coupling constantg derived from thisa, the major
reasons for the deviation seem to be the following. First of
all one has to keep in mind that Eqs.~6! and~7! were derived
for diluted alloys.7 Their application to concentrated alloys
therefore seems to be questionable. Furthermore, there is no
justification for takingg to be concentration independent.
Originally, this quantity was meant to represent the spin-
orbit coupling strength for the component with the higher
concentration.

With the theoretical data fora ~Fig. 8! and the SMA ratio
Dr/ r̄ ~Fig. 5! available, the parameterg can be obtained
using Eq.~7! in a straightforward way. Corresponding results
are shown in Fig. 9. In addition, values forg are given that
have been obtained from the theoretical data fora and the
experimental one for the SMA from Fig. 5. As one can see
for both data sets, the calculated parameterg is far from
being constant and much smaller than the value used by
Jen.12 As can be seen in Fig. 9, the parameterg has a maxi-
mum at around 13% Co and decreases monotonously with
increasing Co content from about 0.015 to 0.04. Although
the numerical results differ somewhat, these gross features
obviously apply to both data sets.

Turning back to the ratioa in Fig. 8, one notes that even
for 1% Co a is far away from the value expected for a
paramagnetic system (a51). This shows that even for dilute
Co-Pd alloys exchange splitting is strong enough to produce

different subband resistivities. In experiments, however, this
effect would be masked by contributions to the resistivity
which do not depend on the spin direction~such as thermal
contributions or nonmagnetic impurities and lattice imper-
fections! and which become increasingly important as one
approaches the pure system Pd.

The ratioa for Co-Pt is much smaller than that for Co-Pd
for all concentrations. This of course reflects the fact that the
majority-spin resistivity for Co-Pt is much higher than that of
Co-Pd.

One can calculate a spin-orbit coupling parameterg for
Co-Pt in the same way as for Co-Pd using the calculated
a ’s and either calculated or measured values forDr/ r̄. Be-
cause the scatter ofDr/ r̄ as a function of composition is
fairly large for both cases, reflecting the difficulty in accu-
rately determining the small differences betweenr' andr i
by experiment or calculation, the calculatedg scatters in the
same way. The values obtained, however, are in the same
range as for Co-Pd, i.e., decreasing from 0.015 on the Pt-rich
side to 0.005 on the Co-rich side. This again shows thatg is
far from being constant. In addition, the fact thatg is very
close to the data for Co-Pd sheds some doubt on the physical
meaning of this parameter. If there were a direct connection
with the average spin-orbit coupling strength, one would ex-
pectg to be noticeably higher for Co-Pt than for Co-Pd. The
only feature that is in line with this expectation is the mo-
notonous decrease ofg for Co concentrations above 13%.

Having determined values for the parametersa and g
occurring in the CFJ theory@Eqs.~6! and~7!#, one can try to
interpret the findings for Co-Pd and Co-Pt in terms of this
theory. The major consequence of Eqs.~6! and ~7! is that
there are two conditions which have to be satisfied to obtain
a high anisotropy of the electrical resistivity. The first is the
presence of strong spin-orbit coupling, which allows elec-
trons to change their spin orientation while they propagate
through the crystal or are scattered at lattice sites. The prob-
ability of these processes is represented by the parameter
g. These effects are also present in paramagnetic alloys, but
do not cause any anisotropy of the transport coefficients be-
cause a second condition is required to give rise to the SMA
or the anomalous Hall resistivity: if the subband resistivities

FIG. 8. Ratio of minority and majority resistivitya5r↓/r↑ for
Co-Pd (d) and Co-Pt (s) alloys. Measured values for Co-Pd ob-
tained by direct measurement (h) or by extrapolation (L) ~Ref.
11!.

FIG. 9. Spin-orbit coupling parameterg for Co-Pd calculated
according to the CFJ theory@Eqs.~6! and~7!#. Using the theoretical
values forr↓/r↑ and forDr/ r̄ the theoretical (d) or the experi-
mental (L) ones, respectively. In addition, the constant value for
g used by Jen~Ref. 11! is given.
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r↓ andr↑ are different, as expressed by their ratioa, the spin
transitions and the hybridization of states transfer some of
the resistivity from the subband with the higher resistivity to
the band with the lower one, and cause a pronounced change
of the total isotropic resistivity. Because of the anisotropy of
this transfer, the SMA results. In the case of Co-Pd and
Co-Pt the parameterg for the two-alloy system is similar,
but the lower degree of disorder in the majority-spin band of
Co-Pd makes the spin-orbit scattering more effective in this
alloy and causes an SMA, which is for some compositions
up to six times larger in Co-Pd than in Co-Pt.

3. Isotropic resistivity

In the two-current model without any spin mixing, the
subband resistivities can be added up to the total isotropic
resistivity according to Eq.~6! ~parallel circuits!. In the fol-
lowing, the corresponding result will be denotedr̄2c . If the
two-current model were valid,r̄2c would be similar to the
total resistivity r̄, calculated relativistically, becauser̄2c
contains all influences present in the relativistic calculation
except those due to the spin-orbit interaction. Any difference
betweenr̄2c and r̄ can therefore be ascribed to spin-orbit
related effects which go beyond the two-current model. Fig-
ure 10 shows the two quantities in comparison.

One sees that the relativistic result forr̄2c agrees withr̄
quite well. For both alloy systems the two-current calculation
yields the asymmetrical resistivity curve also observed for
the relativistic calculations and for the experimental resistiv-
ities. In both cases, however, the results based on the two-
current model are slightly smaller than the resistivities cal-
culated relativistically, indicating that there is some extra
resistivity induced by the coupling of the two spin systems
via spin-orbit interaction. The relative difference between
relativistic and two-current calculations is larger for Co-Pd
than for Co-Pt.

Based on the properties of the partial resistivitiesr↑(↓) for
these systems, one concludes that the two-current model
works better the smaller the difference betweenr↑ andr↓ is.
This is completely in line with our previous results for

Fe20Ni80.
10 For this alloy an extremely pronounced differ-

ence of the partial resistivities occurs. As a consequence in-
clusion of spin-orbit coupling is essential for this alloy,10

because omission of the spin-orbit interaction reduces the
resistivity to less than one third of its original value.

D. Relativistic model calculations

In order to show explicitly that relativistic effects are re-
sponsible for the observed resistivity differences shown in
Fig. 10, we performed relativistic model calculations based
on two different manipulations.10 In a first calculation the
speed of lightc was set to a value eight times higher than the
correct valuec0 (c0 5 274 in atomic units! in an arbitrary
manner. Because all leading relativistic effects–such as the
mass velocity, Darwin, and spin-orbit coupling terms —
scale according to 1/c2 with the speed of light, this setting
should give rise to results corresponding to the nonrelativis-
tic limit. In a second calculation the spin-orbit interaction
was ‘‘turned off’’ by manipulating the Dirac equation fol-
lowing a method described in Ref. 29.

These two types of calculations were applied to the alloy
Co20Pd80, with the resulting resistivities shown in Fig. 10.
Both values are very close to each other, and similar to the
result obtained from the two-current model. Obviously, the
suppression of all relativistic influences or spin-orbit effects
reduces the resistivity to about 70% of its relativistically cor-
rect value. The nearly identical values for the two manipula-
tions show that indeed the spin-orbit interaction is respon-
sible for the resistivity difference, and that other relativistic
effects are only of minor importance.

IV. CONCLUSIONS

In conclusion, the fully relativistic spin-polarized KKR-
CPA in conjunction with the Kubo-Greenwood theory for
electrical conduction allowed for a rigorous and parameter-
free calculation of the anisotropical resistivity in disordered
Co-Pd and Co-Pt alloys. The agreement with experiment is
very satisfying. Two current calculations allow us to use and
test the theory of Campbell, Fert, and Jaoul. It is seen that the
basic message of this theory is correct: the resistance anisot-
ropy is promoted by two mechanisms, the spin-orbit interac-
tion and the difference between spin-up and spin-down resis-
tivities. In this picture, the two-alloy systems Co-Pd and
Co-Pt have similar levels of spin-orbit-induced scattering,
but the higher ratio ofr↓/r↑ for Co-Pd causes the much
higher resistance anisotropy for this alloy. However, despite
the success of the two-current model it is seen that accurate
values for the total resistivity require relativistic calculations.
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FIG. 10. Residual isotropic resistivityr̄ of disordered Co-Pd
and Co-Pt alloys. Circles: fully relativistic calculations; squares and
diamonds: calculations in the framework of the two-current model
(r2c). Relativistic calculations for Co20Pd80 with the spin-orbit cou-
pling turned off (n) or with a high value for the speed of light
(^ ).
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Abstract. Employing the Kubo–Greenwood formula, the electrical conductivity of disordered
layered systems is formulated in terms of the (screened) Korringa–Kohn–Rostoker method and
the coherent potential approximation. It is shown that the elements of the electrical conductivity
tensor can be described in terms of ‘layer-diagonal’ and ‘layer-off-diagonal’ contributions. In
order to discuss effects of the underlying electronic structure on the electrical conductivity, but
also to point out particular contributions to it, Bloch spectral functions are formulated. A spin-
polarized (relativistic) application of the present theory to non-collinear disordered magnetic
multilayers allows one to discuss giant magnetoresistance (GMR) on anab initio level in quite
a general context.

1. Introduction

The giant magnetoresistance of magnetic multilayers is interesting both for the physics
needed to explain its origins and because of its applicability to emerging computer
technologies [1]. Although there is a consensus that this effect comes from the magnetic
field changing the spin dependent scattering of the conduction electrons, there are several
‘open questions’ both experimental and theoretical. Among the outstanding ones is that of
whether it is the dependence of the electronic ‘band structure’ of a multilayer system on the
orientation of the magnetization in the magnetic layers or the intrinsic spin-dependence of the
single site scattering potentials that is the dominant cause for the magnetoresistance observed
in these structures. Anab initio calculation of the electrical conductivity for magnetic
multilayer systems implies as a first stage a self-consistent determination of the electronic
structure of the ferromagnetic and antiferromagnetic configurations of a given system,
including a total energy calculation to ascertain which configuration is the ground state. To
determine the electrical conductivity or resistivity, however, one has to introduce scattering
into a perfect system such as impurities in the bulk part of a layered system, geometrical
roughness and chemical interdiffusion at the interfaces, grain boundaries and magnetic
domain walls. We will focus our attention on the scattering arising from interdiffused
interfaces, since the spin-dependent scattering in the magnetic multilayers which display
giant magnetoresistance (GMR) is concentrated especially at interfaces. The algorithm

0953-8984/96/417677+12$19.50c© 1996 IOP Publishing Ltd 7677
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for calculating the conductivity of random homogeneous alloys, namely the KKR CPA
(Korringa–Kohn–Rostoker coherent potential approximation) approach, has been shown to
be quite successful [2]. First attempts to extend this kind of approach to layered systems
by employing the layer KKR CPA were made by Butleret al [3–6]. The results up to
now have already led to interesting physical insights, although they seem to be not quite
compatible with the experimental size of the MR. The present paper is based on the general
applicability of the so-called screened KKR CPA (SKKR CPA) method for layered systems
[7], which makes use of a ‘surface Green’s function’ approach and which has already been
applied successfully in the context of non-relativistic [7], relativistic [8] and spin-polarized
relativistic multiple scattering [9]. In section 2 the inhomogeneous CPA condition for
layered systems is discussed in terms of ‘traditional’ multiple-scattering theory, followed
by section 3 on Bloch spectral functions, which ultimately are the only tool to describe
‘band structure effects’ in disordered layered systems. Finally, in close relationship to these
Bloch spectral functions, the electrical conductivity for interdiffused interfaces is derived in
section 4 . It should be noted that the derived quantities are in principle also valid for any
non-collinear magnetic structure of magnetic multilayers if the spin-polarized relativistic
version of the SKKR CPA is applied. The differences between our paper and those of
Butler et al [4–6] are that (i) we give details of the derivation of equation (55) from
equation (36); in particular we distinguish between the different averaging procedures for
site-diagonal and site-off diagonal contributions; and (ii) we show the similitude between the
site-diagonal scattering path operators entering Bloch spectral functions and those entering
the conductivity. In particular we point out the ‘sum rule’ equation (26) that these functions
must satisfy.

2. The CPA condition for layered systems

Consider a situation as shown in figure 1, namely a multilayer system with interdiffused
layers; that is, a system, which at best has only two-dimensional translational symmetry. A
theoretically similar situation would for example occur at the surface of a binary alloy with
an inhomogeneous concentration profile in the surface region. Suppose that such a layered
system corresponds to a parent infinite (three-dimensionally periodic) system consisting of
a simple lattice with only one atom per unit cell, then any lattice siteRpi can be written as

Rpi = Cp + Ri Ri ∈ L2 (1)

whereCp is the ‘spanning vector’ of a particular layer p and the two-dimensional (real)
lattice is denoted byL2 = {Ri} with the corresponding set of indicesI (L2). For a given
intermediate region ofn layers, a multilayer, that is sandwiched by a left and a right semi-
inifinite system (see also figure 1), the coherent scattering path operatorτc(z) is given by
the following surface Brillouin zone (SBZ) integral [7],

τpi,qj
c (z) = �−1

SBZ

∫
exp

[−ik · (Ri − Rj )
]
τ̂ pq
c (k, z)d2k (2)

which implies two-dimensional translational invariance of the coherent medium for all layers
of the intermediate region (multilayer), namely that in each layerp for the coherent single-
site t-matricestc(z) the following translational invariance applies:

tpi
c (z) = tpc (z) ∀i ∈ I (L2). (3)

It should be noted that all scattering path operators are angular momentum representations
reflecting either a non-relativistic or a relativistic description of multiple scattering.
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Numerical recipes to evaluatêτpq
c (k, z) in (2) for layered structures are provided by different

variants of multiple scattering theory [7, 10–12]. In the following supermatrices labelled by
layers only and denoted by a ‘hat’ symbol shall be used:

t̂c(z) =



t̂11
c (z) 0 · · · 0

. . .

0 · · · t̂
pp
c (z) · · · 0

. . .

0 · · · 0 t̂ nn
c (z)

 (4)

with t̂
pp
c (z) ≡ t

p
c (z) and

τ̂c(z) =



...
...

· · · τ̂
pp
c (z) · · · τ̂

pq
c (z) · · ·

...
...

· · · τ̂
qp
c (z) · · · τ̂

qq
c (z) · · ·

...
...


p, q = 1, . . . , n. (5)

Quite clearly a particular element of̂τc(z),

τ̂ pq
c (z) = τpi,qi

c (z) = τp0,q0
c (z) = �−1

SBZ

∫
τ̂ pq
c (k, z) d2k (6)

refers to the unit cells at the origin ofL2 in layersp andq. Equation (6) also explains the
notation used in (1). Suppose now that the concentration for constituentsA andB in layer
p is denoted bycα

p (p = 1, . . . , n), and one specifies the occupation in the unit cell at the
origin of L2 of a particular layerp in terms of the following matrix̂mpα(z):

m̂pα(z) =



0 · · ·
. . .

0 · · · m
p
α(z) · · · 0

. . .

· · · 0

 (7)

mp
α(z) = tpc (z)−1 − tpα (z)−1, α = A, B

where t
p
α (z) is the single-site t-matrix for constituentα in layer p. The corresponding

layer-diagonal element of the so-called impurity matrix is then given by

D̂pp
α (z) ≡ Dp0,p0

α (z) = [
1 − mp

α(z)τp0,p0
c (z)

]−1 = {
1 − [

m̂pα(z)̂τc(z)
]pp}−1

(8)

and specifies a single impurity of typeα in the translational invariant ‘host’ formed by layer
p. The coherent scattering path operator for the intermediate region (multilayer)τ̂c(z), is
therefore obtained from the following inhomogeneous CPA condition (see also [15]):

τ̂ pp
c (z) =

∑
α=A,B

cα
p

〈̂
τpp(z)

〉
p,α

〈̂
τpp(z)

〉
p,α

= τ̂ pp
α (z) = D̂pp

α (z)̂τ pp
c (z) p = 1, . . . , n (9)

that is, from a condition that implies solvingsimultaneouslya layer-diagonal CPA condition
for layersp = 1, . . . , n. Once this condition has been satisfied translational invariance in
each layer under consideration is achieved:〈̂
τpp(z)

〉
p,α

≡ 〈
τp0,p0(z)

〉
p0,α

= 〈
τpi,pi(z)

〉
pi,α

∀i ∈ I (L2) p = 1, . . . , n. (10)
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Figure 1. A typical multilayer system containingn interdiffused Co/Cu layers. Note that in
each layerp in the intermediate region 06 cp 6 1.

Similarly, by specifying the occupation on two different sites [13, 14] the following restricted
averages are obtained:〈

τpi,qj (z)
〉
piα,qjβ

= D̂pp
α (z)τpi,qj

c (z)D̂
qq

β (z)t ∀i, j ∈ I (L2) (11)

for p 6= q and〈
τpi,pj (z)

〉
piα,pjβ

= D̂pp
α (z)τpi,pj

c (z)D̂
pp

β (z)t ∀ (i 6= j) ∈ I (L2) (12)

for p = q, where
〈
τ

pi,qj
c (z)

〉
piα,qjβ

has the meaning that site (sub-cell)pi is occupied by

speciesα and site (sub-cell)qj by speciesβ and the symbolt indicates a transposed matrix.

3. Bloch spectral functions

3.1. Definitions

For real energies the imaginary part of the configurationally averaged Green function can
be written as

Im
〈
G(r, r′; ε)

〉 = δpq δij Im
∑

α=A,B

cp
α

∑
33′

Z
pα

3 (rpi; ε)
〈
τ

pi,pi

c,33′(ε)
〉
pi,α

Z
pα

3′ (rpi; ε)† (13)

+ (1 − δpq δij )Im
∑

α,β=A,B

cp
αc

q

β

∑
33′

Z
pα

3 (rpi; ε)
〈
τ

pi,qj

c,33′(ε)
〉
piα,qjβ

Z
qβ

3′ (rqj ; ε)†

wherer = rpi+Rpi andr′ = rqj+Rqj , theZ
pα

3 (rpi, ε) are the scattering solutions [13, 14]
corresponding to componentα with respect to sitei ∈ I (L2) in layer p and 3 refers to
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the appropriate set of angular momentum indices such as3 = (`m) in a non-relativistic
approach. Obviously, (13) can be re-formulated in terms of a SBZ integral:

Im
〈
G(rpi +Rpi, rqj +Rqj ; ε)

〉 = �−1
SBZ

∫
exp

[−ik ·(Ri − Rj )
]

× 〈
Gpq(rpi, rqj ; k, ε)

〉
d2k (14)

where thekth projection of the Green function,
〈
Gpq(rpi, rqj ; k, ε)

〉
is given by〈

Gpq(rpi, rqj ; k, ε)
〉 =

∑
j∈I (L2)

exp
(−ik ·Rj

) 〈
G(rp+Cp, rq +Cq +Rj ; ε)

〉
. (15)

Bloch spectral functionsAB(k, ε) are then defined as [13, 14]

AB(k, ε) = −π−1ImTr 〈G(k, ε)〉 =
n∑

p=1

Ap(k, ε) (16)

Ap(k, ε) = −π−1Im
∫

�p0

〈
Gpp(rp0, rp0; k, ε)

〉
d3rp0 (17)

where Tr denotes a trace over a supermatrix in layer indices and the tensorial space of spin
and configuration, and�p0 refers to the volume of thep0th unit cell.

3.2. Evaluation of Bloch spectral functions

For matters of proper averaging it is useful to split upAp(k, ε) into two terms,

Ap(k, ε) = A
p

0 (ε) + A
p

1 (k, ε). (18)

The first type of contribution (the diagonal contribution), namelyA
p

0 (ε), refers to the
averaging at the origin ofL2 of layer p:

A
p

0 (ε) = −π−1
∑

α=A,B

cα
p Im tr

[〈
τp0,p0(ε)

〉
p0,α

F αα
p (ε)

]
= −π−1

∑
α=A,B

cα
p Im tr

× [
D̂pp

α (ε)̂τpp
c (ε)F αα

p (ε)
]

(19)

where the following matricesFαβ
p (ε) have been introduced:

Fαβ
p (ε) ≡

{
F

αβ

p,33′(ε)
}

α = A, B F
αβ

p,33′(ε) =
∫

�p0

Z
pα

3 (rp0, ε)
†Zpβ

3′ (rp0, ε) d3rp0

(20)

and tr indicates a trace of a matrix in angular momentum space. The second type of
contribution (the off-diagonal contribution) deals with different pairs (unit cells) in one and
the same layer:

A
p

1 (k, ε) = −π−1
∑

α,β=A,B

cα
pcβ

p Im tr

( ∑
(j 6=0)∈I (L2)

exp
(−ik ·Rj

) 〈
τp0,pj (ε)

〉
p0α,pjβ

F αβ
p (ε)

)
(21)

which by using (12) can be transformed into

A
p

1 (k, ε) = −π−1
∑

α,β=A,B

cα
pcβ

p

× Im tr

[
D̂pp

α (ε)

( ∑
(j 6=0)∈I (L2)

exp
(−ik ·Rj

)
τp0,pj
c (ε)

)
D̂

pp

β (ε)tF αβ
p (ε)

]
.

(22)



7682 P Weinberger et al

If the restricted sum in the last equation is extended to∀j ∈ I (L2) and the corresponding
j = 0 contribution is subtracted, equation (22) can be expressed in terms of thekth
projection of the layer-diagonal scattering path operator,τ̂

pp
c (k, ε):

A
p

1 (k, ε) = −π−1
∑

α,β=A,B

cα
pcβ

p

{
Im tr

[
D̂pp

α (ε)̂τpp
c (k, ε)D̂

pp

β (ε)tF αβ
p (ε)

]
−Im tr

[
D̂pp

α (ε)̂τpp
c (ε)D̂

pp

β (ε)tF αβ
p (ε)

]}
. (23)

It should be noted that, in comparison with the bulk case (simple lattice, one atom per unit
cell), in which Bloch spectral functions are expressed in terms ofsite-diagonalscattering
path operators [13, 14], for a layered systemlayer-diagonalscattering path operators occur.
Layer-resolved Bloch spectral functions describe the electronic structure in a chosen layer.
It is well known that, for ordered layers (systems), they consist of a set of Diracδ-functions
at the energetic positions of correspondingk-resolved energy eigenvalues. For disordered
layers (systems) more or less broad peaks have to be expected that vary with respect to
energyε andk.

For bulk systems Bloch spectral functions are an important tool to discuss and understand
Fermi surfaces and physical properties related to the topology of these surfaces. By
calculating Bloch spectral functions along rays originating from the centre of the Brillouin
zone, one can construct the Fermi surface by identifying the positions of the maxima of
the Bloch spectral functions with the position of the various sheets of the Fermi surface in
a given direction. The width of these maxima is a measure for the mean free path of the
quasi-particles.

The Kubo–Greenwood equation offers a rigorous approach to the calculation of electrical
resistivities. However, the result of such calculations merely consists of a single value for
isotropical bulk systems and of a small number of layer-resolved conductivities for layered
systems. Therefore, one would like to get more information in order to be able to interpret
the results and to find schemes to explain them. Such information is offered by the use
of Bloch spectral functions. Especially for highly anisotropic systems such as magnetic
multilayers, the mean free paths as functions ofk are expected to show a wealth of structure
and will be a key for an interpretation of the Kubo–Greenwood conductivity results.

3.3. The layer-resolved density of states

Suppose that one would integrate thepth Bloch spectral function over the SBZ. It is fairly
easy to see that thek-independent diagonal contribution defined in (19) is a sum over
concentration-weighted, component- and layer-projected densities of statesn

p
α(ε) [7]:

A
p

0 (ε) =
∑

α=A,B

cα
pnp

α(ε) (24)

np
α(ε) = −π−1Im tr

[
D̂pp

α (ε)̂τpp
c (ε)F αα

p (ε)
]

(25)

whereas the off-diagonal contribution cancels exactly

�−1
SBZ

∫
A

p

1 (k, ε)d2k = −π−1
∑

α,β=A,B

cα
pcβ

p

{
Im tr

{
D̂pp

α (ε)
[
�−1

SBZ

∫
τ̂ pp
c (k, ε)d2k

]
×D̂

pp

β (ε)tF αβ
p (ε)

}
− Im tr

[
D̂pp

α (ε)̂τ pp
c (ε)D̂

pp

β (ε)tF αβ
p (ε)

]}
= 0. (26)

It can be seen that the ‘correction term’ in (22) and (23) is indeed important, since otherwise
condition (26) is not fulfilled.



Disordered layered systems 7683

4. Conductivity for layered systems

4.1. General expressions

Suppose that the electrical conductivity of a disordered system, namelyσµν , is calculated
using the Kubo–Greenwood formula [2, 14, 16, 17]

σµν = πh̄

N0�at

〈∑
m,n

J µ
mnJ

ν
nmδ(εF − εm)δ(εF − εn)

〉
. (27)

In this equationµ, ν ∈ {x, y, z}, N0 is the number of atoms,J ν is a representation of the
νth component of the current operator,

J ν = {
J ν

nm

}
J ν

nm = 〈n | Jν | m〉 (28)

|m〉 is an eigenstate of a particular configuration of the random system,�at is the atomic
volume and〈· · ·〉 denotes an average over configurations. Equation (27) can be re-formulated
in terms of the imaginary part of the (one-particle) Green function

σµν = h̄

πN0�at

Tr
〈
JµImG+(εF )JνImG+(εF )

〉
. (29)

or by using ‘up-’ and ‘down-’ side limits, this equation can be re-written [17] as

σµν = 1
4

[
σ̃µν(ε

+, ε+) + σ̃µν(ε
−, ε−) − σ̃µν(ε

+, ε−) − σ̃µν(ε
−, ε+)

]
(30)

where

ε+ = εF + iδ ε− = εF − iδ δ → 0

σ̃µν(ε1, ε2) = − h̄

πN0�at

tr
〈
JµG(ε1)JνG(ε2)

〉
εi = ε± i = 1, 2.

(31)

As in the bulk case [17, 14] a typical contribution to the conductivity can be expressed in
terms of real-space scattering path operators

σ̃µν(ε1, ε2) = C

N0

n∑
p=1

[ ∑
i∈I (L2)

n∑
q=1

( ∑
j∈I (L2)

tr
〈
Jpi

µ (ε2, ε1)τ
pi,qj

× (ε1)J
qj
ν (ε1, ε2)τ

qj,pi(ε2)
〉)]

(32)

whereC = −4m2/(h̄3π�at ) andN0 = nN is the total number of sites in the intermediate
region (multilayer), as given in terms of the number of layers in the multilayer (n) and the
order of the two-dimensional translational groupN (the number of atoms in one layer).
Let J

pα

µ (ε1, ε2) denote the angular momentum representation of theµth component of the
current operator according to componentα = A, B in a particular layerp. Using a non-
relativistic formulation for the current operator, namelyJ = [eh̄/(im)]∇, the elements of
J

pα

µ (ε1, ε2) are given by

J
pα

µ,33′(ε1, ε2) = e

m

h̄

i

∫
WS

Z
pα

3 (rp0, ε1)
† ∂

∂rp0,µ

Z
pα

3′ (rp0, ε2)d
3rp0 (33)

whereas within a relativistic formulation for the current operator, namelyJ = ecα, one
gets

J
pα

µ,33′(ε1, ε2) = ec

∫
WS

Z
pα

3 (rp0, ε1)
†αµZ

pα

3′ (rp0, ε2)d
3rp0. (34)
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In equations (33) and (34) the functionsZ
pα

3 (rp0, z) are again scattering solutions [14] and
WS denotes the volume of the Wigner–Seitz sphere. It should be noted that

J
pα

µ (ε1, ε2) = J
p0,α

µ (ε1, ε2) = J
pi,α

µ (ε1, ε2) ∀i ∈ I (L2). (35)

From the brackets in (32), one easily can see that for each layerp the first sum over
L2 yields N times the same contribution, provided that two-dimensional invariance applies
in all layers under consideration. Assuming this kind of symmetry (see section 2), a typical
contributionσ̃µν(ε1, ε2) to the conductivity is therefore given by

σ̃µν(ε1, ε2) = C

n

n∑
p=1

n∑
q=1

( ∑
j∈I (L2)

tr
〈
Jp0

µ (ε2, ε1)τ
p0,qj (ε1)J

qj
ν (ε1, ε2)τ

qj,p0(ε2)
〉)

(36)

wherep0 specifies the origin ofL2 for the pth layer. Just as in the bulk case [17, 14] this
kind of contribution can be split up into a (site-) diagonal and a (site-) off-diagonal part,
namely

σ̃µν(ε1, ε2) = σ̃ 0
µν(ε1, ε2) + σ̃ 1

µν(ε1, ε2). (37)

4.2. The site-diagonal conductivity

By employing the CPA condition in (9) and omitting vertex corrections, for the diagonal
part (p0 = qj) one simply gets in terms of the definitions given in (6) and (35)

σ̃ 0
µν(ε1, ε2) = C

n

n∑
p=1

∑
α=A,B

cα
p tr

[
Jpα

µ (ε2, ε1)
〈̂
τpp(ε1)

〉
pα

J pα
ν (ε1, ε2)

〈̂
τpp(ε2)

〉
pα

]
= C

n

n∑
p=1

∑
α=A,B

cα
p tr

[
Jpα

µ (ε2, ε1)D̂
pp
α (ε1)̂τ

pp
c (ε1)J

pα
ν (ε1, ε2)D̂

pp
α (ε2)̂τ

pp
c (ε2)

]
= C

n

n∑
p=1

∑
α=A,B

cα
p tr

[
J̃ pα

µ (ε2, ε1)̂τ
pp
c (ε1)J

pα
ν (ε1, ε2)̂τ

pp
c (ε2)

]
(38)

where

J̃ pα
µ (ε2, ε1) = D̂pp

α (ε2)
tJ pα

µ (ε2, ε1)D̂
pp
α (ε1). (39)

4.3. The site-off-diagonal conductivity

According to (11) and (12) the off-diagonal part can be partitioned into two terms:

σ̃ 1
µν(ε1, ε2) = σ̃ 2

µν(ε1, ε2) + σ̃ 3
µν(ε1, ε2) (40)

where

σ̃ 2
µν(ε1, ε2) = C

n

n∑
p=1

n∑
q=1

(
1 − δpq

) ( ∑
j∈I (L2)

tr
〈
Jp0

µ (ε2, ε1)τ
p0,qj (ε1)

×J qj
ν (ε1, ε2)τ

qj,p0(ε2)
〉)

(41)

σ̃ 3
µν(ε1, ε2) = C

n

n∑
p=1

n∑
q=1

δpq

( ∑
(j 6=0)∈I (L2)

tr
〈
Jp0

µ (ε2, ε1)τ
p0,qj (ε1)J

qj
ν (ε1, ε2)τ

qj,p0(ε2)
〉 )

. (42)
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As one can see,̃σ 2
µν(ε1, ε2) arises from pairs of sites located indifferent layers, whereas

σ̃ 3
µν(ε1, ε2) corresponds to pairs of sites inone and the samelayer (excluding the site-

diagonal pair already being accounted for iñσ 0
µν(ε1, ε2)). In general the averaging of

σ̃ 2
µν(ε1, ε2) is given by

σ̃ 2
µν(ε1, ε2) = C

n

( n∑
p=1

n∑
q=1

(
1 − δpq

) ∑
j∈I (L2)

∑
α,β=A,B

cα
pcβ

p tr
[
Jpα

µ (ε2, ε1)
〈
τp0,qj (ε1)J

qj
ν

×(ε1, ε2)τ
qj,p0(ε2)

〉
p0α,qjβ

)
. (43)

By employing the CPA condition and omitting vertex corrections,σ̃ 2
µν(ε1, ε2) is found to

reduce to

σ̃ 2
µν(ε1, ε2) = C

n

( n∑
p=1

n∑
q=1

(
1 − δpq

) ∑
j∈I (L2)

∑
α,β=A,B

cα
pcβ

q tr
[
Jpα

µ (ε2, ε1)
〈
τp0,qj (ε1)

〉
p0a,qjβ

×J qβ
ν (ε1, ε2)

〈
τ qj,p0(ε2)

〉
p0α,qjβ

])
(44)

or, by using (11), to

σ̃ 2
µν(ε1, ε2) = C

n

( n∑
p=1

n∑
q=1

(
1 − δpq

) ∑
j∈I (L2)

∑
α,β=A,B

cα
pcβ

q tr
[
J̃ pα

µ (ε2, ε1)τ
p0,qj
c (ε1)

×J̃ qβ
ν (ε1, ε2)τ

qj,p0
c (ε2)

])
. (45)

Since the site-off-diagonal scattering path operatorsτ
p0,qj
c (z) are defined according to (2)

as

τp0,qj
c (z) = �−1

SBZ

∫
eik·Rj τ̂ pq(k, z)d2k (46)

in a manner similar to that in the bulk case the orthogonality for irreducible representations
of the two-dimensional translation group can be used:∑

j∈I (L2)

τ p0,qj
c (ε1)τ

qj,p0
c (ε2) = �−1

SBZ

∫
τ̂ pq(k, ε1)̂τ

qp(k, ε2)d
2k. (47)

For σ̃ 2
µν(ε1, ε2) one therefore gets the following expression

σ̃ 2
µν(ε1, ε2) = C

n

( n∑
p=1

n∑
q=1

(
1 − δpq

)
�−1

SBZ

∑
α,β=A,B

cα
pcβ

q tr
∫ [

J̃ pα
µ (ε2, ε1)̂τ

pq
c (k, ε1)

×J̃ qβ
ν (ε1, ε2)̂τ

qp
c (k, ε2)d

2k
])

. (48)

The last term in (40) to be evaluated is̃σ 3
µν(ε1, ε2), which corresponds to the case that two

sites are located in one and the same layer, namely

σ̃ 3
µν(ε1, ε2) = C

n

n∑
p=1

( ∑
(j 6=0)∈I (L2)

tr
〈
Jp0

µ (ε2, ε1)τ
p0,pj (ε1)J

pj
ν (ε1, ε2)τ

p0,pj (ε2)
〉 )

. (49)
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From the above discussion of̃σ 2
µν(ε1, ε2) it is easy to see that̃σ 3

µν(ε1, ε2) is given by

σ̃ 3
µν(ε1, ε2) = C

n

( n∑
p=1

�−1
SBZ

∑
α,β=A,B

cα
pcβ

p tr
∫

J̃ pα
µ (ε2, ε1)̂τ

pp
c (k, ε1)J̃

pβ
ν (ε1, ε2)̂τ

pp
c

×(k, ε2)d
2k

)
+ σ̃ 3,corr

µν (ε1, ε2) (50)

whereσ̃ 3,corr
µν (ε1, ε2) arises from the same kind of procedure that has been employed for the

Bloch spectral functions, namely from extending the sum to∀j ∈ I (L2) and subtracting a
corresponding correction term of the form

σ̃ 3,corr
µν (ε1, ε2) = −C

n

n∑
p=1

∑
α,β=A,B

cα
pcβ

p tr
[
Jpα

µ (ε2, ε1)D̂
pp
α (ε1)̂τ

pp
c (ε1)D̂

pp

β (ε1)
t

× Jpβ
ν (ε1, ε2)D̂

pp

β (ε2)̂τ
pp
c (ε2)D̂

pp
α (ε2)

t
]

(51)

= −C

n

n∑
p=1

∑
α,β=A,B

cα
pcβ

p tr
[
J̃ pα

µ (ε2, ε1)̂τ
pp
c (ε1)J̃

pβ
ν (ε1, ε2)̂τ

pp
c (ε2)

]
.

4.4. The total conductivity for layered systems

Combining now all terms, a typical contributioñσµν(ε1, ε2) to the conductivity is given by

σ̃µν(ε1, ε2) = C

n

n∑
p=1

( ∑
α=A,B

cα
p tr

[
J̃ pα

µ (ε2, ε1)̂τ
pp
c (ε1)J

pα
ν (ε1, ε2)̂τ

pp
c (ε2)

]
−

∑
α,β=A,B

cα
pcβ

p tr
[
J̃ pα

µ (ε2, ε1)̂τ
pp
c (ε1)J̃

pβ
ν (ε1, ε2)̂τ

pp
c (ε2)

]
+�−1

SBZ

n∑
q=1

∑
α,β=A,B

cα
pcβ

q tr
∫ [

J̃ pα
µ (ε2, ε1)̂τ

pq
c (k, ε1)J̃

qβ
ν (ε1, ε2)̂τ

qp
c

×(k, ε2) d2k
])

. (52)

Comparing the last equation with the corresponding bulk result [17], one easily can see that
in both cases one has the same ‘formal structure’, however, for layered systems a summation
over layers occurs for the diagonal term and a double sum over layers for the off-diagonal
term. Therefore, defining layer-diagonal terms as

σ̃ pp
µν (ε1, ε2) = C

n

∑
α=A,B

cα
p

(
tr

[
J̃ pα

µ (ε2, ε1)̂τ
pp
c (ε1)J

pα
ν (ε1, ε2)̂τ

pp
c (ε2)

]
−

∑
β=A,B

cβ
p tr

[
J̃ pα

µ (ε2, ε1)̂τ
pp
c (ε1)J̃

pβ
ν (ε1, ε2)̂τ

pp
c (ε2)

])
(53)

and layer-off-diagonal terms as

σ̃ pq
µν (ε1, ε2) = C

n
�SBZ)

∑
α,β=A,B

cα
pcβ

q tr
[∫

J̃ pα
µ (ε2, ε1)̂τ

pq
c (k, ε1)J̃

qβ
ν (ε1, ε2)̂τ

qp
c

×(k, ε2)d
2k

]
(54)
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σ̃µν(ε1, ε2) can be written as

σ̃µν(ε1, ε2) =
n∑

p=1

(
σ̃ pp

µν (ε1, ε2) +
n∑

q=1

σ̃ pq
µν (ε1, ε2)

)
. (55)

It should be noted that, as pointed out in section 2, all contributions are now defined in
terms of the supermatriceŝτc(εi) and τ̂c(k, εi), εi = ε±. It also should be recalled from
the discussion of the Bloch spectral functions thatσ̃ 3,corr

µν (ε1, ε2), which is the second term
in (52), plays an important role. Quite clearly (55) allows one to discuss the electrical
conductivity of layered systems in terms ofintra-layer and inter-layer contributions.

5. Discussion

It should be recalled that the screened KKR CPA method for multilayer systems (see in
particular [7]) is based on the use of surface Green’s functions, that is, the ‘left’ and the
‘right’ semi-infinite systems are ‘glued’ onto the intermediate region (multilayer) via surface
Green’s functions. A semi-infinite ‘bulk’ region can be either vacuum or a solid such as a
pure metal, a substitutional alloy or an insulator (or semi-conductor). The present approach
is therefore very flexible with respect to the actual experimental set-up. If, for example,
multilayers are grown on an insulating substrate, this can also be taken into account very
well in the same realistic manner as can statistically disordered alloys representing ‘bulk’
regions.

Vertex corrections do not affect the form of equation (55), but their inclusion does
change the expressions in equations (53) and (54). They are omitted in our presentation
for two reasons: (i) their inclusion complicates the expressions and obfuscates the meaning
of the terms entering the conductivity, and (ii) to calculate the conductivity for currents
in the plane of the layers (CIP) there are no vertex corrections to the layer conductivities
(σpq) coming from the layered structure of the scattering; there are of course the corrections
that enter from momentum-dependent scattering. However, this appears in homogeneous
systems and we are interested in focusing on the new features involved in layered structures
[19]. For currents perpendicular to the layers (CPP) the layered conductivity in this direction
does have contributions from vertex corrections coming from the layered nature of the
scattering. However, as we have shown, see for example [18], one can find the measured
CPP conductivity by using the expressions (53) and (54) which omit these corrections. This
is done by enforcing current conservation at a later step in the calculation. Butleret al have
used this kind of recipe to calculate the CPP conductivity by using the layered conductivities
that omit the vertex corrections (private communication). A detailed discussion of the effect
of vertex corrections for bulk alloys is given in [20], in which it is shown that in fact errors
due to truncation of angular momentum expansions are much bigger than those caused by
neglecting vertex corrections! Quite clearly, just as in the case of the conceptually much
easier bulk alloys, all approximations made, such as for the occurring angular momentum
expansions, vertex corrections and relativistic corrections [20], will have to be checked in
due course together with thek-convergence of the SBZ integrals involved.

6. Summary

The above theory of the electrical conductivity of disordered layered systems, in particular its
spin-polarized relativistic version, is applicable to any non-collinear magnetic configuration
of a diffused (disordered) system of magnetic multilayers. Therefore it allows one to
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discuss giant magnetoresistance (GMR) on anab initio level in quite a general context.
Section 3 not only provided a very valid argument for the importance of the ‘correction
term’ in the layer-diagonal contributions to the conductivity but also showed that actual
calculations of Bloch spectral functions at the Fermi energy for a particular magnetic
configuration can provide considerable insight into the very details of the GMR. Since,
furthermore, the optical conductivity tensor can be formulated in a similar manner and
since magnetically coated surfaces are just another manifestation of layered systems, also
ab initio calculations of magneto-optical properties for realistic systems are within reach.
A necessary precondition for all such calculations, however, is that one evaluateτ̂c(εi) for
a given profile of interdiffusion and for at least two magnetic configurations (for example
‘ferromagnetic’ and ‘antiferromagnetic’) self-consistently within the framework of density
functional theory. This can be achieved rather efficiently using the screened KKR method
for layered systems, which also serves as a computational tool in the evaluation of the
surface Brillouin zone intergals needed to evaluate the electrical conductivity. Computer
codes for these kinds of SBZ integrals are presently under investigation.
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Újfalussy B, Szunyogh L and Weinberger P 1995Phys. Rev.B 51 12 836
[10] MacLaren J M, Crampin S, Vvedensky D D and Pendry J B 1989Phys. Rev.B 40 12 164

MacLaren J M, Crampin S and Vvedensky D D 1989Phys. Rev.B 40 12 176
[11] MacLaren J M, Zhang X-G, Gonis A and Crampin S 1990Phys. Rev.B 40 9955

Gonis A, Zhang X-G, MacLaren J M and Crampin S 1990Phys. Rev.B 42 3798
[12] Zeller R, Lang P, Drittler B and Dederichs P HMater. Res. Soc. Symp. Proc.253 357

Lang P, Nordstr̈om L, Zeller R and Dederichs P H 1993Phys. Rev. Lett.71 1927
[13] Faulkner J S and Stocks G M 1981Phys. Rev.B 23 5623

Faulkner J S 1982Prog. Mater. Sci.27 1–187
[14] Weinberger P 1990Electron Scattering Theory for Ordered and Disordered Matter(Oxford: Clarendon)
[15] Drchal V, Kudrnovsky J, Udvardi L, Weinberger P and Pasturel A 1992Phys. Rev.B 45 14 328
[16] Kubo R 1957J. Phys. Soc. Japan12 570

Greenwood D A 1958Proc. Phys. Soc.71 585
[17] Butler W H 1985Phys. Rev.B 31 3260
[18] Camlong H E, Levy P M and Zhang S 1995Phys. Rev.B 51 16 052
[19] Levy P M and Zhang S 1996 to be published
[20] Banhart J, Ebert H, Weinberger P and Voitländer J 1994Phys. Rev.B 50 2104



������� �

���!������ ��	 
	�������� ��	

����� 	�������� ��������

,�
 1
�
���	�
 #
� 
�
�������
� 0
��.�#
�����#
� ����
�� #
� -	��( �

�.��#( �
���	�
 �����

�� 
���

� '���
� 3	 ;
��
�< #�
 ��
��
� ��� 
7�
���
��
�� 
�����
��
 ;�#
�����#
 ���#� �����


&�.
���	�

� #
� �
�
���
�
� !�� 

�
��
�
� 0
��.�#
�����# .	�#
� �� 

���

� ��9
 ���

#�
 ������
�
�����
� /

�
�	�
�����
�
 B	C�� >&�������� %��?< B	C�#< &
C�# 	�# &	C�#

>&�������� %��? ��.�
 �� �����
�
� ��9
 ��� #�
 �
�����
�
�����
� ����
�
 '
C@� 	�# B�C

@� >��
�
 &�������� ���? 	�# '
CB� G��
 ::H �
������
�� ���
 &	�����
 ���#
� ���
�#��
� #�


/

�
�	�
�����
�
 B�C�# 	�# B�C�� >&�������� ���?< .� #�
 ;
��
 �
�� 
	� ��
�
�������
��

�� 
��� ����3���
�� 
��
 
��3
 0
��
 !�� �8
����
� J�����
�< #�
 3	 &�.
���	�

� !�� ��
�(

��
 	�# �7�
���
�� ����
� �8���
�� ��
 ���

� ��� #
� �� ��#
�� !
�.
�#
�
� &�����
�

3	����
�� 5� 
��3
��
� ���# 
�D

�� ,�
 �	�#��
������
 #
� !
�.
�#
�
� @��
�	�

� ��� #
� ��
�
��
 !�� 6�
��
����
����(

��
� 3	� ���(��
�����
�(1��# #
� '
���8��
�
�
�����
� �� 0���
� #
� ,����
�	�����(

�����
���
 �� 6
����#	�
 ��� #
� �����
� @��
�	�
�� ��
 ��� ���� �� #
� ���7�� �
�!��(

��

�# �
.����� &��
�#��
� 
��� 
� ���� �
��
 ����������
� &������3	�

� ��� #
�  ��(

��
�
����
�
��� #�
�
� �
���#
�� '�� #�
 ,���	����� ���
�  ����
�
�� ��� ��� #
����� �	�

#�
 &�����
 !�� ��

�����
� ��

.�
�
�< #�
 ��� A���
 #
� ,����
�	����������
���
 

.��(

�
� .	�#
�� 6�
�
 =��
�!���
� �8��
� ��� 
	�
�  
��	�
�
�� ����
�� #
� ,����
�	�����(

�����
���
 �
������ .
�#
�< .�� ���
� 
��9
� �����
 	�# ���
 .
��
 6
���
��	�
 
�������

,�
 ,����
�	����������
���
 
��� ���
�#��
� ���
�


����
� �	� ��� #
�  �	�#3	����# #
�

��
�����
�����
��� &�.
�#	�

� �	� ��

�

�
 4	����#
< 3�1� �� #
� '
���8��
���
����(

�����
 !
�����
� #��
� #
�  ����
�
����
�
��� #
� ,����
�	����������
���
� ����3#
� .��#

#
� '��������	� ��� �����
 �	�� �	� �����
 ������
�
 ��

.
�#
�� �����������
���
 ���

���
�


����
� �	�� 
��
 J��
��	��	�
 ��

�

�
� 4	����#
< .
�� ��� �	�� �� '���
 #
�

����&� �
��&���� +����

�+)



�+$ 7� *���#����� %�	 $#�� &	���'��% &�����#��


�
�������
� /
��	�
 �� �
����
� #�
 &�.
���	�
 !��  �	�#3	����# �
��
��
 ��
�� ����
�

����� �� ��� ����� 
��������
< .��	� #�
 ,����
�	����������
���
 �
� ���
� &�.
�#	�
 �	�

#
� ��������� !
���

� �����
< .
�� ��
 #��� �� ��#
�
� 1
�
���
� #
� '
���8��
������� ��


	�
 ,�
���
 �
���
��

�� .	�#
� 
���

 !
�
�
���
�#
 0
���	�

� �� /

�
�	�
�����
� &
C�# #	���

�����

	�# #��
� #�
 �	��������
 '��� #
� �����
� @��
�	�
 !����
��� 0
�	���� .��< #�9 #�
 !
�(

����
#
�
� �����
� @��
�	�

� 3	 ��������� �#
������
� 0
�	����
� ��� #�
 /
������
�
��

����
��

�� ;
��
�
 @��
�	�

� .
�#
� �
� #
� /8�	�
 #
� /

�
�	�
������
�� 

������ A�
� ��� ��


��3
��
� 3	 �
��
�D

• ,�
 &�����
< #�9 K
#
�  ���
�����3< #
� !�� 
��
� #
� �
�#
� &������
� �
�
�3� ���<
#	��� #�� 
�
���
 ���
����� �
����
���
�� .��#� ,�
�
 &�����
 ���
� �	� #
� ���
�
(

���
(@��
�	�
< #�
 #
� B�& 3	
�	�#
��

�D �� #�
�
� ��#
�� 
��� 
� �
��
 1
�
�3	�
�(

����
������
� 3.����
� #
�  ���
�����3
� 	�# K
#
�  ���
�����3 ��� 
7��� #�
 
�
���


@������������� ,�
�
 &�����
 ���"� �� ;��������
�� ��������� ����� !�������
� 3	<

#� �� 
��
� ����������� ��� &���
� �
�
�3�
� -�������
���
� #�
 4��� #
� @�������


��
� 



�
�
�  ���
�����3
� !����
�
� ����� ,� #�
 �
�#
� &������
� #
�  ���
��


�
��������� !
�����
#
� ���#< ����� #�
� #�3	< #�9 ����� ���
  ���
�����3
 �T	�!��
��

���# 	�# #�
 ���
�����
 �	�� 
�
���
� &������
� 
��
 �
����
 6�������� 3
�

��

• 5� #
� !
�.
�#
�
� /

�
�	�
���
���
 .��# !�� 
��
� �
��
��
�< 	�

��8��
� -�������(

���
� �	�


��

�� ,�
 !�� &�������3 3	 &�������3 !
�����
#
�
� J�

�	�

� ���(

�
� K
#��� #�3	< #�9 #�
 /�

 #
� &���
 !�� #
� �#
��
�  ���
���������
� ��.
����<

.
�� #�
 &�����#�
� #
� �
�#
� -�����
��
� !
�����
#
� ���#� ��� �	9 �� �
��
�

-�������
� ���� ��� ��������
� 6
�����
�	�

� #
� &���
< ���� ��� 
��
� 

.���
�

��9 �� ��������
��
� J���#�	�
 �
���
��

• 5� #
� !����


�#
� &��
�� .	�#
 #�
 '��� #
� ���
�����
 K
#
�  ���
�����3
� ��� �	

�(
����
������ ��

����
�� ,�
� ��� ��������� 
��
 ���	�����< #�
 .
#
� #
� �	�����
�

����
���
 #
�  ���
�� ���� #
� ���������
� ���F	9 �����
� &����������������
�



�
��� .��#� ,�
 �	�����
 ����
���
 ��
9
 ���� �� 0���
� 
��
� M�	��(���
�����M(

'���	��
�	�
 ���� �
����������

�< .���
�# ���



� #
� ���F	9 �����
� @������(

������
� �� 0���
� 
��
� ���
�
(���
(��
���
 .�
 #
� B�& ����3���
�� ����� 	��
��	���

.
�#
� �����

�� 1
�� 6
�
�
��� !�� ��
��
�����
� ��� 
7�
���
��
��
� ;
��
� ��� #
� 
�
�������
� ;�#
�(

����# ��� 3	 �
����������

�< #�9 ��
� #�
 �
�
��� 

�����
� &�.
���	�

� !�� �#
��
�

-������� ����	� ���� ���F���
 ���3	����
�< #�
 �� #
� /

�
�	�
���
���
 ����� �
��������(

��
� .
�#
�D



7� *���#����� %�	 $#�� &	���'��% &�����#�� �++

• ��
������
 J���#�	�
 �
� 
�#����
� �
��
���	�
�
• 6
�	��
���
	�
 #	��� 	�
�.������
 '�
�#����

• ��������
 ,
�
��
 �� -������� >6
��
�3	�

�< -���
�
�3
�< =�
�F���
� � � � ?
• 	��
� J�����#
� ���� �
��
 �
��
 	�

��#�
�
 ����
 �������
�� .
�#
�� /

�
�	�

�<
�
� #
�
� ���� 

��#�
�
 ��
����	��	�
� ���#
� �8��
�< .
�#
� #	��� &�����
��
�

!�� 
��
� ���
� �
��
���	� �� #
� �
��������
�< 	�

��#�
�
� 4	����# 

�������

1
�� &�����
��
� ���� K
#��� 
��
 �����
��
 &	����#	�
 
��
� ��
����	��	��
������



����

��

• !�
�
 /

�
�	�

� 3
�

� #�� ������
� #
� @����#�	�
< #�� #
� ;�#
�����# !
�(

�89
�� 	�# !
���
��
�� ���� G��
 $$H�

%� �� ��
�
�����
� ����
�
� ����� ���� #�
 �8
�����
�� 
��
� ��
�
�����
� =�#�	�
 #�3	<

#�
 ���� �	� #
� 
�
�������
� ;�#
�����# �	�.���
� �8���
�

�� ��� ���.�
��
< #�
  �89
���#�	�
 ���
� �8
����
� ���F���
 ��3	�����3
�� '�� #
� 
���
� �	���

���� �
��
 T	��������!
 &������3	�
 



�
� .
�#
�� '�� #
� 3.
��
� �	��� ���� ��� !
��	(

�
�< #�9 
��
 ��
�.��#	�
 #
� ���
�
(���
(@��
�	�
 ��.�
 
�� 4	����
� !�� ��������
�  ���
�(

!
�����
�	�

� 3	 
��
� ���8�	�
 #
� 0
��.�#
�����#
� ����
� .��#
� ���
 �	���(���
(@��
�	�


�
����#
 #����< #�9 #�
 �
�#
� /

�
�	�
�������
��
� ����� #	��� 3.
� �����
�
 ���
�����
 #��(



��
��� .
�#
�< ���#
�� #�9 
� ��� K
#
� &������ !�
�
 6������
� 
��
�  ���
����
������ 
����

@�������� ��� ����3 #�
�
� 6�������� #
� ���
�����
 #
� J��
�����
# 3.����
� #
� ���
�����
� #
�

�
�#
� -�����
��
� ���� !�
� 
�89
� ��� #
� J��
�����
# 3.����
� #
� 6������
� #
� ���
�����



��
� &�������� ,
����� .��# #�
 J���#�	�
 	�# #���� #
� 0
��.�#
�����# ���
� !�� J�(

�
�����
# 3.����
� #
� ���
�����
� #
� �
�#
� -�����
��
� �
������ .
�#
�� ���
 &	�����


�8���
� ����
�
 .�
 '
C@� 	�# B�C@� ���#
�< .� �� 
��
� �
�����# #�
 ���
�����
 #
� �
�(

#
� -�����
��
� �� ������� ���#< #�9 ���� #�
 /

�
�	�
 ���� �� !
����� .�
 
�� �
��
� �
����

	�# #
� 0
��.�#
�����# #
����� �
�� ��
�� ���� A�
� �8���
� ���
�����!��������
� #
� 
��3
��
�

-�����
��
� �
������ 3	� J���#�	�
 �
����

��

,
� #����
 �	��� ���
�� !
��	����� 
��
 	��
�

��#�
�
 0���
 ��� #�
 �
������
�
� &�.
���	�

��

�
��
���	�( 	�# 6
�	��
���
	�
�
"
��
 �8��
� �
����! �
���� ��

�����3� 	�# 
������
�� .
�#
��

@����#�	�
 ����� ���� #
� 
7�
���
��
��
� ������	�

� �
��
� 3	 �
�� ��� *R Q�#
�	�
 ��

0
��.�#
�����#� �"
��
 #
� ����
�3	����
��
�3	�
 ���# 3.�� ����� �	�3	�����
9
�< ���# ��
�

.��� !�� ���#
�
� 1
#
	�	�
< #� #�
 &�.
���	�

� �	�� �� ����
�
� ���
 ��
����	��	�����
�

>3�1� &
C�#? �	���
�
��

4	����
�����
�# ���� 

��
� .
�#
�< #�9 
� ���
���� ���� �
��
 

�������
�
< 
���
������


������	�
 ��� #�
 J��
�����
#
 3.����
� �
�
���
�
� 	�# 

�
��
�
� 
�
�������
� ;�#
�����#
�


����



������� �

&��������������

���������
�

�������
� 	�

��#�
�
� ����( 	�# �
�����
�
�����
� /

�
�	�

� .	�#
� ���

M'����(��������
�M(�
���#
� 	��
��	��� 	�# �
�
���
�� ,�
 1
����
��	�
 #
� ��
�����
����	�(

�	� #
� /

�
�	�

� .	�#
 ����
�� #
� +����
���+��
��������� ������
� 0���
���� �00��5������


�++�64,/� #	���

������ ,�
 --0CB�& .	�#
 #��
� K
 ���� 1
#��� �� ������
����!�������
�

�#
� �
����!�������
� 	�# ��� '
�����
�
�
� �	�� ������������
��
� &	�����	�
 !
�.
�#
�� 4	�

1
�
���	�
 #
� 
�
�������
� /
������
�
����
����� .	�#
 
��
 �	� #
� +	"������
.����������	
�

�	���	
�#
 	�# ��� #
� --0CB�& !
����
����
 '���	��
�	�
 !
�.
�#
� 	�# ��� #�
 
�.����
�

!
�����
#
�
� &	�����	�

� 	�

�
�3��

@
�
� #
� 1
�
���	�
 #
� 
�
�������
� /
������
�
�� 	�# #
� ��
���
�
�������
� -���� ������(


�
�����
� ��
�
��
��
����(/

�
�	�

� �����
 
�������
 �	�� #�
 ���������
 
�
�������
 /
����(

��
�
�� 	�# #
� �������
 A���
"
�� �
�����
�
�����
� /

�
�	�

� �
�
���
� .
�#
�� '�� #�
�


�
������
���� ���
�
�����
�< �������
� 
��!�����
�
�����
�  �89
� 
7����
��
 ������
 �	� 
��


'���	��
�	�
 �� 0���
� #
� 4.
��������#
��� �	���	
�# �	� 
������
� 1��#��#
��
��

,�
 1
�
���	�
 #
� 
��!�����
�
�����
�  �89
� 
����
�
 �	�  �	�#��

 �
����!�������
�< ������(

������
��
� 0
���	�

�� ,� �
����� .��< #�9 #
� J����	�
 #
� �������
� 
��!�����
�
�����
�

�"
��
 #�
 ����(1���(;
���
�.���	�
 ���< .�� #�
 �8
�����
�� 
��
� �
����!�������
� 1
�
��(

�	�
 
�����
�#
�#� J� #�
 ���#�����
��
 ,���	����� �	�  �	�#��

 #
� 4.
��������#
��� ���

#
� �
����!�������
� 0
���	�

� !
�
�
���
� 3	 �8��
�< .	�#
� �	�� ������
����!�������
 4.
�(

������
���	�

� �� #
� 
�
���
� /

�
�	�
�����
�
� #	���

������ �� ��
���
 ���� �
��	�< #�9

�� /

�
�	�

� ��� ����� ���������
�

� J���#�	�
 #�
 0
�	����
 #
� 4.
�������
���	�

� 	�

��� 3	 3.
�  �89
���#�	�

� !�� �
����!������� �
�
���
�
� ;
��
� ��.
���
�< #�� 4.
������(

��#
�� ���� �	� �����
 ����
�
< 3	 #
�
� �	�� #�� �
������� �
#
	����
 '
C@� 

�8��< �����

��.
�#��� ����

J� #�
 �������
 #
� �
����!�������
� J����	�
� #
� 
��!�����
�
�����
�  �89
� 
7���3�� 3	 3
�(



�< .	�#
� 0
���	�

� ��� �����	��
��
� /����

���.��#�
�
��
� 	�# ����(1���(�����
�	�
�(

�����
�
�� #	���

�����< #�
 
��
� ������	�
�����
� ��
�
��
 !�� #
� ,����( 3	� ����8#��

�(

 �
���	�
 ���	��
�
�� ��.���	�
�

��9 !
����.��#
� �
� #�
�
� ��
�
��
 #�
 �������
 ;�#
�(

�:�



�:� 8� 9#������!���#��

����#�����������
 	�# #
� �������
 A���
"
���

,
�  ��# #
� ��
�
�������	�
 #
� ��� #
� -	��( �

�.��#( �
���	�
 	�# #
� --0CB�&


��
���
�
� ���������
�89
� ��� 
7�
���
��
�� 
�����
��
� ,��
� .�� 	��
�����
#����� 1
� ���
�

	��
��	���
� /

�
�	�
�����
�
� .	�#
 #
� ���3
��������������
�

 6
���	� #
� 0
��.�#
�����(

#
�< #
� ;�#
�����#�����������
 	�# #
� �������
� A�����
23�
��
� ������
 .�
#
�



�
�� 1
��

6
�
�
��� #
� �����	�
� ;
��
 #
� �
�
���
�
� =��
�!���
� .	�#
 �� 
���

� '���
� #�
 �
�#
�3

�
������
�< #�9 #�
 �
�
���
�
� ;�#
�����#
 3	 ��
�� .��
�< .���
�# #�
 �
�
���
�
� &�������(

��
� #
� ;�#
�����#
 3	 
��9 .	�#
�� ,�
 �8
����
�  ���#
 ��� #�
 �
������
�
� &�.
���	�

�

.	�#
� #���	��
���

J� #�
 �
�� 
���

� I���
� �
�����
� 
��!�����
�
�����
� 0�
�
�.�#
�����#�
"
��
 �� ��
�
(

�����
� �����������
�
� #���	��
�
� 	�# �
�
���
� 3	 �8��
�< .	�#
 ��� #
� J��
�3	�
 #
�

-	��( �

�.��#('��������	� �	� ����
�
 ��� �	� 3.
�#��
�������
� ����������������
���


�

���
�� ����
� ��

���� ���< #�9 ���� 
�� &	�#�	�� ��� #�
 
�
�������
 /
������
�
�� �����
�

�����������
�
 E�#
� ��9�< #
� �� ������
� A������� #
� ��� ���!
�����
��
 /

�
�	�

� ���
���



"���	���	��	
�������

G1�� $$�H I� 1������< A� ��
��< I�6�����#
�< �� ;
���
�

�D �	����� �0�
�������� ����5����
 ����

�
� �*���� �& ��������
�� ����� �
 4	x,�1−x� ����# ����
 B���� ("< �+�< >�+$$?

G1�� $$�H I� 1������< �� ;
���
�

�< A� ��
��< I�6�����#
�D )

���
��
��� �
;	�
�� �
 ���


	����� �0�
�������� ����5����
 ���� �
 4	x,�1−x� I� &���� ����� (�< %��:< >�+$$?

G1�� $+�H I� 1������< �� ;
���
�

�< I� 6������#
�D ��������
�� ����� �*���� �
 4	x,�1−x� �����

0
!� �!.< ��:)+< >�+$+?

G1�� $+�H I� 1������D )������
����� ���	��	� �����
���� 	
� 	
�����
���� %�����	
��
 < 2����

��� 	
� )50�����
�� ,���
�������< J��!
������ �����
�< >�+$+?

G1�� $+�H I� 1������< �� ;
���
�

�< I� 6������#
�D ����� �	�&��� �
� ���������� �������
��� �&

4	6,� ������= � ������
����� ����	�����
� I� �����D B��#
��� ����
� �< ):��< >�+$+?

G;
� +:�H �� ;
���
�

�< I� 1������<  ��� ����#�
�< &��� 1����
D 4���	�����
 �& ���
����

��0	������ �
 � 
�
���
���� ����= �� �
 /	� ����� 0
!� �!�< +%%%< >�++:?

G1�� +��H I� 1������< 0� 1
����
��< I� 6������#
�< �� ;
���
�

�D +	"� �
� �������

 ����������

�����	�� �������
����� �& ���������� ���
�����
������ ������� ���� ����
 B���� ++< �:)<

>�++�?

G1�� +��H I� 1������< 0� -	
��3�
�< ;� ��
��
�< �� B�����< �� ;
���
�

�< I�6������#
�D 4��
���

�& ��� �������
�� ���	��	�� �& 4	6,� �	� �� �������������� ���
�����
�� ����� 0
!��!!<

����%< >�++�?

G1�� +�H I� 1������< A� ��
��< 0� -	
��3�
�< I� 6������#
�D )������
�� 0��0������ �& ��
����

0����� �������"�� /�64	 ������8 ����� 0
!� �!(< ++�$< >�++�?

G1�� +%H I� 1������< A� ��
��< �� ;
���
�

�< 6������#
�D / ��	�� �& �00��5������
� ���� �


�
��	���
� ��� �����	�� ���������� �� �������
��� �& ���������� ������� ����� 0
!� �".<

��:%< >�++%?

G1�� +*�H I� 1������< A� ��
��D ������0��
��0��� ����	�����
 �& ��� �������������� 0�.�� �& ����

������� ������� ����# ����
 B���� '!< %%*< >�++*?

�:�



�:% "����� �#�����������

G1�� +*�H I� 1������< A� ��
��D ������0��
��0��� ������ �& �0�
��
��	� ���
����������
�� �
����

���0� �
� �
�����	� !��� �*��� �
 ���������� &�������
���� ������8 �	������� /
���

��< *�)< >�++*?

G1�� +��H I� 1������D ,����	�� ��0�
��
�� �& ��� ���������� �������
��� �& ���������� ������8 �����

0
!� �"�< )��$< >�++�?

G1�� +��H I� 1������D 4���	�����
 �& �0�
��
��	� �������
�� �
������0� �& ���������� &�������

�
���� ������8 5�D M��������� �� ���
�����M< A��
�D &�  ����< ����&� �	����< I� -	#���!(

���< @&�=(&�5 �
��
� &����
# ���
��
�< ��
�	� ��
��< ��""< %��< >�++�?

G1�� +��H I� 1������< &� 6
��
�< A� ��
��D �0�
���"�� �
��������
 �
� �0�
��
��	� ���
�
����

�
���� �*���� �
 &�������
���� ������8 ���� ����
 B���� '&< ��+< >�++�?

G;
� +�H �� ;
���
�

�< ���� /
!�< I� 1������< /� �3	���
�< 1� JK���	�3�D ��
� ���	��	��

�
� ���������� ��
�	���
��� �& ���������� ������� �������8 I� �����D B��#
��� ����
�

&< )�)+< >�++�?

G��
 +�H A� ��
��< &� 6
��
�< I� 1������D )��������� ��
�	���
��� �& &�������
���� 4��,� �
�

4��,� ������8 ����� 0
!� �"!< $%)+< >�++�?

G1�� +)�H I� 1������< &� 6
��
�< A� ��
��D /00����"����� �& ��� �.���	���
� ����� &�� �������

.��� ����
��� �0�
���0�
��
� ��������8 ����� 0
!� �"(< �:��*< >�++)?

G1�� +)�H I� 1������D ������
����� �
� 
�
�������
����� �������
 ���
�0��� �
 ���������� ������8 #8

2�����8 ����� ��
� �++< $*< >�++$?

G1�� +)�H I� 1������D ������
����� �
� 
�
�������
����� �������
 ���
�0��� �
 ���������� ������8

##8 /00�������
 �� 0������	� ������� .��� ��00��9 ���
��9 �
� ����8 ����� ��
� �++<

�:*< >�++$?

G��
 +)H A� ��
��< &� 6
��
�< I� 1������D ������
����� "�
� ���	��	�� �& ���������� ���
����

������� ����# ����
 B���� �.!< �%�< >�++)?

G��
 ::H A� ��
��< &� 6
��
�< I� 1������D 2�� �
;	�
�� �& �0�
���"�� ��	0��
� �
� � �	���
�

��0�
��
� 0���
���� �
 ��� �����	�� �������
��� �& ���������� ���
���� ������� ����#

����
 B���� ���< �:�< >�:::?

G6
� :�H &� 6
��
�< I� 1������< A� ��
��D )������
�� ��
�	���
��� �
 ��x4�1−x �
� ��x4	1−x

&�������� �������� ����� 0
!� �(&< ��%%:%< >�::�?



"���	���	��	
�������

G&�� �*H �� &�����.��3< 5�&� ��

	�D !�
�"��� �& ������������ �	
����
�� ,�!
� �	���< @
.

Y���< >�+�*?

G&�� $$H &�&� &��������!D �	
����
���� �& ��� ������ �& ������� @���� A�����#< &���
�#��<

>�+$$?

G&�� ))�H A� &���D 4,/ ����	�����
 �& ��� �������
�� ���	��	�� �& ���
�����
 ����� ������ .���

��� �	-
���
 0���
���� ������� ,���
�������< =���� J��!
�����< >�+))?

G&�� ))�H A� &���D �����	�� �������
��� �& ��6��9 ��64� �
� ����� &�������
���� ������� �������

&(�&&�< *�+< >�+))?

G&�
 $+H ��@� &�
��
�< ��B� ����#���	���D 2����� �& ���������� ��
�	���
��� �& ��
��� "�
���

������ �
 ��� �
����� �������5 �00��5������
� ����� 0
!� ���< �%**< >�+$�?

G&�
 $+H ��@� &�
��
�D ������"���
�� ������ �& ���������� �������
���� ����� 0
!� ��'< �+$�<

>�+$+?

G&�� )�H 1��� &�������
< 0� '�
���
�D �������
��� �
� ������0�.�� �& � ������ �& ��6�� �

��

������� B��� I� ����� ".< �%%< >�+)�?

G&�� +:H �� &����< B�I� 1���
�< 0��� 0��< &� 1�����D )������
�� ���	��	�� �& /	70,�30 ����������

������� ����� 0
!� �!�< $$�:< >�++:?

G&�� �+H A� &��.����< ,� �
�
	���<  � ������
��
�
< /� �������< /� 1
�

�D ���
�
����
����

�*����9 ���
��������
 �
� �0�
���"�� �
��������
 �
 4	6��6�� �
� ����� &�������
��

��� 
����� ������� ����� 0
!� �&"< )+�< >�+�+?

G&�� $�H @�;� &�������< @�,� �
����D ����� ����� ,������� A��� ��	�#
��< �����#
�����<

>�+$�?

G1�� $$H ��@� 1������< I��� 1����< &� '
��< '� @
	�
� 6�� ,�	< '� �
���"< �� ���
��
<

 � B�
	3
�< &� '��
#
����< I� B��3
���D ���
� ���
����������
�� �& �>>?���@�>>?�4�

���
���� �	0����������� ����� 0
!� /
��� (�< �%)�< >�+$$?

�:*



�:� (���	��#	��	
�������

G1��
 +�H �� 1��
�K

< &�-� 0������#�	��D ���
����������
�� �& ��x��80−x4�20 �A>≤ x ≤ BB�

�
� ��254�75 ������8 I� �����D B��#
��� ����
� "< /�+*< >�++�?

G1�� )�H J� !�� 1����< /� A
#��D / ����� �5���
�������������
 0���
���� &�� ��� �0�
�0��������

����8 I� ����� 8"< ���+< >�+)�?

G1�� $%H J� !�� 1����D 3�
���� &	
����
�� ������ &�� ������� 5�D M��
 
�
������� ���	��	�
 ��

�����
7 ����
��M< A��
�D �� ������
�	< ;��� �
��
����< @&�=(&�5 �
��
� ���(

����< ����< �)< ��
�	� ��
��< @
. Y���< >�+$%?

G1�	 +%H  ���;� 1�	
�< &� 1������< -��� ���
�< ��I� -
���D ��������
� ������ �& 0��0�
���	���

���
�0��� �
 ���
���� �	���������� I� &���� ����� +"< �):%< >�++%?

G1

 �%�H I�/� 1

��D 2�� �������
�� ���	��	�� �& ���������� �������� ����� 0��� ���� ��+'< $�<

>�+�%?

G1

 �%�H I�/� 1

��D )������
�� ���	��	�� �& ������� ����� 0
!� ��"< &��:< >�+�%?

G1
� ��H /� 1
�

�< ,� 0�!�
�D �C������
��C C������D	� �� ������D	� �	 
����� 0	� �� �$	
 �������

���6������ �
 ����0 ���
C��D	� �	5 "����� ���0����	���� A
�!� ����� &��� �"< )�*<

>�+��?

G1
� �%H /� 1
�

�D #
;	�
�� �& �0�
���"�� �
��������
 �
 ��� ���
�0����0�������� �
 &�������

�
���� 
����� ������9 �
 ��� 0����
�� �& � ����
����� �& ��� E��"�
�� ������� �.< ��%�<

>�+�%?

G1
� �$H /� 1
�

�< ��&� '��
#�
�
D ���
����������
�� �& � 0�������� ��
��� ������� �
� �*���

�& E� ��"���� ����
�������� ����� 0
!� �("< �):< >�+�$?

G1
� ):H /� 1
�

�D �����:	�0 �����
��� &�� ��� !��� �*��� �
 &�������
������ ����� 0
!� ��<

%**+< >�+):?

G1
� ))H /� 1
�

�D )
���
�� &�� �0��� "�
�� �
 ��6�� &��� �0���F� ����9 ��&����� �
� ���
��

�������
 ����� ������� '��< ��< >�+))?

G1
� $�H /� 1
�

�<  � 1
�
���D 2�� !��� �*��� �& &�������
������ �� M��
 A��� 
"
�� ��# ���

������������M< A��
D B�/�B��
�< B�0� ;
��
��
< ��
�	� ��
��< @
. Y���< >�+$�?

G1
� $$H /� 1
�

�< ���� '�
����< I�,� ;���
�< I��������#�D �
 ��� ���0����	�� ��0�
��
�� �&

��� ���
����������
�� �& &�������
���� ������� I� &���� ����� (!< *%*+< >�+$$?

G1
� +:H /� 1
�

�D 2����� �& ���
����������
�� �
 ��
��
������ &�������
���� ������8 I� &����

����� (+< **%+< >�++:?

G1
�� )�H 0� 1
����D 2������ ��
�	����
 �
 ������� B���
�#�� ��
��< =7���#< >�+)�?



(���	��#	��	
������� �:)

G1
�� +:H 0� 1
����
��D ������
	
� ��� �����������
 %���& ������� ��� !��&� ��� +	"���������

,��������
��< J��!
������ �����
�< >�++:?

G1�� )�H &�-� 1�����������< �� 1��	.
��< '� 1��	
��< ��-� I����D !��� �*��� �
 ��
��
������

������� ����� 0
!� ��< *��%< >�+)�?

G1�� $+H  � 1�����< ��  ����
�
< '� ��	�
�����< ;� 4���D )
��
��� ���
����������
�� �


������� ���
���� ���	��	��� .��� �
��&�������
���� �
�������� �5���
��8 ����� 0
!�

��'< %$�$< >�+$+?

G1�� ��H 0�0� 1����D �������� �
� ���
������ @���� A�����#< &���
�#��< >�+��?

G1�� )�H '�I� 1����< ��&� �����
#
�< B�/� '���
�< ,�  �
�
D 2������������� 0�.�� �& �������

��
�	� ��
��< @
. Y���< >�+)�?

G1�3 %�H 0��� 1�3����D���
����������
�� �
� �����
 ������ �& ���
6
����� ������� ����� 0
!�

+.< +��< >�+%�?

G1��� $�H J� 1���#�< �� ����.
��D ������	� ���	��� �
 ��� 34 +	"�6����
.��� ��
�	���
���

�& ���������� �������� I� ����� 8�"< *�**< >�+$�?

G1��	 )*H �� 1��	.
��< I�  ��
�< I� !�� #
� 0
��< '� 1��	
��D #
;	�
�� �& ��
����
�� ����� �


���������� �������
��� �
 ������� ����# ����
 B���� �+< ��+< >�+)*?

G1��	 )�H '� 1��	
��< &�6� 6
#���
!D 2����� �& ���������� ��
�	���
��� �
 ���������� "�
���

������8 2�� �*��� �& ��� ��"���������
� ����� 0
!� �"< �%$< >�+)�?

G1��	 )�H '� 1��	
��< &�6� 6
#���
!< ��  ���
���D �����	�� �������
��� �& ��
��
������ &�����

���
���� ���������� ������� ����� 0
!� �+< �$:< >�+)�?

G1�� $+�H 0�A� 1��.�< ��1� &��
�< ,��� @��������< ;�A� 1	��
�D �������
��� �& ����
����������
�

������= �"��
�� �& �����������
 �
� �	����� �& 4,/ ��
F���� "� �5��� �	0������ ����	�

�����
� �
 71−x/�x� ����� 0
!� /
��� (�< ���< >�+$+?

G1�� $+�H 0�A� 1��.�< ��1� &��
�< ,��� @��������< ;�A� 1	��
�D / F����0��
��0��� ����	�����


�& ��� ���������� �������
��� �
� ������0�.�� �& ����
����������
� ������8���� 0
�� ����

����� ����� �!�< +�< >�+$+?

G1�	 +%H �� 1�	��< 1�  ����
���< ����  �	����< &�6� 0	���< Y� 6
����!D ����� �	�&����

�
� �������
�� ��0�������� ���
�����
� �
 �������� ����� ���	���
�� ����� 0
�� �!'< �*�<

>�++%?

G1	� $%�H ;�A� 1	��
�<  ��� ������D 4���	����� ���������� �������
��� �
� ������0�.�� �& /�6,�

������� ����� 0
!� ��'< %��)< >�+$%?



�:$ (���	��#	��	
�������

G1	� $%�H ;�A� 1	��
�D 4���	����� ��.�F��� !��� ���-���
� �& /�6,� ������� ����� 0
!� ��'<

%��%< >�+$%?

G1	� $*H ;�A� 1	��
�D 2����� �& �������� ���
�0��� �
 ��
��� ������= +����
���+��
���������

������
� 0���
���� �00��5������
� ����� 0
!� ���< ���:< >�+$*?

G1	� +�H ;�A� 1	��
�< &�  ����< V�( � 4���
D �	���0�����������
� ������ &�� �0����F���
� 0��

��
������ ����� 0
!� �!"< ��*�)< >�++�?

G1	� +�H ;�A� 1	��
�< I��� ��/��
�< V�( � 4���
D ���
� ���
����������
�� ����	����� &���

F��� 0��
��0���8 ���� 0
�� ���� ����� ����� ���< *+< >�++�?

G1	� +%H ;�A� 1	��
�< V�( � 4���
< ,���B� @��������< I��� ��/��
�D2����� �& ���
�0���

�
 �
������
��	� ������� �
� �00�������
 �� ���
���� �	�������� �������� I� &����

����� +(< �$:$< >�++%?

GB�# )�H ��B� B�#
!���
< 1� /�


�D �
 ��� ���
�0��� 0��0������ �
 ��
��
������ ��6�� ������

�� ��. ���0����	���� I� ����� ,�< /��*< >�+)�?

GB�� $%H I� B����.��< @� A� �����D 3�
���� &	
����
�� �������= ������ �
� �00�������
� ����#

����
 ������� �&< ��*< >�+$%?� A��
�D '� �
��3< ,� �	���	��< &��#
��� ��
��< @
.

Y���

GB�� +�H I� B����.��D 2�� D	�
�	� ������ �& ��� ����� ������ &��#
��� ��
��< 1�����< >�++�?

GB�� *�H A�1� B���
�< ��&� ;
����D #���
����"����� �
� ��
�������� 
����� ����� 0
!� &�< �%<

>�+*�?

GB�� *��H A�1� B���
�< 0�'�  �

�
D �
 � ������� �& ����
����"�� ��������
������ ����� 0
!�

&(< ):�< >�+*�?

GB�� *��H A�1� B���
�< 0�'�  �

�
D �
 � ������� �& ����
����"�� ��������
�����8 ##� �����

0
!� &&< ��$)< >�+*�?

GB�� �)H 5�&� B����
��< &� '
��< &�0� ���
���D )
���
�� &�� �.���	���
� ��
�	����
 ���
�

����� ��
� �"< +))< >�+�)?

GB�� ):�H 5�&� B����
��D !��� �*��� �
� �������
�� �
������0� �
 �� ������� ����� 0
!� /
���

�!< ��+< >�+):?

GB�� ):�H 5�&� B����
��< &� '
��< =� I��	�D 2�� �0�
��
��	� �������
��� �
������0� �
 ���"����

������� I� ����� 8�< �+*< >�+):?

GB�� )%H 5�&� B����
��D ����
� �
� .��� &�������
����� �
 ��6�� ������� I� ����� ,!< /�$�<

>�+)%?



(���	��#	��	
������� �:+

GB�� $�H 5�&� B����
��< &� '
��D 2��
�0��� 0��0������ �& &�������
������ �� M'
�����
�
���

���
�����M< A��
�D ���� ;��������< 1#� �< �� )*�< >�+$�?

GB�
 )�H &�1� B�
�<  � ;
��3< &� ��
�D 2��0����	�� ��0�
��
�� �& ��� �������
�� ��
���� �&

������ �
� �� ���������� �������
��� �& ���������� "�
��� ������� ����� 0
!� �"< �$+)<

>�+)�?

GB�
 $+H /�Y� B�
�< 4�1� �	D G	�
�	� �������

 �D	����
 �
� +	"� &���	�� &�� �������
��

���
�0��� �
 ������� ����� 0
!� �!.< +�:+< >�+$+?

GB�
 +:H /�Y� B�
�< B��� ���
< @�I��� A����
D /���"���� �������
��� &��� ��� &���� "���
���

�D	����
� ���� ����
 B���� +�< %�)< >�++:?

GB�
 *+H  �6� B�
��
�< &� ��
��	�
D �
 ��� ���������� ��
�	���
��� �& ������� ����� ����� ����

+�< )%*< >�+*+?

GB�� ))H B� B��
�(�����	#K�< 1�,�	< '�/���
D G	�
�	� �����
���� ;��
�< @
. Y���< >�+))?

GB�� ��H 1�0� B��
�< I�B� ������D 2�� ���������� �������
����� �& ��� 0������	�����
�� ������� �����

0��� ���� �(+< ��+< >�+��?

GB3� $%H  � B3������D 4,/ &�� �.� ����
���
�� �������
�� ���
�0��� �
 ����
� ���
���� F�����

����# ����
� B���� !'< �:�< >�+$%?

G,�! )�H A�/� ,�!��D )-���
� 
	������� ����
�D	�� &�� ��� ����	�����
 �& ��� ++� ���	��	��

��
���
��� 5�D MB���	�������� �
���#� �� ���# ��
���M< �� �$�< A��
D ��;� ����	�<

I�'� I����< &�0�;�������< ��
�	� ��
��< @
. Y���< >�+)�?

G,�� )%H �� ,������< ��A� ���#�
��
�D ����
$� &	
����
� &�� ����� ����� 0���������� ;�&� 1
�(

K����< /��#��< >�+)%?

G,8� �$H ;� ,8���
D 3�� /" 
������� ��� '�������
��� 
�
 ���������������
 
�
 ��� �����	
�

��� �0�
��
�
 ���
�������	
�� &��� ����� >*� '��

?< ��< �*+< >�+�$?

G,�� )*H I�;�'� ,���
�K�< &�0� ��
#
��D / D	�
������
� �

���������
 �& ��� �.���	���
� ��
�

�	����
 �
 
����� ������8 I� ����� ,"< %$)< >�+)*?

G,�� )�H I�;�'� ,���
�K�D )��������� ��
�	����
 �
 &�������
���� ������� ������� 0
�� 0
����

��< �$)< >�+)�?

G,�� ))H I�;�'� ,���
�K�< &�0� ��
#
��D 2�� �����	�� �������
��� �& ���	�� ���
�"���� ������ �


��� �.���	���
� ������ I� ����� ,+< /��< >�+))?

G,	
 ��H I��� ,	
#��
 ��# &���  	
��	��D 2�� ��.����0����	�� ���
�0��� 0��0������ �& ���

,�6/� ����� ������� ����� ��
� ��< *:�< >�+��?



��: (���	��#	��	
�������

G,	
 ))H I��� ,	
#��
D 2�� ���������� 0��0������ �& ������ �
� ������� �#.��# &����#< /��#��<

>�+))?

G,	� $:H ��I� ,	����< 1�/�  �8�"�< &�I� ���#��D �
 ��� &	
����
��� �D	����
� �& ���

+����
���+��
��������� �++���7�����
 �& ��� ������
� 0���
���� �00��5������


�4,/�� I� ����� ,�.< ���< >�+$:?

G��
 $)H A� ��
��< A� ;���
�< 1�/�  �8�"�< ,�,� I������< '�I� ������D 2���������� ��	�� �&

��� �

���
��
��� �*���� �
 ��� ��0��F
� F���� �& �� �
� �� �
 ��0.75��0.25� ����#

����
 B���� (!< �:��< >�+$)?�

G��
 $$H A� ��
��< 1�/�  ���"�D �
 ��� ��������
� ���	���
� �� ��� 3���� �D	����
 &�� 
�
�

�0��������� ��������� �������� I� ����� ,�&< %*�< >�+$$?

G��
 +�H A� ��
��< A� &���D �0�
�0�������� ������
����� "�
� ���	��	�� ����	�����
� &�� ���	��

�
� ��
��
������ ���������� ������� ���� 0
�� ���� ����� ����� �"�< ��+< >�++�?

G��
 +�H A� ��
��< 1� ,�����
�< A� &���D �0�
�0�������� ������
����� �������
�� ���	��	�� ����	���

���
� &�� ���������� ������ 	��
� ��� 4,/= �00�������
 �� ��x4�1−x ��# B�x��1−x� I�

��
�� ��
�� ���
��< �.!��.+< )��< >�++�?

G��
 +*H A� ��
��< A� '�
�
�< &� 6
��
�<  �Y�  	�D ��
�0	�����
 �& ��� �0�
���"�� ��	0��
�

	��
� ��� 3���� �D	����
 &�� �0�
���0�
��
� 0���
������ ����� 0
!� �"�< ))��< >�++*?

G��
 +�H A� ��
��< �� 1������
���D �0�
 �
� ��"���� 0�������� ������
����� �	���0�� ��������
�

������ .��� �00�������
� �� ��9 4�9 �� �
� ��x4�1−x8 ����# ����
 B���� '&< )$*<

>�++�?

G��� $%H A� �����#�< /� '������
< I� @�"�
D ���&���
�����
� �������
� �& ������
����� "�
����	��

�	�� �& ��� 
�"�� ������� I� ����� ,�!< +)< >�+$%?

G��� $�H ��@� �������	D ����
$� &	
����
� �
 D	�
�	� 0������� �����

�(6
���
< 1
����<

>�+$�?

G�#. *$H ��'� �#.��#�D / 
�. ������ &�� ��� �
��	����
 �& �������� ��
�	���
��� �
 �������

����� ��
� �< �:�:< >�+*$?

G�#. ��H ��'� �#.��#�D 2�� �������
�� ���	��	�� �& ���������� �������� ����� ��
� (< ��)< >�+��?

G��� )�H A� ���
��
���< /��� ���.���3D 2�� �������
�� ���	��	�� �& ������� ����# ����
 �������

��< �%+< A��
�D '� �
��3< ,� �	���	��� &��#
��� ��
��< @
. Y���< >�+)�?

G��K +:H -�I��� ��K�
�< I�A�I� '�	�����D �0���������
 �& ��� ���0�
�� �& ���
����������
� ����

��
��� 5��� ������ ��
�� �(< ���< >�++:?



(���	��#	��	
������� ���

G��� :*H &� �����
��D H"�� ��� 
�
 ��� �����	�����
�������
 2������ ��� ' ��� ��&�������

��.��	
� 
�
 �
 �	��
��
 ��I���������
 �	�0�
������
 2������
� &��� ����� �+< *%+<

>�+:*?

G��� )+H -� ���< ;�  ���
�D 3�� ������� ��� ����
����
 �	
����
�
 �
 ��� �����(�0���������<

&��#
��
 6
���
< 1
����< >�+)+?

G'�� �$H �� '���
��< ,�  �
�
D 2�� ���������� �������
��� �& 
����� �
� ��� ������� I� ���� ,�<

��*+< >�+�$?

G'�	 $:H I� �� '�	���
�<  � �� ������D 4���	����
� 0��0������ .��� ��� ������
� 0���
���� �0�

0��5������
� ����� 0
!� ���< ����< >�+$:?

G'�	 $�H I��� '�	���
�D 2�� �����
 ������ �& ������� ���
� ���� ���� �+< �< >�+$�?

G'
# $�H 0� '
#
�< '� 0������< 1� &��
�����D ������
����� �	���0�� ��������
� ������ �& �������
�

"� &�������
���� 4� ����� �"�< ��< >�+$�?

G'
�� $:H ,�-� '
���< I�0� 1���
�< B� I������� >A��
�?D ,������ �& 
�
��
��� ���
�0��� �
 ���

����
�	������ ��
�	�< @
. Y���< >�+$:?

G'
� �$H &� '
��< 5�&� B����
��D 2.���	���
� ��
�	����
 �
 
������ ����� 0
!� /
��� ��< ��+:<

>�+�$?

G'
� �+H &� '
��D 2.���	���
� ��
�	����
 �
 &�������
���� ������ �
� �0�
 .�
���������
 ����

�����
�� I� ����� 8�< �)$%< >�+�+?

G'
� )�H &� '
��< 5�&� B����
��D 2��
�0��� 0��0������ �& &�������
���� ���
�����
 ������� I� #


�����T	
< B���� 8�< B�(%�< >�+)�?

G'
� )�H &� '
��< =� I��	�D %�&������� ��������� �
 ��� ��������
� �& �������
� "� ���
����

��0	������9 �
� !��� �*���� ����� 0
!� /
��� �&< �:�< >�+)�?

G'
� )�H &� '
��< 5�&� B����
��D )��������� �������
��� �& &�������
���� 
����� �
� ���
 �������

I� ����� ,(< $%+< >�+)�?

G'
� $�H &� '
��< &� A��3�ZD !��� �*��� &��� ���. ��������
� &��� ���
���� ��0	������� �� M��


A��� 
"
�� ��# ��� ������������M< A��
�D B�/�B��
�< B�0� ;
��
��
< ��
�	� ��
��< @
.

Y���< >�+$�?

G'�� $+�H 0��� '������<  �,� �����D 3�
����
��� �
 ��� &�����"���
��� ������ �& �������
����

����� 0
!� ��'< �++:< >�+$+?

G'�� $+�H 0��� '������D /���"���� �
� ���������� �������
������ ����� 0
!� ��'< �++%< >�+$+?



��� (���	��#	��	
�������

G'�
 +:�H ���� '�
����< ���� �����
��D ���
� �
������0�� ���
����������
�� �
� �5���� �������
���

�
 ����0��	� �1−x�"x &�������
���8 ����� 0
!� /
��� (!< ��$%< >�++:?

G'�
 +:�H ���� '�
����< ���� �����
��D %���� ���
����������
�� �
������0� �
 � 
�. ����� �&

����0��	� &�������
���= �100−x−y�"y�
y8 I� &���� ����� (+< %+:�< >�++:?

G 
 +%H  
 Y	D 3�0�
��
�� �& ��� ���������� �������
��� �
 ��� ������ �& ��������
�� ����� �


�	������0�
�
� ����� ���	���
�� ����� ����� ���� >�? �&"< �:)< >�++%?

G �� )�H A�1�  ������< 0�  ���
��<  �1� ���
��D #

���� ���
�0��� ���-���
��� I� ����� 8(<

�$%�< >�+)�?

G �� *�H I�1�  �����D 2�� )*��� �& ��������
�� ����� �
 �����	�� �������
��� � I� ����� B�
��

���� �< �)< >�+*�?

G �� $$H 1�  ����
���< I��� ���	����D 2�� �������
�� ���	��	�� �& ���������� ������ ��
���
�
�

���
� �����
�� 6 �
 ��0��
�� ����	�����
�� ������ ���	������� "� � ��	�� �& � ��00���

���� ����� � I� ����� ,�&< �$�)< >�+$$?

G �� $�H &�  ����D �	���0�� ��������
� ������ &�� ��	����� �& 
�
��
����00�
� 0���
����� �& ���

"������ ���0�� ����� 0
!� ���< *+�%< >�+$�?

G �� +�H &�  ����D ����
 &	
����
� &�� ������� �
� ���������� �������� @���� A�����#< &�(

��
�#��< >�++�?

G �
 *$H ,� &�  �

�.��#D 2�� �������

 �D	����
 �
 ��� ������ �& ��� ���������� ��
�	����


�& ������� ����� ����� ���� /��#��< +�< *$*< >�+*$?

G �� +*H ��  ����
�
D �����
���
���.�������
� �
 ���
�������
 ����������	��	��
8 ����� 1��

"�< �:))< >�++*?

G 	
 )%H &���  	[��	��D %�.����0����	�� �������������� 0�.�� �& 0������	�����
�� �������

����� ��
� �.< �%� >�+)%?�

G 	
 )$H &���  	[��	��< @��� /�.���< I� @����E
�#D %�.����0����	�� �������������� 0�.�� �&

/	6,� ������� ����� ��
� ��&< *�)< >�+)$?

G �� )�H 1�/�  ���"�D 4�����
� 0���
���� �00��5������
 &�� 
�
�
����00�
� �	-
���
�

0���
���� ����� �& ��
��� �	"����	���
���� ������8 ����� 0
!� �"< ��$�< >�+)�?

GA�K +��H 0�&� A�KK��< �� ����	���	�< A�(��,� ���
�D ����	����
�� �& ��� �
�����	� ���

�
����������
�� �*��� �
 4�@,� �
� 4�@,� �	�������� F��� &�� ���
�����0����� ����

������� �00�������
�� I� &���� ����� ('< %�$�< >�++�?

GA�K +��H 0�&� A�KK��< �� ����	���	�< A�(��,� ���
�D ����	����
�� �& ���
����������
�� �


���
�����0����� �������
� ������ I� &���� ����� ('< ):�)< >�++�?



(���	��#	��	
������� ���

GA�� ��H '� A��< 1� �

���D )
���� "�
�� �
 0������� �������� < ����
$� &	
����
 ������� �����

0
!� ��!< �)$�< >�+��?

GA��3 )$H &� A��3�Z< �� �
��	���< 5�&� B����
��< &� '
��D 2�� ���
����������
�� �& ,��"����

���	�� &�������
���� ������� I� ����� ,&< �+%) >�+)$?

GA�� *$H �� A���
�< -� &�#
���D 4�
����	���
 �& "�
��� ������� �� ��. A���< @
. Y���<

>�+$�?

GA�� )�H A� A��

�.�< I� -�������D /
 �00�������
 �& ��� ������
� 0���
���� �00��5������


�� &�������
���� ������� I� ����� ���� I��� ��< �$�< >�+)�?

GA�� )��H A� A��

�.�< I� -�������D 4���	�����
 �& �������
�� ���	��	�� �& �� "��� &�� &�����

���
���� ������ �
 ��� ������
� 0���
���� �00��5������
� I� ����� ���� I��� ��< �*++<

>�+)�?

GA�� )��H A� A��

�.�< I� -�������D 4���	�����
 �& �������
�� ���	��	�� �& �� "��� &�������

�
���� ������ �
 ��� ������
� 0���
���� �00��5������
� I� ����� ���� I��� ��< ��:)<

>�+)�?

GA
# )�H /� A
#��< 1�5� /	�#T!���D )50����� ����� �5���
�� ����������
 0���
������ I� ����� 8!<

�:�%< >�+)�?

GA�� �%H �� A��
��
�
< ;� -���D #
������
��	� �������
 ���� ����� 0
!� ��(< 1$�%< >�+�%?

GA�� $�H @�I��� A����
< V�/� /
�< A�/� B	�D 3��������� �
���0�������
 �& %���2�
� 
�
��
���

&���������
�	��"���
�� ���
�0��� �D	����
 &�� ���������� �������
���� ����� 0
!� ���<

�+�+< >�+$�?

GA�	 $�H Y� A�	< I��� �����#�< ��  	���< �� I
�< /� 1
�

�D ���
����������
�� �& ,���� �
�

,������� ������� I� &���� ����� "!< �$$)< >�+$�?

GA	� )*H �� A	�
����<  �6� B�
��
�D �7��� ����	��
 ��� ��
 
�
������� �
�����!���� &#!� �����

�!< %$+< >�+)*?

GA	� )�H B��� A	�#D ���
�
����
���� �*���� �
 �
������0�� ������� &#!� ����� ��< ��*< >�+)�?

GA	� )+H B��� A	�#< ���� ��&�����
�< B� B�	�	�
D 2�� �5�������
��� !��� �*��� �
 ���	�� ,�6

4�� I� &���� ����� ".< )*��< >�+)+?

GA.� $�H �� A.��
< &�  ����< &�I� '�

���D 2��
�0��� 0��0������ �& �	"����	���
���� ����������

������� ����� 0
!� ���< �$)�< >�+$�?

GA.� $)H �� A.��
< &�  ����< &�I� '�

���D 2��
�0��� 0��0������ �& ��
��� �
� 
�
���
���

�	"����	���
���� ���������� ������8 #= )5��� 
	������� ����	�����
 �& ��� �� ��
�	����


���8 ����� 0
!� ��"< $+)%< >�+$)?



��% (���	��#	��	
�������

GA.� $)H �� A.��
< &�  ����< &�I� '�

���D 2��
�0��� 0��0������ �& ��
��� �
� 
�
���
���

�	"����	���
���� ���������� ������8 ##8 ��. ��	���� &���	�����
 �& ��� �� ��
�	���
���

�
� 
	������� �00�������
�� ����� 0
!� ��"< $++�< >�+$)?

G5�� $%H �� 5���D /
 �5��� �50������
 &�� ��� !��� ��
�	���
��� �
 ��	����

����
� &���� I�

����� ,�!< /$+< >�+$%?

G5�� $*H �� 5���D ��	����

����
� ������ �& ��� !��� �*��� �
 � .��� ���
���� F���� I� �����

,�"< �)�*< >�+$*?

GI�� *)H I�(�� I��D ���
�
����
���� �
� ���������
���� �*���� �
 ������� ����# ����
 ���(

����< "< �< >�+*)?� A��
D '� �
��3< ,� �	���	��< &��#
��� ��
��< @
. Y���

GI�� )*H =� I��	�< 5�&� B����
��D 1�������0����	�� �0�
���5�
� �
 
������ I� ����� ,"< /�+<

>�+)*?

GI�� ))H =� I��	�< 5�&� B����
��< &� '
��D �0�
��
��	� �������
��� �
������0� �
 
����� ������8

I� ��
�� ��
�� ���
�� "< ��< >�+))?

GI
� �:H ;� I
����
��	�< &��� &�#�[�D !����)*��� 	
� %���& ������� ��� )���
6������ %�����

�	
��
� &��� ����� "< �$)< >�+�:?

GI
� +�H ��J� I
�< ���� B�
�< ��&� B���
D )��������� �������
��� �& 4�6��6,� �
� 4�6,� �������

I� &���� ����� +.< *$�� >�++�?

GI
� +�H ��J� I
�D /
������0�� ���
����������
�� �& 4�6,� ������� ����� 0
!� !"< +$�+ >�++�?

GI
� +��H ��J� I
�< ���� B�
�< 1�/� B���D ���	�����
 ����
�9 �0���F� ����9 �
� ���
�0���

0��0������ �& ���������� 4�1−x,�x ������8 ����� 0
!� �!&< ��)$+< >�++�?

GI
� +��H ��J� I
�< ��&� B���
D ���
����9 �������9 �
� ���
�0��� 0��
���
� �& ��100−x7x �
�

���100−x7x�83�17 ������� ����� 0
!� !+< *$��< >�++�?

GI
� +%H ��J� I
�< 1�/� B���< B�B� /�	D !��� �*��� �& 0������������
� 4�6,� ������� I� &����

����� +(< *)$� >�++%?

GI��� �)H B�A� I��������< I�=� /��#
D ���������	��	� 	
� ������������ %���
���(��
 ��� ������

�������������
 /	64	9 ,�64	 	
� ,�64	� &��� ����� &�< %%+< >�+�)?

GI��� $*H ,�,� I������< '�I� ������<  ��� ������D ���&���
�����
� �������
�� ���	��	�� �& ������

����� ��0.65��0.35� I� &���� ����� "+< �:�$< >�+$*?

GI��� $�H ,�,� I������< ,��� @��������< '�I� ������< 1�/�  ���"�<  ��� ������D 3�
�����

&	
����
�� ������ &�� ��
��� ������= ����� �
���� .����
 ��� ������
��0���
���� �00���

5������
� ����� 0
!� /
��� "(< �:$$< >�+$�?



(���	��#	��	
������� ��*

GI�� $+H 0�=� I��
�< =�  	�������D 2�� ��
���� &	
����
�� &��������9 ��� �00�������
� �
�

0���0����� 0
!� ��#� ����� (�< �$+< >�+$+?

GI	� $*H I�&� I	����	�< &� ��
��< '�'� 1
��
�< ,� !�� #
� ���
�< ��'� &��
�D / 	
�F�� �00�����

�� �����	�� �������
���9 �������������� 0�.��9 	����
����� 0�����������
 �0��������0� �
�

�� !���6
�
 /�0��
 ����	����
�� �
 ���	�� 4	��9 4	,�9 4	,� �
� 4	,� ������8 I�

����� ,�"< ���< >�+$*?

G-�	 ))H ��@� -�	�D �0�
��
��	� �������
��� �
������0� �
 
��������00�� ������� I� ����� ,< �:+�<

>�+))?

G-�	 $�H ��@� -�	�< �� 0��
��
�
D )
���
�� &�� � ���
�����
 &��� .��� �� ����
� &�������

�
����� &��� �0�
��
��	� �������
��� �
������0� �
� �����F��� ���
���� �	���0��"�����

���� �
 ����0��	� ���6���80�,6��20� ����� 0
!� ��+< *�+$< >�+$�?

G-
� *�H ;�0� � -
��< �� � -�
�
��< &�-� ��

#���<  �-� ;���
D 2�� ������� �
� ����������

��
�	���
��� �& ���
���0������	� �
� ���
��������	� ������ �� ��. ���0����	���� �����

0��� ���� ����< %$:< >�+*�?

G-�
 ��H ;�A� -�
��
�D �0�������� �������� �& ���
�0��� ���-���
��� ����� 0
!� �!�< ��$<

>�+��?

G-�� *%H ;� -���< @� 0�����
�D ���	���
 �& ��� ����(��
��� �D	����
 �
 0������� �������� .���

�
 �00�������
 �� �������� �����	�� ����� 0
!� '!< ����< >�+*%?

G-�� *)H ;� -���< I��� /	����

�D G	�
�	� ������ �& ���������� ���
�0��� 0��
���
�� �����

0
!� �.&< *+:< >�+*)?

G-�� �*H ;� -���< /� I� ����D ���&���
�����
� �D	����
� �
��	��
� �5���
�� �
� ����������


�*����� ����� 0
!� �!.< &����< >�+�*?

G-�� )*�H Y�5� -��#������< &�6� 6
#���
!< &�1�  ����!����D �
 ��� ������ �& ��� �����	�� !���

�*��� �& ���������� ������8 #� '�3� �
���� �
����!
#� !.< %**< >�+)*?

G-�� )*�H Y�5� -��#������< &�6� 6
#���
!< &�1�  ����!����D �
 ��� ������ �& ��� �����	�� !���

�*��� �& ���������� ������8 ##� '�3� �
���� �
����!
#� !.< +:�< >�+)*?

G-�� *$H I� -�����
�D 3��0�����
������� &�� �������
� �
 � ��
��� ������� .��� �00�������
� ��

��� �������
�� ���	��	�� �& ������8 I� ����� B�
�� ����#� +< �*�< >�+*$?

G-	� *)H 0� -	��D �����������������
���� ������ �& ����
����"�� 0��������8 #8 ��
���� ������ �
�

���0�� �00�������
 �� ���
���� �
� ��
�	����
 0��"����� I� ����� ���� I���< ��< *):<

>�+*)?



��� (���	��#	��	
�������

G-	� *+H 0� -	��< A� A��

�.�< @� A������	�
D G	�
�	� ������ �& ���
�
����
���� �*���8

#= ����� ��
���������
�8 I� ����� ���� I��� �!< *�< >�+*+?

G-	� �*H 0� -	��< ��I� �����
< @� A������	�
D G	�
�	� ������ �& ���
�
����
���� �*��� ��

�5������� ����
� ���
���� F����� ����# ����
 �������< �+< �):< >�+�*?� A��
D '� �
��3<

,� �	���	��< &��#
��� ��
��< @
. Y���

G-	� $*H 0� -	��D ����������� 0������ ##� �����

� 6
���
< 1
����< >�+$*?

G-� �)H 6�,� -�D 2����� �& ��� �
������0� �& �������
�� �
 &�������
���� ������� ��!� �����

I��� �!< ++*< >�+�)?

G/�� �:H I��� /��

�D 2����� �& ��0	���� �������
�� �
 ������8 ����� 0
!� ��.< )�%< >�+�:?

G/

 $*H ��&� /

< ��6� 0�����������D 3��������� �������
�� �������� 0
!� ��#� ����� "+<

�$)< >�+$*?

G/
� $%H V�/� /
�< B��� ���
D 2����� �& 
�
��
��� �������
 ���
�0��� &�� ������ �
 � ����
�

�������� F���� ����� 0
!� �.< %$:+< >�+$%?

G/
� $*�H V�/� /
�< B��� ���
D / 
�. �00����� �� 
�
���
��� ���
�0��� &�� �
 �������
���0	����

������ �
 � ������ �������� F���� I� ����� 8�&< ))< >�+$*?

G/
� $*�H V�/� /
�< B��� ���
D ����
$� &	
����
 �00����� �� 
�
��
��� �������
 ���
�0��� &��

�
 �������
���0	�����0��
�
 ������ �
 � ����
� �������� F���� ����� 0
!� ��< ����<

>�+$*?

G/
� $)H V�/� /
�< ,�Y� V��
< �� /��< B��� ���
< I�/� 1�����D ��
��
��� �������
�� ���
�0���

�
 ������
�	���� ������� .��� �.� ��0�� �& ��������= �00�������
 �� ��/�� ����� 0
!�

�(< +��%< >�+$)?

G/
! ):H -� /
!��< 6
����X< A� ���
��
���D )������
�� ���
�0��� �
 ������= ������
��0���
����

�00��5������
� ����� 0
!� ��< �))�< >�+):?

G/
!� +*H ���� /
!�D ���
� ���
����������
�� �
 ���
���� ������� �
� ���
	��� ���������� ��(

��# ����
 �������� !+< ��)< >�++*?� A��
D A� ���
��
���< ,� �	���	��< &��#
��� ��
��<

@
. Y���

G/�� �)H I�=� /��#
D �(
���
����0������ 	
� ����������� �
����	��	
� ��� 4	6,� ��������

&��� ����� �.< �*�< >�+�)?

G/�� )�H �� /���#< ��6� �����D �	���0�� ��������
� ������ �
 ��
��
��� ���������� &#!� �����

��< �+< >�+)�?

G/	� �)H I� �� /	����

�D 2��
�0��� ������� 5�D M����
������� �
���#� �� ����# ����
 ��#

�	�
�F	�# ��
���M< A��
D 0�B� B����<  �A� ,
�����< =��!
�\1��#< �#���	�
�< >�+�)?



(���	��#	��	
������� ��)

G/�� )�H ��-� /��< �� A����
��D �����:	�0 �����
��� &�� &�������
���� !��� �*���� ����� 0
!�

/
��� �'< %��< >�+)�?

G��� )�H I�'� �����< '� ��	��
�D %�����	
��
 &I� 2��&���0����	����J.������ 
�� �	& +	0&���

������ ��1(����
��	�

�< ��1 5�����	� 1
����< &(< %�:< >�+)�?

G���� �%H 6�&� ��������D ���
����������
�� �
� !����
������ ����	����
�� �
 ��
�����������

�� �
� ��6�� ���
 F���� I� &���� ����� �"< ))%< >�+�%?

G���� �*H 6�&� ��������D )*��� �& �0�
���"�� �
��������
 �
 ��� ���
����������
�� �& ��
����

������� 
����� �
� 
���������
 ���
 F���� ����� 0
!� ��+< &�$%�< >�+�*?

G��� )+H &�A� ���,����#< ��A� 6����D / ������
����� ��
���� &	
����
�� &��������� I� �����

8��< �+))< >�+)+?

G��� $�H &�A� ���,����#D �0�
�0�������� ������
����� �5���
�� �
������ �
� 0���
������ I� �����

8�(< �$�+< >�+$�?

G�� )*H ��0� �� 	��
< 0�5� ����
�D /
������0�� ���
����������
�� �
 &�������
���� E� �������

5��� ������ ��
�� ��< �:�$< >�+)*?

G�� $%H ��0� �� 	��
< I�&� &����< �� -�������D ���
���� �
� ���
�0��� 0��0������ �& 4�6,�

���
 F���� I� &���� ����� ""< �+*�< >�+$%?

G��� $)H  �,� �����D G	�
�	� ���
�0��� �D	����
 &�� ���������� �
� ���
���� F����� �����

0
�� �!"< �*�< >�+$)?

G��� $�H  �,� �����D ��
��0������� 0������8 ��
�	� ��
��< @
. Y���< >�+$�?

G��� $*H &��� ����3
��"D /
������0�� ���
����������
�� �& ����0��	� �
� ��
��
������ 0��

�����������
� ���
 ������� ����� 0
!� ��< �:$:< >�+$*?

G��� $�H &��� ����3
��"D /
������0�� ���
����������
�� .��� �	"�� �
������0� �
� &�������

�
�����= � 
�. 0�������� ����� 0
!� �!< �$*�< >�+$�?

G��� $�H �� ����	���� >A��
?D 2�� ���	��	�� �
� 0��0������ �& ������� �����

�< 1
����< >�+$�?

G�
� +�H 5� �
���
< 0� 4
��
�< ��A� ,
#
�����D /"��
���� ����	�����
� �& ��� �����	�� �������
���

&�� ���	�� �� ������� ����� 0
!� �!+< ���)$< >�++�?

G�
� +*H 5� �
���
< �� 4���< �� 0����
�< A� ������
< 0� 4
��
�< ��A� ,
#
�����D /" �
���� ����	�

�����
 �& �����	�� �������
��� �
 ���	�� �� ������ �
� ���
� ���
����������
�� �
 ��@4�

�	���������� I� ��
�� ��
�� ���
�� �"�< >�++*?

G�
� )+H &� �
�����D G	�
��
�����
��� #
 �	��
�< 1
����< >�+)+?



��$ (���	��#	��	
�������

G��3 $+H �� ����3���< �� &����D #�0	���� �*��� �
 ��� �
������0�� ���
����������
��� �& KL���

�� ����� F��� I� ��
�� ��
�� ���
�� &�< +�< >�+$+?

G��� $*H  �I� ���
��< ��&� A�.���D %�
��� ���0�
�� &���	��� &�� ��� !��� ���-���
�� I�

����� 8�&< %��)< >�++*?

G��� *�H A� ����D / D	�
�	������������� ������ �& ���
�0��� 0��������� I� ����� ���� I��� ��<

�:�+< >�+*�?

G��� �+H @�'� ����D 2�� ��������
� �& &��� �������
� "� ������ 
	����� ����� 0��� ���� /��#��

���!< %�*< >�+�+?

G��� *$H @�'� ���� ��# A� I��
�D 2�� ������ �& ��� 0��0������ �& ������ �
� ������� ,�!
�

�	����������< @
. Y���< >�+*$?

G��� �%H @�'� ����D )������
� �
 ���
�����
 ������� &#!� ����� ���< ��*< >�+�%?

G��� $)H A� ����
�< A� -��������< �� ;
���
�

�< �� ������
��
�< I� 0
#��

�D )������
��

���	��	�� �& /	����� /	x,�1−x ������= �50�����
��� �
� ����������� /	���B9M ��&� 5�

��� �������
 �0����� �
� ����������� ����� �	�&��� 0��0������� 4� ����� �(+< �+�<

>�+$)?

G�	� $�H �� �	��< 6� B��������D �	"�"�
� �������
����� �& ��
��
������ 
����� ������ �
� �0�
�

��
��	� �������
��� �
������0�� I� ����� ,��< ���+< >�+$�?

G@�
 +�H ��/� @�
�
!D 3����� ����	�����
 �& ���
�0��� ���-���
�� &��� ��� +	"� &���	���� ��!�

����� I��� +�< )�)< >�++�?

G@�� *�H A� @�����D / ������ �& ����	�����
 �& ���������� �������
���� ���
� ��
�� ����� �"< ))<

>�+*�?

G@
� +�H 0�-� @
��
�D �	���0���
���� ��
����
 �& ������
��0���
������00��5������
 ������� �����

0
!� �!"< ����%< >�++�?

G@
	 $*H ,� @
	�
�(����< ,� ����	<  �I� ���
��< &� ����	�
�D 2�� !��� ���-���
� �
� ���

����
���
� �& ��� ��
���� �& ������ �
 ����0��	� ������8 I� ����� ,�+< +++< >�+$*?

G@�� +�H ,��� @��������< 0�A� 1��.�< ;�A� 1	��
�< A� Y��
< I�;� �.�����< ��1� &��
�< &�

�
���< /��� ���.���3D ����� 0��
��0��� ����	�����
 �& �����	�� �������
���� ���� 0
��

���� ����� ����� �"�< ��+< >�++�?

G@�� +�H ,��� @��������< 0�A� 1��.�D )��������� �������
��� �& ��0.8��0.2= )50��
����
 �& �
�

�����	� "���
��	� �
 ��������
�� ������� ������� ����� 0
!� /
��� +.< ����< >�++�?

G@�T �$H A� @�T	���D 2������ ��������
 �& �������� ������ �
 ��
�	������ ����� 0
!� ��< ��:<

>�+�$?



(���	��#	��	
������� ��+

G=�� ��H I�/� =��
�D )������
 ���
�0��� �
 ������� 5��
����
��
 �	���< @
. Y���< >�+��?

G=�� ���H Y� =��#
��< �� =��3���D ������
����� ������ &�� �
�����"�
� ����	�����
�� I� �����

���� I��� ��< ��)�< >�+��?

G=�� ���H Y� =��#
��< �� =��3���D 2�"�� �& "���� &	
����
� &�� ��	"�� 0��
� ���	0�� I� �����

���� I��� ��< �%::< >�+��?

G�
� +�H I��� �
�#
.< I�&� B�
!���< ��A� 6����< -�&� I������< ��0��
#
����< ,�I� ���
�<

B� '�������D /����9 �����	���9 ������9 �
� �	�&����= �00�������
� �& ��� ��
��������

������
� �00��5������
 &�� �5���
�� �
� ����������
8 ����� 0
!� !(< ��)�< >�++�?

G��
 $$H ;� ��
��
�D #

���������
 �& ��������
�� ����� "� ���������� �������
��� ����	����
��

&��� �
�� �(< �%�)< >�+$$?

G��� $:H &�I� ���#��< ;��� �
��
����< 1�/�  ���"�<  ��� ������D �
 ��� �������
�� ���	��

�	�� �& /�c,�1−c ������� I� ���� ,�.< ���)< >�+$:?

G��� $�H '�I� ������< ��1� &��
�< ;�A� 1	��
�D 4���	����� ���������� �
� ������� �������
����� �&

�" �
� ,�� ����� 0
!� ���< *:$:< >�+$�?

G��� )%H 0�5� ����
�D ���
����������
�� �
������0� �
 &�������
���� ��4	 ������� ����� 0
!�

�.< %���< >�+)%?

G0�� $�H ��6� 0�����< &�-� 0�K�
����D 2����� �& �0�
�0�������� �
������
��	� ������
�����

�������
 ���� I� ����� 8�!< %�+�< >�+$�?

G0�� $�H ��6� 0�����< &�-� 0�K�
����D #
������
��	� ������
����� �������
 �������= � ��
����

&	
����
�� &��������� &#!� B�
�� ����� 8"!< ���< >�+$�?

G0�� *)H I�&� 0���
D !��� ��0����� �& 4	3/	 "���. N8L +� ����� 0
!� �.&< �%+< >�+*)?

G0�� $)H 0� 0����
�< A� ������
< 6
����XD %4/� �00��5������
 �� ��� 4,/= �������
�� ���	��	��

�& ��� �	"����	���
���� ���������� 4	6�� �����8 I� ����� ,�+< �*�< >�+$)?

G0�� $:H  � 0�����3
�D ����
$� &	
����
� �
� ��
��
��� ������� &��#
��� ��
��< /��#��<

>�+$:?

G08� $)H  � 08��
D ������������ �����
�� &I� ��� �������������.����� ������(6
���
< ;
��(

�
��< >�+$)?

G0�� *)H ���� 0��
D )����
���� ������ �& �
�	��� ����
�	�� ;��
�< @
. Y���< >�+*)?

G0�� ��H ���� 0��
D ������
����� �������
 ������� ;��
�< @
. Y���< >�+��?

G0��� )�H ��/� 0�����
�< �� ;
���D 2�� ��0�
��
�� �& ��� ���������� �������
��� �
 ��������
��

������ I� ����� 8!< �*%< >�+)�?



��: (���	��#	��	
�������

G0��� $)H ��/� 0�����
�D 2�� ���������� �������
��� �& ������ �
� ������� B�����#

 J��!
�����

��
��< >�+$)?

G0��� +�H ��/� 0�����
�D )������
�� ���
�0��� 0��0������ �& 
����� ������� 5� M���
����� ���
��


��# �
������
�M< A��
D 0�;� B���< �� A���
�< ��I�-���
�< 1#� ��< �� �*)< 6
���


B�
��
< ;
���
��< >�++�?

G0�. )%H �� 0�.���#< @��� B	����< 0� � 0���D 2�� �������
��� �
� �������������� 0�.�� �& ���

0������	�6���� ����� ������� I� ���� ,!< ��$+< >�+)%?

G��� $�H 5�&� ���#
��D ����4� < �
 �����
���
� �� 0�������� &�� "	""�� �����
 ��������
O

5��� ������ ��
�� �'< �:%< >�+$�?

G���
 +*H -��� ���
�< ��I� -
���<  ���;� 1�	
�D ���
� ���
����������
�� &��� F��� 0��
��0����

I� ��
�� ��
�� ���
�� �!.7�!!< *:�< >�++*?

G���� )$H -� ,� ������
D �
 ��� ������0���
 �& ���
�0��� 0��
���
�� ����� 0
�� !(< +�< >�+)$?

G���� )$H -� ����8#
�D )������
��9 ���
����9 �
� ������� 0��0������ �& ����� ���������� ����
�

,
��
�< @
. Y���< >�+)$?

G���. $�H /� ���.���3D 4����
�� �
 ��� �
��	����
 �& ���
�0��� 0��0������ �
 �	"����	���
��

������� ����� 0
!� ��!< �:+�< >�+$�?

G���. )�H '�B� ���.
�
�< I�'� B�����D 2.���	���
� ��
�	����
 �
 
������"��� ������� I� �����

,�< $))< >�+)�?

G�

 �$H 1� �

���< '��� A��D 2�� ����
$� &	
����
 ������ �& +����
��9 +��
9 �
� ������

��� &�� ��� ����	�����
 �& ��� �
���� "�
�� �& ������� �� M�
���#� �� ����	��������

�������M< A��
�D 1� &�#
�< �� '
������< �� 0���
��
�
� 1#� $< �� �*�< >�+�$?

G�
� ))H �� �
��	���< 5�&� B����
��< &� '
��D )
���
�� &�� ����� ��"���� ����
�� �
 �� �
�

4� ��0	������ �
 ,�� ���� ����
 B���� ��< ��+ >�+))?

G��� )�H A� �����D / ��&���	�����
 �& ��� ������
� 0���
���� �00��5������
 �
� ��� �00�������

�
�� ���
� ��
�� ����� !(< ))< >�+)�?

G���� *�H I� ����D ���
����������
�� �& &�������
���� ������ �
� ������ �� ��. ���0����	����

������� �(< ���< >�+*�?

G���� **H I� ����D 2�� �0�
��
��	� !��� �*��� �
 &�������
����� #� ������� ��< $))< >�+**?

G��� $+H A� �����< A�A� I
��
�D 2��
�0��� 0��
���
�� B���
�#�� ��
��< B�����#

< >�+$+?

G��� ))H /� ����̌��< �� ���
̌#�D 2��
�0��� ���-���
�� �
 ����
� ���
���� F����� I� ����� 8�.<

��*�< >�+))?



(���	��#	��	
������� ���

G��	 )�H �� ��	�	��D 2��0����	�� 
�������
 �& ��� �0�
��
��	� !��� ���-���
� �
 ��6�� �

��

������ I� ����� ���� I��� !.< %�*< >�+)�?

G��! �)H �� ��!
�D 4�����
��0���
���� ����� �& �	"����	���
�� ���������� ������� ����� 0
!�

�"(< $:+< >�+�)?

G��! �+H �� ��!
�D 4�
���"	���
 �� ��� ������ �& ���������� ������� ����� 0
!� �+&< ����< >�+�+?

G��! ):H �� ��!
�D /00�������
 �& ��� ������
� 0���
���� �00��5������
 �� ������� �& �	-
���


0���
������ ����� 0
!� ��< %)�*< >�+):?

G��� $:H I� ���	����< 1� /�  �8�"�< �� ;
���
�

�D �
 ��� �������
�� ���	��	�� �& ��
���

�������� ������ ��
���
�
� ���
� �����
��= � ������
����� ������ � I� ����� ,�.< ���*<

>�+$:?

G��� )+H  ��� ������< ;��� �
��
����< 1�/�  �8�"�D /�0���� �& ��� 
	������� ���	���
 �&

��� ++��4,/ �D	����
�� M��
������ �� #����#
�
# �
���� ��# ����� �	����
�M< A��
�D

�� ������
�	< 1�/�  ���"�< /� ���
��
� @&�=(&�5 �
��
� �������< �!�< �+�< ��
�	�

��
��< @
. Y���< >�+)+?

G��� $�H  ��� ������< ;�A� 1	��
�D ���� �
� ��&����� �
��
����
� �	� �� �������� �


/�c,�1−c ������� ����� 0
!� /
��� !&< **< >�+$�?

G��� $%H  ��� ������< A� ;���
�D / F��� 0��
��0��� �00����� �� ��� "�
� ������ �& ��
���

�������� ������� M��
 
�
������� ���	��	�
 �� �����
7 ����
��M< A��
�D �� ������
�	<

;��� �
��
����� @&�=(&�5 �
��
� �������< ����< %�� < ��
�	� ��
��< @
. Y���<

>�+$%?

G��� $%H �� �����

< I�1� ���	����< 1�/�  ���"�D ������
����� �0�
�0�������� ��������
� ������=

���	���
 �& ��� ��
�������� ��������
� 0��"���� I� ����� 8�+< ��**< >�+$%?

G��� $+H �� �����

< A� ��
��< I�1� ���	����< 1�/�  ���"�D / ������
����� �0�
�0��������

�	���0�����������
� ������9 .��� �00�������
� �� ��� ����	�����
 �& ��� �������
�� ���	��

�	�� �& ��
��
��� ������� I� �����D B��#
��� ����
� �< �+*+< >�+$+?

G�	
 )�H @� �	
#�< A� '	K�.���D ���
����������
�� �*���� �& ���
����� ���
 
�
���	� �������

I� ���� A�������� J��!� ��"< *+< >�+)�?

G�.� $�H I�B� �.�����< ;�A� 1	��
�<  ��� ������< ,��� @��������< 0�B�;��#D ������0��
��0���

����	�����
 �& ��� �����	�� ���������� �������
��� �& ��
��� ������� ����� 0
!� /
��� "+<

��$�< >�+$�?

G�3	 +%�H /� �3	���
�< 1� ]K���	���< �� ;
���
�

�< I� -���^�D ���&���
�����
� ��������� ++�

������ &�� �	�&���� �
� �
���&����� ����� 0
!� �!'< �)��< >�++%?



��� (���	��#	��	
�������

G�3	 +%�H /� �3	���
�< 1� ]K���	���< �� ;
���
�

�< I� -���^�D 2�� ���&��
�����
� &	��� ������
�����

��������� ++� ����
$� &	
����
 ������8 /00�������
� �� ��� �?>>�9 �??>�9 �
� �???�

�	�&���� �& /	 �
� ,�� I� �����D B��#
��� ����
�D (< ��:�< >�++%?

G�3	 +*H /� �3	���
�< 1� ]K���	���< �� ;
���
�

�D ���
���� �
������0� �& ���
 �	��������� �


/	 �>>?�= F��� 0��
��0��� ����	�����
� �
 ����� �& ��� &	��� ������
����� �0�
�0��������

�����
�� ++� ������� ����� 0
!� �"�< +**�< >�++*?

G��� ��H �� ����#�D ������
����� &���	�����
 �& ��� ����
$� &	
����
 ������ �
 0������� ���������

���
� ��
�� ����� �(< ��%< >�+��?

G��� *�H A� ��������D ��
�������� ������ �& ������� ;	��	����
�� I� ����� ���� I��� +< %�+<

>�+*�?

G��� )*H ,�&� ��������< /��� 0������
.< &�'� ����#��D 2��
 F�� ���
������������ �
 ���

����9 �������9 �
� ������� �00�������
�� 5��� ������ ��
�� ��< �:�+< >�+)*?

G��� $�H B��� ���
< ��;� @

D G	�
�	� ������ �& ���
���
� ���
�0��� �
 �
 �
�������
� ������

�& �������
�9 ��0	������9 �
� 0��
�
�� ����� 0
!� ���< ):*�< >�+$�?

GJK� +�H 1� ]K���	���< /� �3	���
�< �� ;
���
�

�D ���
����� �& N� �
� A� �������� �


/��>>?� �
� /	�>>?�= ���0�����
 "��.��
 � 
�
6������
����� �
� � &	��� ������
�����

�00������ ����� 0
!� �"�< ��$��< >�++*?

G!�� *%H A�B� !�� ����D 2�� &�������
���� �
������0� �& ��� �0���F� �������
�� �& ���� 
�����

������� &���� ���� 0
�� �!< $)< >�+*%?

G!�� *+H A�B� !�� ����D 2�� �
������0� �
 ��� ���
�����������
�� �& ���� 
����� ������� �������

�"< ):$< >�+*+?

G!A� *)H /� !�� A�!
D 2�� �00����� �� �D	���"��	� �
 D	�
�	� �������� ������� ��< %%�<

>�+*)?

G6�� ):H Y�6� 6�����
!D ������
� �������
��� �
������0� �
 &�������
���� E� ������ �
� �������

����� ����� ���� �&< %)+< >�+):?

G6
# )*H &�6� 6
#���
!< &�1�  ����!���< Y�5� -��#������D 2�.���� � ������ �& ��� �����	��

�
�����	� !��� �*��� �& ���������� ������� '�3� �
�� �
����!
#� !.< �$$< >�+)*?

G6
� �$H 1� 6
����XD ��
�������� �00��5������
� �
 ��� �������
�� ������ �& ���0�� "�
��� �������

����� 0
!� �+"< )%)< >�+�$?

G6
� �+H 1� 6
����XD 2����� �& �������
�� ���
�0��� �
 ���������� "�
��� ������= ������
� 0���
�

���� �00��5������
� ����� 0
!� �&!< ��%< >�+�+?



(���	��#	��	
������� ���

G6
� �:H �� 6
���!
�D �
 ��� D	�
�	� ������ �& ���������� ��
�	���
���� �������< �(< �:+�<

>�+�:?

G6�� $:H &�@� 6�����������< @�6� 0�3����!�D �����	�� ���-���
� �& ��� �
�����	� !��� �*���

�
 ������ ��4�9 ���� �
� 4���� ����� �
�� �
����� !'< �$< >�+$:?

G6�� $:H ��A� 6����< /� ;���< �� @	�����D /��	���� �0�
���0�
��
� �������
 ��D	�� ����������


�
������ &�� ����� �0�
 ��
���� ����	�����
�= � �������� �
������� B��� I� ����� "&< ��::<

>�+$:?

G;�� )%H B��� ;��
< I� B����.��D ��
� ���	��	�� �& 
�����= �0�
���"�� ��	0��
�9 ��� �����

�	�&���9 �
� ��� �0����� ��
�	���
���8 ����� 0
!� �'< %$+)< >�+)%?

G;
� $*H �� ;
���
�

�< &�  ����< &�I� '�

���< &��� 1����
D )������
�� ���	��	�� �& ,	�����

,	x/�1−x ������� I� ����� ,�"< �+)�< >�+$*?

G;
� +:�H �� ;
���
�

�D )������
 ��������
� ������ &�� ������� �
� ���������� ������ � =7���#

J��!
����� ��
��< =7���#< >�++:?

G;
� +%H �� ;
���
�

�< B� 1����< 1�5� 1
��
��< &��� 1����
D ����� 0
!� !+< �:�*$< >�+$*?

G;�� $�H A� ;���
�<  ��� ������D 4���	�����
 �& ���&���
�����
� 0���
����� &�� �	"����	���
����

���������� ������� .��� �00�������
� �� ��� /�x,�1−x ����� ������� ����� 0
!� ��+<

$$�< >�+$�?

GV�� $)H ,�Y� V��
< B��� ���
D ����
�$� &	
����
 �00����� �� ���
���
� �����������
 ���
�0���

�
 ������
�	����� 	
��� � 	
�&��� �������� F���� ����� 0
!� ��"< �+)�< >�+$)?

GV	 $�H 1�V� V	< &�-� 0�K�
����< ��6� 0�����D 2����� �& �0�
�0�������� �
������
��	�

������
����� �������
 ���8 ##� I� ����� 8�+< ���+< >�+$%?

GY�� +�H A� Y��
< I�B� �.�����< ,��� @��������< 0�A� 1��.�D 4���	�����
 �& ��� �������
��

0��0������ �& ���, ����0��	� ������� ����� 0
!� �!+< �:)< >�++�?

G4�� +�H �� 4���< 5� �
���
< �� 0����
�< A� ������
D /" �
���� ����	�����
� �& ��� ���
� ���
��

���������
��8 ����� 0
!� /
��� +"< �++�< >�++*?

G4�
 $�H �� 4�
���
<  � /
�����D )���"
���� ��� )������
�
������� ��� �������� �����

�< 1
�(

���< >�+$�?

G4�� �:H I��� 4����D ,��
��0��� �& ��� ������ �& ������� B�����#

< /��#��< >�+�:?

G4�� �)H I��� 4����D )������
� �
� 0��
�
�� B���
�#��< =7���#< >�+�)?



������������	
�������

��� 0
��.�#
�����# #
� /

�
�	�
��
��
 &	CB	 � � � � � � � � � � � � � � � � � � � � � �

��� ;�#
�����# #
� �����������
�� '
CB� � � � � � � � � � � � � � � � � � � � � � � � � �

��� J��
����
�#	�
��
�����
 �
��������
� ����
�
 � � � � � � � � � � � � � � � � � � � %

��% ����3��!
���	� #
� ��
�
��.�#
�����#
� �� '
�����
�
�
� � � � � � � � � � � � � � ��

��* �
��
���	������
�
�
�� #
� &���������
!
���������
� �� '
�����
�
�
� � � � � � ��

��� ����3��!
���	� #
� A���.�#
�����#
� �� '
�����
�
�
� � � � � � � � � � � � � � � � �%

��) 4.
��������#
��D �����3����	���# 	�# �#(4	����#�#����
 � � � � � � � � � � � � � �*

��$ 1

��" M'����(��������
�M � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �$

���  ����
�
����
�
��� #
� �
�����������
� 	�# #
� ���
��
� 0
�����
(��
���
 � � � � ��

��� ��
���
� 3	� 1
���#�	�
 !�� ���������������
�
� � � � � � � � � � � � � � � � � �%

��� ��
���	� #
�  �

����
� '	������ � � � � � � � � � � � � � � � � � � � � � � � � � � *:

��� 5��

��������
�
���
 �� �	2�(��� 	�# &�&(��#
�� � � � � � � � � � � � � � � � � *)

)�� ��#
�� !�� &	���	 
��
� �����������
�� � � � � � � � � � � � � � � � � � � � � � � � �$�

��*



����������	
�������

��� -��

���
� !�� ���������
"
��
� � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� /

�
�	�

� !�� '
 	�# @� ��� �#(��
�
��
� ��� ;�#
�����#�����������
 � � � � ��

���  
���	������
 ,����
��	�

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �)

��� ��
�
��
 #
� ���
	���#��
������ �� �	�����
� ����
�
� � � � � � � � � � � � � � � %$

��� ��
�
��
 #
� �����7 χ �� �	�����
� ����
�
� � � � � � � � � � � � � � � � � � � � � %$

��� @�����
����!�������
 ����������7 Jx � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��% @�����
����!�������
 ����������7 Jz � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��* 0
����!�������
 ����������7 Jx � � � � � � � � � � � � � � � � � � � � � � � � � � � � �)

��� 0
����!�������
 ����������7 Jz � � � � � � � � � � � � � � � � � � � � � � � � � � � � �)

���


